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Test important : il faut qu’on obtienne les bons concepts lorsqu’on se restreint a
des sesquicatégories qui sont des 2-catégories

1 General definitions on sesquicategories

Definition 1.1 A sesquicategory is given by a category C together with a functor
H : C°? x C — Cat such that the composite obo H : C°°? x C — Set with the
underlying-set functor is equal to the hom functor of C.

Definition 1.2 A sesquicategory S is given by
(i) a set of O-cells Sp,

) a set of 1-cells S together with source and target applications s1,t; : S1 — So,

(iii) a set of 2-cells Sy together with source and target applications sg,te : So — S7,
) a composition law
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o: Sl X Sl — 51
(fr9)=gof
whenever t1 f = s1g, and in that case s1(go f) = s1f and t1(go f) = t19,
(v) a composition law
e: 59 x Sy — 5
(a,8) — Pea
whenever toar = s93, and in that case so(8 ® @) = sqav and t2(f 0 ) = o8 and
(vi) an action on the left
Sy x S1— 5,
(o, h) = h.«
whenever tj0soa = s1h, and in that case so(h.at) = ho(saa) and ta(h.c) = ho(taar),
(vii) an action on the right
Sy x S1— 5,
(o, h) = a.h
whenever t1h = sj0s2a, and in that case sa(a.h) = (saa)oh and to(a.h) = (toar)oh,
satisfying the following assumptions :

(i) The source and target applications satisfy the globular relations :
810822810t2 t1082=t10t2.

(ii) The composition law o is associative and for all 0-cell z, there is a 1-cell id,
such that for all 1-cells f and ¢ such that s1f = x and t19g = x, foid, = f and
idz og = g.

(iii) The composition law e is associative and for all 1-cell f, there is a 2-cell Idy
such that for all 2-cells o and 3 such that soa = f and t28 = f, aeld; =
and Idy e = 3.

(iv) For all 1-cells hy and he and 2-cells o and (3 such that t1h = s1 0820, taax = 28
and tl o) tgﬁ = Slhg,

(ha.B) ® (ho.c) = ha.(f e ) (B.h1) ® (a.hy) = (B e ).hy
(v) For all 1-cells f, hy and hg such that t1hy = s1f and t1 f = s1he,
(hg. Idf) = Idh2of (Idf .hl) = Idfoh1

(vi) For all 1-cells fi, fa2, g1, g2 and 2-cell v such that t1g2 = s191, t191 = s1 © $20,
t1 0 soa = 51 f1 and t1 f1 = s1fo2,

fo(fid) = (fao fi)a  (ag1)g2=a.(g10og2)  (fra).91 = fi1.(x.g1)
(vii) For all 0-cells x and y and 2-cell « such that s; o ssax = z and ¢ 0 secx = ),
idy.aa =« a.id, = «

2
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Remark 1.3 These relations justify that we denote (hg.ar).hy by ho.a.hy. We often
write f : x — y for f in S such that s;f =z and t; f =y and a: f = g for a in S
such that ssa = f and toa = g. Besides, we may also combine notations and write
a:f=g:x—y.

Lemma 1.4 The two definitions of sesquicategory are equivalent.

Proof. Given a sesquicategory S according to the second definition, we define the
category C as the category with set of objects Sy, set of morphisms S7, composition
law o and identities id, for all objects x in Sy and the functor H : C°? x C — Cat
as follows. For any object (x,y) of C°? x C, H(x,y) is defined as the category with
set of objects

Si(x,y)={f:z—>y €S}

and set of morphisms
Sa(z,y) ={a:f=g:2—y€E S}

and where the composition is @ with identities Ids for f in Si(z,y). For any morphism
(fP:2' = z,g:y —y)in CP x C, we define H(f°P,g) as the functor
Frg:  H(y)—H(z,y)
h+—gohof
(a:hy = he)— (g.a.f :gohjof=gohyof)
where f : x — 2’ is the morphism of C corresponding to f°P in C°P. This is indeed a
functor : let us consider 8 and « in Sa(z’,y’) such that so(3) = ta(«), then

Frg(Bea)=g.(Bea).f
=(g9.8.f) o (g..f)
=Frq(B) @ Fyg(a)

Let us consider h : 2’ — ¢/ in S7, then

Fto(Idp) =g.1dy, . f

=Idgonos
:Ide,gh

There remains to show that obo H = hom. By definition oboH (z,y) = S1(z,y) = home(z,y).
Considering (f°? : 2/ — z,9 : ¥ — y) a morphism in C°? x C, we get that
obo H(f°P,g) = ob(FYyg) is the function between the underlying sets induced by the
functor Fy 4 which is home(f, g).

Given a sesquicategory C equipped with a functor H : C°°? x C — Cat according
to the first definition, we define S as

(i) the set of O-cells Sp is the set of objects of C,
(ii) the set of 1-cells S; is the set of morphisms of C,

(iii) the set of 2-cells Sy is defined as the union of all sets So(x,y) for =,y in Sy and
where Sa(z,y) is defined as the set of morphisms of the category H(z,y),

3
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(iv) the composition law o and the corresponding identities id, for x in Sy are given
by the composition and identities in the category C,

(v) the composition e for 2-cells in Sy(x,y) and the corresponding identities Id ¢
for f in Sy(z,y) are given by the composition and identities in the category
H(z,y),

(vi) for g in Si(y,2) and « in Sa(x,y), H(idy,g) is a functor H(x,y) — H(x, z) and
the left action is given by
g.co = H(idy, g)c
(vii) Similarly, for f in Si(z,y) and « in Sa(y, z), the right action is given by

a.f = H(f,id,)a

Lemma 1.5 Any 2-cell of a sesquicategory can be written as
a1 e...eqp

where o; = f;.8;.9; where f; and g; are in P;" and B; is in Ps.

Definition 1.6 A strict functor of sesquicategory F : & — S’ is given by three
applications F; : §; — S! (i = 0, 1,2) such that for all z in Sy, f,¢ in S; and «, § in
827

s1(Ff) = F(s1f) t(Ff)=F(tLf)
sy(Fa) = F(saa) th(Fa) = F(ta)
F(g)o F(f)=F(gof) Fid, = idp,
F(a)e F(8) = F(a s f) Fld; = Idp,
F(f).F(a).F(g) = F(g.o.f)

Definition 1.7 A weak functor of sesquicategory F : & — &’ is given by three
applications F; : §; — S/ (i = 0,1,2) such that for all z in Sp, f,¢g in S; and a, 5 in
827

s1(Ff) = F(s.f) ty(Ff) = F(t1f)
so(Fa) = F(s2a) th(Fa) = F(taa)
F(a) e F(8) = F(a e §) Fld; =Idg,

Such that there exist isomorphisms :

¢rg: F(g)oF(f) = F(gof) ¢y Fidy — idp,
making the following diagrams commute for all 3: g = ¢ and o : f = f':

P9

Flg) o F(f)—22—~F(go f) F(g) o F(f) Fgo f)

FB.Ff)l iF(B-f) Fg.Fal lF(ga)
/ ¢f,g’ / / d’f’yg /

F(g') o F(f) F(g'of) F(g) o F(f") F(go f')
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D fidy Pidg,g
Fld)oFf— —SFf  FgoF(d)_ —>Fy
¢z-17f Fg.¢o

and for all h, g, f in Sy :

FhoFgoFf—"%3 _ppoF(go f)
¢g,h-Ff\L l(ﬁgof,h
F(hog)oFf -~ F(hogof)

Definition 1.8 equivalence of sesquicategories

Definition 1.9 A weak functor of sesquicategory F': & — &' is an equivalence of
sesquicategories if and only if it is

* essentially surjective on O-cells : for all y in S{, there exists x in Sp such that Fz
and y are isomorphic,

o essentially full on 1-cells : for all  and y in Sy, for all g in S} (Fz, Fy), there
exists f in S;(x,y) such that F'f and g are isomorphic,

e and fully faithful on 2-cells : for all x and y in Sy, the functor induced by F
between the categories S(x,y) and S'(Fx, Fy) is full and faithful.

Lemma 1.10 The two definitions of equivalence of sesquicategories are equivalent.

Proof. TODO O

2 Presentation of sesquicategories

Definition 2.1 A presentation of a sesquicategory is defined as the 4-uple of sets
(Po, P1, Py, P3) such that (FPy, P1, P») is a presentation of category. It generates
a sesquicategory S’ where S = Py, S} is the set of morphisms of the category
generated by the presentation of category (Fy, Pi, P») (it is often denoted by P;)
and S) is the set of 2-cells generated by P» and closed under composition e and
context .. The set Ps is a set of relations between elements of S such that for any
relation («, ) in Ps, then saa = s9f and taar = tof. The set of relations in P
generates a congruence = as the smallest congruence closed under composition e
and context . such that o = 8 for (o, ) in Ps

The sesquicategory presented is defined as the sesquicategory with set of 0-cells
Sy, of 1-cells S} and 2-cells S5/ = and compositions o, e and context . and it is
denoted || P||.

Definition 2.2 A 2-category C consists of
(i) a set Co of 0-cells,
(ii) a set Cy of 1-cells and source and target functions si,t; : C; — Co,
(iii) a set Cy of 2-cells together with source and target functions sg,t2 : Co — Cq,
(iv) horizontal identities id, : © — = € C; indexed by z € Cp,
(v) wertical identities Idy : f = f € Cy indexed by f € Cy,
)

FC:
quelques
détails
a

vérifier
quand
méme...
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(vi) horizontal composition function o : C; x¢, C1 — C;
(vii) horizontal composition function o : Ca x¢, C2 — Co
(viii) wertical composition functions e : Cy x¢, Co — Ca,
such that
(i) globular axioms hold: s1 0 sy = s1 0ty and t1 0 s9 = 1 0 tg,
identities are neutral elements: idyof = f = f oid,,
identities are neutral elements: Id, ea = a = a e Idy,

horizontal composition is associative: ho (go f) = (hog)o f,

vertical composition is associative: ye (Fea) = (ye [3) e a,

)
)
)
(v) horizontal composition is associative: yo (Boa) = (yo f3) o «,
)
identities are compatible with composition: id,.s = id, oidy,
gof g f
)

the exchange law holds: (3’ e ) o (o' ea) = (8 od’) e (S o)

Lemma 2.3 Given a presentation (Py, P, Po, P3) such that for alla: f1 = fo:x —y
and B:hy = hy:z—win Py and g :y — 2z in P, there is a relation in P3

(B.9.f2) ® (h1.g.a) = (h2.g.c) ® (S.g.f1),
then the sesquicategory presented is a 2-category.

Proof. The horizontal composition on 1-cells is o. The vertical composition on
2-cells is o. The horizontal composition between two 2-cells « : fi = fo and
B : g1 = g2 with s1g1 = t1f1 is defined as

Boa=(g2.a)e(B.f1)

This horizontal composition is associative : given three 2-cells a : f; = fo,
B:g1 = g2 and v : hy = hg with s197 = t1f1 and sihy = t1g1,

|

S:
2 e
—~
> S
S
= @
= b
— =
2 e
23
=
R
e
—

=(yepB)oa

The identities also verify the relation for horizontal composition

Idgoldy = (g.1dy) e (Idg . f)
= Tdgos o Idgor
= Idgos

To prove the exchange law, we prove that under the hypothesis of the theorem,

6
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we prove that for any o : fi = f3 and 8: g1 — g3 in Py, then

(B.f2) ® (91.) = (g3.c) ® (B.f1)

This would prove that

(Boldg,) e (Idg, oa) = (Idgs o) @ (B oldy, )

which is called the Godement law and which is equivalent to the exchange law.
This is proven by induction on the structure of the 2-cell, using Lemma 1.5 and
the associativity of e.
For a = ap @ oy with ag @ fo = fs and a1 : fi = fo in Py (and similarly

B = B2ep1),

((B2@51).f3) ® (g1-(a2 @ 1)) = (B2.f3) ® ((B1-f3)

((B2-f3) ® (92.22)) @ ((B1-f2) ® (91-1))
= (g3.02) ® ((52 f2) ® (g2.a1)) ® (B1.f1)
((g3.c2) @ (g3.c1)) ® ((B2-f1) ® (B1-f1))
= ( o ((

gs- 042°Oé1) B2 e B1)./1)

For a = hy.o/.hy and 8 = ky.0".k1, with f; = hgo fl o hy and g; = kg 0 g} 0 ky
(with i = 1,3),

(B.f3) ® (g1.) = (k2.8".(k1 0 f3)) ® ((91 © h2).a’.h1)

- ) (kz ((gl o} ]{Zl e} hQ).al).hl)
(g1 © k1o hg).a’)).hy
B .(kl 9] hg o f{)))hl

* (g1.0a2)) ® (g1.01)

O

Definition 2.4 A presentation modulo of sesquicategory is a presentation of sesquicat-
egory P = (P, Pi, Py, P3) together with a set P, C Py. Tt is denoted (P, Pg)

Definition 2.5 hom-cat of a sesquicat ? hom-functor ?

Lemma 2.6 The hom-category S(x,y) of a Sesquicategory S presented by (Py, Py, Pa, P3)
is presented by (Q1,Q2, Q3) where

Q1=P1*(l‘ y)={f1f:z—yecPl}

Q2 = (acy)—{hlahg f=9g:x—y| hi,hy€ P,ac P}
Q3 = (xy)—{hlahgéhlﬁhQ f:>g x—>y|h1,h2€P1, ,ﬁGPQ*}
Proof. TODO ]

3 Localization and quotient of sesquicategories

Definition 3.1 Definition 3.2 The localization of a sesquicategory S by a set X
of 2-cells of S is a sesquicategory S[¥7!] together with a weak quotient functor of

7
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sesquicategory @ : S — S[X7!] sending the elements of ¥ to isomorphisms of &,
such that for every weak functor of sesquicategory F': & — &’ sending the elements
of ¥ to isomorphisms, there exists a unique weak functor of sesquicategory F such
that FoQ = F.

Definition 3.3 An isomorphism of sesquicategories S and S’ is given by two weak
functors F: S -+ & and G : 8’ — S such that F oG =id and Go F = id.

Lemma 3.4 Given three sesquicategories S, 81 and Sa, such that 81 is a localization
of the sesquicategory S by a set X of 2-cells of S. The sesquicategory Sy is a
localization of S by X if and only if S1 and Sy are isomorphic.

Proof. Let us assume that S is also a localization of & by X, then there are
two localization weak functors L; : S — S; (i = 1,2) sending the 2-cells in ¥ to
isomorphisms in S;. By universal property, there exist two weak functors F' : So — &1
and G : 81 — &9 such that FF oLy =Ly and Go L1 = Lo

S-I.s

| 7

So

By composing the two equalities, we get G o F'o Ly = Ly. Using the fact that Ss is a
localization of S, we get that there is a unique weak functor id : So — S» such that
idoLy = Lg. This means that G o F' = ids,. Similarly, we get that F'o G = idg,.
Therefore, there is an isomorphism of sesquicategory between S; and Ss.
Conversely, let us assume that there are two weak functors of sesquicategory
F:85 — & and G : §; — Ss such that Go F' =ids, and F o G =ids,. We define
the weak functor Lo : S =2 S1 < S5. By construction, the elements in ¥ are sent to
isomorphisms in Sy (this relies on the fact that La(a e 5) = Lo @ Lof3).
To show the universal property, let us consider a weak functor H : S — S§’. By
universal property of Si, there exists a weak functor Hy : & — &’ such that

HyoL; = H. We set HQ:SggSlﬂS’. We get
HQOL2:H10FOGOL1:H10L1:H.

This weak functor is unique : assuming that both H,2, H3 : So — &' satisfy the
universal property, then Hs o F' and Hs o F satisfy the universal property of the
localization for &1, which means that Hs o F' = Hs o F' and by composing with G
and using F o G =id, we get Hy = Hj. O

Lemma 3.5 Given a sesquicategory S presented by (Po, Pi, P2, P3) and a subset P,
of Py, then the localization S[P{l] is presented by the presentation (Py, Py, PWP;, P3Py
where

Pé:{a:géf\a:fégél%}
Pé:{aoagldﬁa.aéldg |a:f:>g€]32}

8
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Proof. Let us define the strict functor of sesquicategory on generators :

L:||P||— P
re€EPy—x
febP—f
a€ Ph—a

By definition, for a in Py, Lo = o, which is an isomorphism in || P’||. Besides, for
any § and « in Py such that o = S is in Ps, then L(a) = L(B) in ||P’|| (this relies
on the fact that the functor is strict).

Let us consider a weak functor F' : ||P|| — S with S a sesquicategory such that
F(P,) is a subset of the isomorphisms in . We may define the weak functor

F:||P|—S
r € Py— Fx
felPl,~rf

aGPQCCHFa
aePY— Fla)™!

It is extended to 2-cells by Lemma 1.5 and F(a e §) = F(«) e F(B) (as F is a weak
functor). O

Definition 3.6 The quotient of a sesquicategory S by a set ¥ of 2-cells of S is
a sesquicategory S/X together with a weak quotient functor of sesquicategory
Q : S — S/ sending the elements of ¥ to identities, such that for every weak
functor of sesquicategory F': S — S’ sending the elements of ¥ to identities, there
exists a unique weak functor of sesquicategory F such that F o Q = F.

Lemma 3.7 Given three sesquicategories S, S and Sa, such that S; and Ss are
quotients of the sesquicategory S by a set 3 of 2-cells of S, then S and Ss are
isomorphic.

4 Working on the category of morphisms

4.1 Residuation in a sesquicategory

Criterion 4.1 We suppose fized a presentation modulo (P, ]52) such that for every a
in Py, Bin Py, f,g in Pi such that f.a and B.g are coinitial and different (resp. a. f
and g.0 are coinitial), there exist & in Py, ' in Py and R: (' e (f.a) & o' e (5.9)

in P3 (resp. R: [ e (a.f) & o' e (g.03)). Fo.
expli-
We call 3’ (resp. o) the residual of B.g after f.« gresp. of f.«v after 8.g) and we %i?erstce
denote it 5.9/ f.c (resp. f.a/B.g). Besides, for a in P», we set that a/a = Id. P o

Let ]520 @ (resp. PYC) be the closure of P, (resp. P») under context.
Remark 4.2 The residuation can be extended to a and § in P and PSC respec-
tively and f = g = id by setting
(hl.’yl.h2)/(h1.’)/2.h2) = hl.(’yl/’yg).hg
9
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for 71 and 79 in PQC ¢ and hy and hs in Py.

4.2 Category of morphisms

From a presentation modulo of sesquicategory (P, Py) with P = (Py, Py, P, P3), we
define the presentation modulo of category (@, Q1) :

Qo = Py

Q1 = PS¢
Q= P5¢
01— #f°

The category presented is called the category of morphisms associated to (P, P).
Its composition denoted * is the composition e in the sesquicategory || P||.

Assuming that the presentation modulo (Q, Ql) satisfies all the assumptions of
the previous article with the notion of residuation inherited from the presentation of
sesquicategory, namely

(i) for every pair of distinct coinitial generators f : x — y; in Q1 and g:xT — Y
in @1, there exist a pair of cofinal morphisms ¢’ : y1 — z in QF and f':ys — 2
in @7 and a relation a: ¢’ o f < fogin Q2

/

Y1 T2

A
fTé» r

T—g =42

(ii) there is no infinite path with generators in Q.

(iii) There is a weight function wy : @1 — N, and we still write w; : Q] — N for
its extension as morphism of category to the category corresponding to the
additive monoid (N, +), such that for every generator g € Q1 and f € Q1, we
have w1(g/f) < wi(g).

(iv) The presentation (Q,Ql) satisfies the cylinder property: for every triple of
coinitial morphisms f : z — z’ in Q; (resp. in Q1) and g1, g2 : & — y in Q7
(resp. in QT) such that there exists a relation « : g1 < g2, we have f/g1 = f/g2
and there exists a 2-cell ¢1/f & ga/f. We write a/f for an arbitrary choice of
such a 2-cell.

(v) There is a weight function ws : Q2 — N (which can be extended to any 2-cell
of the 2-category generated by @ by ws(@) = wa(a) and both horizontal and
vertical compositions are sent to addition) such that for every a : g1 = g2 in Q%
and f in @7 such that o/ f exists we have wa(a/f) < wa(a).

(vi) The presentation modulo (Q°P, Q(l)p) satisfies previous assumptions.

then there is an equivalence of category Eji : [|Q| | Q1 — |Q|[Q'] and an

isomorphism of category I : |Q|| L Q1 — ||Q|| /Q:1.
Given f in P}, we denote by f its normal form wrt Ps.

10
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5 Applying it to sesquicategories
5.1 Definition of the sesquicategory of normal forms

Definition 5.1 The sesquicategory of normal forms associated to (P, P,) is the
sesquicategory denoted || P|| | P, whose set of O-cells is Py, whose sets of 1-cells
and 2-cells are the set of objects and morphisms respectivally of ||Q| | Q1, whose
compositions oy, ey are defined as follows :

—

fong=1fog
aeyf=aef

The actions f.ya.nyg where a : h1 = hg are obtained from the 2-cell f.a..g : fohiog = fohgog
which is also a morphism in | P|| and thus induces a morphism fonhiong = fonhsong
in |@||} @1 which is also a 2-cell in ||P||] Pa.

Proof. TODO Montrer que bien une sesquicatégorie ie, composition tout ca O

5.2 Theorem
Lemma 5.2 There is an equivalence of sesquicategory Es : ||P||L Py — ||P|| [Py '].

Proof. Recall that the functor E; : Q|| } Q1 — [|Q||[Q1'] is an equivalence of

categories. We set the weak functor of sesquicategory : FC:
vérifier

que
By P42 = Pl (P5
x O-cell = z functor

f l-cell = E1 f
«a 2-cell = Fia

Let us now prove that this is indeed an equivalence of sesquicategory. It is an
isomorphism on 0-cells.

Given two 0O-cells 2 and y in ||P||] Py, let us consider f : x — y in ||P|| [Py ']. As
E; is an equivalence of category, there exist g : 2 — y 1-cell in | P||} P, such that
there exists an isomorphism ¢ between F1g and [ in Q[Q;l}. FC:

Given two 2-cells o, 8 : f = g in ||P||| P such that Eya = Esf in | P|| [Py Y], ;’Er'ciﬁert
9 ~ phi es
then Ejo = B8 in ||Q| [Q7']. As Ej is faithful, this means that a = 3 in ||Q||{ Q1 bien un

Sfonc-

Given two parallel 1-cells f and g in |P|| /P, and o : E1f = Eygin |P|[Py'], e

faible

as Ej is full, there exists a morphism 3 in ||Q||} Q1 such that E3 = o. This proves  Fc:

est-ce
that Es is full on 2-cells. O aue
pour

clure
?

Lemma 5.3 There is an isomorphism of sesquicategory Iy : |P|| L Py — ||P|| /Ps.

Proof. We are going to show that the sesquicategory of normal forms ||P|| | P,
is a quotient of the sesquicategory ||P|| by P». Recall that the category ||Q| | Q1
is a quotient of the category ||@Q| by @1, and this gives us a quotient functor

v QN = Q4 Qr-
11
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Let us now define the weak functor

¢ |P| = [P P
r€e€Py—x
fePr— f=qf

aEPQCC»—M/Ja

For any « in ]5200 = Q1, pa = o is the identity.
There remains to prove the universal property. O

TODO : et I'injection de || P|| dans sa localisée ?

6 Hypothesis in 2-categories

Definition 6.1 A presentation of 2-category is C = (Cy,Cq,Ca,C3) such that
(Co, C,Cs) is a presentation of category. It generates a free category with set of
objects Cp and set of morphisms C7. It generates a free 2-category with Cj as set of

O-cells, C7 as set of 1-cells and C5 as set of 2-cells. The set C3 is a subset of C5 x C3.

The set C3 generates a congruence (symmetric, reflexive, transitive and under both
*
compositions closure) denoted <. The 2-category presented is the 2-category with
sk
set of 0-cells Cp, set of 1-cells Cf and set of 2-cells O3/ <.
Lemma 6.2 Given a presentation of 2-category (Coy, C1,Co,C3), it is presented as

a Sesquicategory by the presentation of Sesquicategory (Py, P1, Ps, P3) with P; = C;
fori=0,1,2 and

P;=C34 {X((hl og).a,ﬁ.(go fl)) ’ a€Py,fePyge Pl}

with X ((hy o g).c, B.(g 0 f1)) : (B-(90 f2)) @ ((h1 0 g).a) = ((h2 0 g).cx) @ (B.(g 0 f1))
fO’F a f1 — f2 m PQ, ﬁ : hl — h2 m PQ, qg: to(hl) — SO(fl) m Pl.

We consider such a presentation of Sesquicategory.
The first assumption on residuals become :

Criterion 6.3 We suppose fized a presentation modulo (P, Pg) such that for every
ain Py, B in P, f,g in Py such that for every critical pair on words in Pf (f.a, 5.9)
(resp. (a.f,g.8)), there exist o in Py, § in Py and R: ' e (f.a) & o e (B.g) in
Py (resp. R: ("o (a.f) & o' e (g.8)).

Indeed, we set for o in Py
a/a=1d,

for a: fi — fo in Py (resp. P2), B : hi — he in P (resp. ]52), g :to(h1) — so(f1) in
P17

((h1og).a)/(B.(90 f1)) = (h2og).a
(B-(g o f1))/((h1og).c) = (B-(g© f2))

12

FC:
check
that
for

in Ps3,
pa = ¢
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and for v; and 7s in PQC C and hy and hsy in Pf

(hl.’yl.hQ)/(hl.’yg.hQ) = hl.(’yl/’yg).hg

That way, we defined

Lemma 6.4 If the local cylinder property is verified for « & (B in P3 (o and 8 are
in Py) and v in PSC such that
e there does not exist f (resp. g) in Py such that « = o'.f (resp. a = g.o/), B=p'.f
(resp. B=g.8') and v =".f (resp. v = g.7'),
e when considering o, B and 7y pairwise, there is at most one of the pairs that forms
and exchange law, FC:

pas

CC encore
P2 . ca

then the local cylinder property is verified for all o, B and v in

Proof. If there are three exchange : closed by exchange
If there are two : closed by exchange and the 3-cell but in a different context.O

7 Product of monoidal categories

TODO

Monoidal category is a 2-category with one object. Any monoidal category
admits thus a presentation C' as a 2-category where Cy = {x}. Given two monoidal
categories C and D, their product C x D in Cat is also a monoidal category. Given
a presentation C of C and a presentation D of D, we want to deduce a presentation
of C x D. Let us consider the presentation of 2-category S where :

So={x*}

S1=C19 D,

Sey=CoW Dy {y.q4:doc—cod|ceCy,de D}

532036133@5:/3@5:/;

Sz={v0q®(da)= (a.d)ev.q|deDi,c,d € C{and a:c— ' € Car}
&J{%,d/ o (B.c)= (c.0)®v.q|dd eDi,ceCrand B:d—d € Dg}

Sy ={veaedn=nd|de Dy,ceCi,n:1—ceCs}
W{vea®nc=cn|deDi,ceCi,n:1—de Dy}
Lﬂ{ycxcvdod.n.c:n.cdo’y | deCf,ceC,de Dy,n:1—=c € C’g}
Lﬂ{’yqdd/od.n.c) =cdnev.q|d eDi,ceCi,deDy,n:1—d € CQ}

where 7, 4 is extended to ¢ in C or d in Dy by :

Yego...ocr,d = (Ck-Ver_yo...0c1,d) ® (Vey,d-Ck—1© ... © C1)
Ve,dyo...ody = (Ve,dyo...ody-d1) ® (d; © ... 0 d2.Ye,d, )
Horizontal composition and actions : tensor product (actions is just a practical
notation), and vertcial composition is composition in the monoidal category
cylinder property 7 consider all R: f = g in C3 (or D3) with f and g paths. It

is ok whenever neither f nor g cannot be written as id, .f’.id,. Others have to be
checked by hand (although for R with O-source of length 1, ok)

13
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8 Example

14
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