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Introduction

In this survey we study applications of combinatorial methods in the ring theory.
Unlike the well-known survey by V.A.Ufnarovski [55], we are more interested in
the technique of obtaining these methods and not in results themselfs. There-
fore, the themes of this survey is more narrow and it is in more correspondence
with the authors interests. The main subject here is the word combinatorial
analysis and its applications, and also the notion of the canonical form of ele-
ment in different calculus.

An element in some algebra can be represented as a linear combination of
words, therefore, the problems of the word combinatorial analysis are the most
“pure”. The study of algebras growth and Hilbert series also can be reduced to
the word combinatorial analysis, also as periodicity effects, which appear in the
problems of Burnside type (Shirshov height theorem, independency theorem,
PI-algebra radical nilpotency and so on).

Monomial algebras, i.e., the algebras, which defining relations are words from
generators, are in the center of this survey. The aim of such algebras study is to
develope necessary ideas for constructing the combinatorial ring theory. Because
of such investigations, the role of uniformly recurrent words and the connection
of the combinatorial ring theory with the symbolical dynamics, became more
clear.



We study the algorithmical problems in the monomial algebras theory, rep-
resentations of such algebras, varieties, generated by them, their structurial
theory. With the help of monomial algebras we prove and generalize Gelfand-
Kirillov height and dimension theorems for arbitrary Pl-algebras. The special
case is the case of automata algebras, i.e., monomial algebras, which set of
nonzero words are regular languages. A regular language can be defined as a set
of words, which can be read when moving along some graph edges, which are
marked by the letters of the fixed alphabet. The letters of the alphabet corre-
sponds to the generators of the monomial algebra. The graph, which represents
a finite automaton, is called the Ufnarovski graph of an automata algebra.

The notion of an automata algebra generalizes the notion of a finitely gener-
ated monomial algebra. In proving all results about finitely generated monomial
algebras, we in fact use exactly the regularity of the nonzero words language,
i.e., the possibility to define it by an oriented graph. Therefore, there is no
sense in the study of finitely generated algebras as an individual class, the more
so, as there exist automata algebras, wich are not finitely generated. For ex-
ample, the algebra with generators a, b, ¢ and relations a® = ¢ = ca = ba = 0,

ab®™tlc =0, n =0,1,2,..., is not finitely generated, but is automata. Its
graph is
b@b
— s e
a c

For automata algebras hold many statements, which are wrong for arbi-
trary (non-monomial) finitely generated algebras. Fore example, the growth
alternative — polynomial or exponential, or the implication “the existence of a
polynomial identity = the representability by matrices”. The greater part of
algorithmic problems have a positive solution for automata algebras. For ex-
ample, such problems, as the growth computing, the existence of a polynomial
identity, the representability, the semisimplicity, the primarity, the existence of
Noetherian structure, are algorithmically solvable for automata algebras. In
addition, the algebraic properties of automata algebras can be described “ge-
ometrically”, using the graph language. For individual elements there exist a
checking algotithm for nilpotency and a zero divisibility.

At last, the word combinatorial analysis can be used in study of arbitrary
(not necessary monomial) algebras. Combinatorial lemmas help in study of the
canonical bases, of the normal form of elements. It mainly concerns the height
theorems and the independency theorems. The combinatorial reasoning helps
to get simple and constructive proofs of such well-known theorems, as Shirshov
height theorem, V.A.Ufnarovski and G.P.Chekanu independency theorem, to
get a positive solution of Shestakov hypothesis about the local nilpotency of
an algebra of the (polynomial) complexity n, in which all words (consisting of
generators) of degree n are nilpotent, to get a proof of Razmyslov-Kemer-Braun
theorem about the nilpotency of the radical of a finitely generated PI-algebra,



and so on.

Which ideas are mainly used here?

At first, it is the idea of lexicographic ordering, the consideration of minimal
(maximal) words and nondecreasing objects. It works not only in word study,
but also in the consideration of degree vectors (the pump-over lemma) and in
comparing word systems.

Then, one of the main instruments here is the study of infinite words, which
we call superwords, for shortness. Superwords allow to carry out the noncon-
structive combinatorial reasoning with the help of the compactness notion (we
can construct an infinite word from the infinite number of finite words).

An exceptionally important is the notion of a uniformly recurrent infinite
word W: for each positive integer k there exists N = N(k), such that a finite
part of the superword W of length k belongs to each its part of length N.
Uniformly recurrent (u.r.) words help, for example, to describe all almost simple
monomial algebras (i.e., algebras with nilpotent factors): these algebras are of
the type Aw, where A is an u.r. superword (by Ay we denote a monomial
algebra, such that all its nonzero words are subwords of the superword W).
The proof of this fact is based on the following lemma, which is an analog of
the density theorem: for each two subwords u # v of the non-periodic u.r.
superword W there exist subwords r,t C W, such that rut C W, rot ¢ W.

This result is also used in proving the theorem about the coincidence of the
nilradical of a monomial algebra and its Jacobson radical. The nilradical of a
monomial algebra is turned out to be equal to the intersection of ideals with
monomially almost simple factors (a monomial algebra is called monomially
almost simple, if each its factor in respect to ideal, generated by a monomial, is
nilpotent). A monomially almost simple algebra is an algebra of the type Aw,
where W is an arbitrary u.r. superword.

Superwords also help in describing the weakly Noetherian monomial alge-
bras, in getting short proofs of the theorems about independency and the local
nilpotency af Lie algebras, generated by sandwiches. In the superword terms
the Ufnarovski ordering can be naturally defined: right superwords constitute
a linearly ordered set.

The study of superwords leads to questions, related to the symbolical dy-
namics. Thus, uniformly recurrent words have a dynamical sense: they are
exactly those words, which appear during the investigation of minimal closed
invariant (in respect to a shift operator) sets in the superword space with the
Hemming metric. It turns out to be that, if the algebra growth function V' (n)
(i.e., the dimension of the space, generated by words of degree not greater, than
n) satisfies the inequality V'(n) < n(n + 3)/2 for some n, then the algebra has
a linear growth. Algebras with a “limit” growth function n(n + 3)/2 can be de-
scribed in terms of the circle rotations. Namely, all of them, except a countable
set, can be constructed as algebras Aw , where W = {w;} is a sequence of 0 and
1, which is defined by irrational numbers «, 8 € (0,1) : w; = f(i + 1) — f(i),
f(i) = [ai + B]. Dynamical properties of u.r. words (the minimality in respect



to the inclusion of a subword system of an u.r. word) are also used in proof of
the weak Noetherability criterion.

Thirdly, we often use combinatorial lemmas about periodic words, periodic
sequences and the arrangement of periodic parts inside a word. The whole sec-
tion is dedicated to these small, but useful statements. The pseudoperiodicity —
the linear ordering alternative in respect to lexicographic order is studied with
special attention. This alternative is based on properties of the shift invariancy
of periodic words and on the quasiperiodicity of the word equation ulWW = W's
solutions. This alternative also clarifies the proofs of the height theorem, of
the independency theorem and of the theorem about coincidence of the nilrad-
ical and Jacobson radical in monomial algebras. All section 2.1 considers the
quasiperiodicity notion.

Forthly, we use, the already mentioned above, automata technique. The
using of graphs demonstrates the categorial approach. The objects of the cor-
responding category are the graph verteces and the morphisms are arrows. To
each additive category, such that all its morphisms are denoted by letters of some
alphabet, corresponds a subalgebra of the endomorphism algebra of the direct
sum of all its objects. If there are no differently denoted paths, which connect
two objects (for example, when all morphisms have different denotations), then
we get a monomial algebra. There are natural relations between morphisms
of marked categories and morphisms of corresponding algebras. All theory of
monomial algebras representations is based on this fact. Representations of al-
gebras were studied by many authors, see the survay [7]. If a graph is “good”,
i.e., it has no “linking” cycles (cycles with a mutual vertex), then the collection
of passed arrows uniquely defines the order of passage and the commutativity
of morphisms is of no importance here. The algebra, which corresponds to a
“good” finite graph, is a PI-algebra. Under the natural constraints, the converse
statement is also true.

At last, a simple, but very useful combinatorial statement is the pump over
lemma: let A be a Pl-algebra, which satisfies a polynomial identity f of degree
m. Then each word w = covicy ... vy Cpy1, Where ¢; are letters, which don’t
belong to words vj;, can be represented as a linear combination of words w' =
CigV]Ciy - - - Upy Cipyr » Where ¢; don’t belong to words v}- and not more, then m —1
words v} have length greater, than m — 1 (almost all words v} are short). The
pumping over is a combinatorial analog of the algebraicity reasoning. This
procedure helps to get an easy proof of the Capelli identity, to get constructible
estimations of Capelli identity degree and Pl-algebra height. It also helps to
simplify the proof of Razmyslov-Kemer-Braun theorem about the nilpotency
of the radical and A.Chanyshev result about the global nilpotency of a graded
PI-algebra, with nilpotent n-th power of homogeneous elements.

An important methodological aspect of the monomial algebras theory is its
connection with the canonical form technique. The study of monomial alge-
bras is in essence the “pure” study of a normal form. Therefore the theory of
this algebras has applications in the word combinatorial theory, in symbolical



computations, in the coding theory, in the ring combinatorial theory and so on.
The practice demonstrates that even in those cases, when study don’t concern
monomial algebras, actually all computations are performed with elements, con-
sidered as generators products, i.e., with monomials. The good support of this
thesis presents the notion of Groebner base, which is one of the most important
methods in the theory of symbolical computations (see also Theorem 1.3).

The theory of monomial algebras helps to study the normal forms. It also
can be used in solving problems of the Burnside type (for one of the authors
exactly this was the reason to study monomial algebras). Let, for example, A
be a monomial algebra with generators a and b and relations a? = > = 0. It
generates the same variety as the algebra of 2 x 2 matrices. Each nonzero word
in A is a subword of the superword (ab)*. If in some algebra B an identity f
is valid, which is not valid in the algebra of 2 x 2 matrices, then f is not valid
in A. It means that with the help of f we can destroy each period of length
greater, than 1. In particular, if n is sufficiently big, then the word (a’d")" is
linearly representable by words, which contain a'> and b'>. So, we created the
squares! Let ¢ = a’ 2 If we created a word with a sufficiently great occurance of
¢, then, by using the height theorem (see the circulation lemma 2.79), we shall
create the power (cu)¥, and then, using f, the square ¢?, i.e., a'*. This method,
explained in Chapter 2, leads to the proof of the boundedness of a PIl-algebra
height over a set of words with degrees not greater, than the algebra complexity.

The obtaining of the exponential estimation for the height clarifies the anal-
ogy between the structural and the combinatorial reasoning. Therefore, the
concluding part of Chapter 2 is organized, as the proof of this estimation.

The structural theory, which helped to obtain basic results in the assotia-
tive ring theory, by the reason of its effectivity, decelerated the developing of
the combinatorial methods, maybe more laborious, but constructive. For this
reason, several fundamental results in the ring theory (the radical nilpotency
theorem for Pl-rings, for example) don’t have direct proofs. It causes addi-
tional difficulties in translating results to a different situation and often make it
impossible to obtain reasonable estimations. In obtaining combinatorial proofs
one must understand, which combinatorial objects correspond to the structrural
theory and how the word combinatorial theory reflects the structural properties.

In creating the structural theory the Burnside type problems played a special
role. This problems are important in the combinatorial theory also. They help
to clarify the correspondence between structural and combinatorial reasoning.

The main aspect of the structural reasoning is the consideration of the
semisimple (semiprime) part and the reduction of the problem to it by the
factorization with respect to the radical. It turns out to be that the prime part
is a monomial algebra, which corresponds to a periodic word. It generates a
matrix variety Var(M,,), where n is the period length. If the word has a periodic
part of a superword u* of a period, greater, than n, and an identity f is valid,
which is not valid for n x n matrices, then we can destroy the period with the



help of f. By this procedure, we can produce a word, lexicographically smaller,
than u. Then we can use the technique of selected sets of words, which allows to
make constuctive “the reasoning in the semisimple part”. (A word collection is
called selected, if the quotient algebra by the ideal, generated by this collection,
is nilpotent. The property of being selected is independent with the respect to
the radical). It helps to create a periodic part with a period smaller, than n. At
last, the pumping over is the property similar to the algebraicity. To the unitary
completeness of the variety, generated by the matrix algebra, corresponds the
deletion and addition lemma. The consideration of irreducible modules corre-
sponds to the consideration of a superword, which is linearly non-representable
by smaller words. Let us demonstrate all this on the example.

Theorem. The set of lexicographically non-diminishable words in the PI-
algebra A has a bounded height over the set of words with degrees not greater,
than the A complezity.

Proof. Let m be the minimal degree of A identities and n = Pldeg(A) be
the A complexity. As A has a bounded height over the set of words of degree
not greater, than m, then it is enough to prove that, if |u| is a noncyclic word
of length not greater, than n, then the word u* is a linear combination of
lexicographically smaller words, if £ is sufficiently big.

1. Let us consider the right A-module M, which is defined by the generator
v and by relations vW = 0, where W < u>/? (i.e., W is smaller, than some
power of u). (By u®/? is denoted the infinite to the right word with u as
the period, by “<” is denoted the relation of the lexicographic ordering). The
correspondence t : vs — vus correctly defines the endomorphism of M, hence
M can be considered, as an A[t]-module. Our aim is to prove that Mt* = 0 for
some k.

2. If Mt* € M - J(Ann M), where J(Ann M) is the Jacobson radical of
the annihilator, then M#'* € M -.J(Ann M)! and, by Braun theorem about the
radical nilpotency, M#* = 0, for [ sufficiently big. (Using ¢ centrality in A[t], we
can get along with Amitzure theorem about the local nilpotency of the radical).
Hence, passing to the module M over the quotient algebra B = A[t]/J(Ann M),
we can assume that J(Ann M) = 0.

3. Using the primary factorization, we can reduce the proof to the case,
when M is an exact module over a semiprime ring B.

4. Elements from the center Z(B) don’t have annihilators, hence we can
localize, with respect to them, and, by considering an algebraic extension of
Z(B), come to the case, when M is the matrix algebra over a field. The matrices
dimension here is not greater, than n.

5. By applying the construction 2 from 1.4, we get a minimal nonzero
right superword vu®/? and, hence, get a contradiction to Corollary 2.39 of the
independency theorem (see 2.1.4). O



Let us make some remarks. The module M is very similar to an irreducible
module. There is a parallelism of reasonings, which are related to the consid-
eration of such modules and to the consideration of words, linearly nonrepre-
sentable by smaller ones. The module M can be defined by left superwords,
which have the period w in infinity; ¢ is a shift operator here. A periodic word
is an eigenvector for the operator ¢ with the eigenvalue u. The belonging to
the Jacobson radical means, besides all other things, in addition, the absence
of nonzero eigenvalues. The consideration of left superwords allows to prove
the nilpotency of J(A[t]). Let us note that the analogy between the structural
and the combinatorial reasonings is not clear enough and is of need of further
clarifying.

Let us describe in a short form the situation with bases af algebras. The
height theorem means that each word is representable as a linear combination
of piecewise periodic words, i.e., words of the type

vtk ...v,’i", where h < H, H is a constant

The local finiteness of Pl-algebras and the boundedness of Gelfand-Kirillov di-
mension are consequences of this result, because the number of representations
of N, as a sum ky|vi| + -+ + kp|vp|, where h < H, has the order N7~

The further problems are as follows: which words can be taken as v; and
what is the structure of the power vector? As v; we can take the set words, which
degrees are not greater, than the complexity (also we can take any collection
of alements, for which the Kurosh problem holds). Now, let us consider the
power vector (ki,...,kp). The essential height, i.e., the number of positions,
such that k; can be simultaneously unbounded, equals to the Gelfand-Kirillov
dimension for representable (and, by the A.R.Kemer [24] result, for relatively
free) algebras. Nevertheless, even in the representable case, the set of power
vectors can have a bad structure, i.e., it can be the complement to the set of
solutions of an exponent-polynomial system of Diophantine equations.

Let us present an approximate contents of chapters. Chapter 1 is essentially
dedicated to infinite words and u.r. words. Lemmas, proved here, are repeat-
edely used in what follows. We also consider here growth problems in words
and algebras. In particular, we construct a patological algebra, which growth
function sometimes is smaller, than ¢(n) = n(n + 3)/2 + A(n), where A(n) is a
function, converging (with an arbitrary slowness) to infinity, In(n) for example,
and sometimes is greater, than ¢(n) = e°™, (n) = eV™, for example. Also, we
present the description of algebras with the “limiting” slow growth n(n + 3)/2.

In Chapter 2 we apply the word combinatorial analysis to problems of the
Burnside type and to normal bases. The aim here is the obtaining the purely
combinatorial (hence, constructive) proofs of already known results and also
the obtaining explicit estimations. We give much attention to periodic words
properties. Of several theorems, proved here, we must mention the Ufnarovski-
Chekanu independency theorem and Chirshov height boundedness theorem.



The relation between radicals and superwords is used here for proving the nonex-
istence of algebras, which growth functions are between linear ones and the
function n(n + 3)/2. In 2.3 we consider regular words and their applications to
Lie algebras: we prove the nilpotency of a subalgebra, generated by sandwiches,
and prove the height theorem for Lie algebras with a sparse identity.

In Chapter 3 we prove the theorem about the coincidence of the nilradical
and Jacobson radical in a monomial algebra. Jacobson radical is described in
terms of u.r. words.

In Chapter 4 it is proved that, if two finitely generated monomial algebras
without units are isomorphic, as algebras, then they are isomorphic, as mono-
mial algebras, i.e., there exists an isomorphisms, which maps generators into
generators. Also here we study Baire radical of monomial algebras. We prove
that the Baire order (i.e., the ordinal that marks the stabilization beginning in
the Baire radical construction) can be equal to any ordinal «. For 2-generated
monomial algebral a is countable and can be any countable ordinal.

In Chapter 5 we study automata algebras. The main attention here we give
to algorithms and to the dependence of algebraic properties of an automata
algebra from the “geometric” properties of its graph. Almost all structural
properties of an automata algebra (semisimplicity, semiprimarity, growth func-
tion, Noetherability and so on) are algorithmically recognizable. Also we present
algorithms for checking the nilpotency and the zero divisionability of individual
elements.

In Chapter 6 we study finite-dimensional representations of monomial alge-
bras. We consider “tame” and “wild” algebras, i.e., algebras, which represen-
tations can or cannot be described. Tame monomial algebras are 1-generated
and 2-generated algebras with zero multiplication only. The description of all
irreducible representations of an automata PI-algebra can be reduced to the
same problem for the algebra A,~. If an automata algebra is not a PI-algebra,
then it is wild.

The necessary condition of the representability is the validity of the height
theorem. In this case, there exists h, such that any word in the algebra can
be written as uf'ub? ... u;", where | < h and {u;} is the set of words of fixed
length. The necessary and sufficient condition of the representability can be
formulated, as a condition on the set of vectors k = (ki,..., k). It means that
the set of {ki,...,k;), such that u'fl uf’ = 0, must be defined by a system
of exponential Diophantine equations. We have the following theorem, as a
corollary.

Theorem. If a monomial algebra is representable over a field of zero character-
ictic and has Gelpand-Kirillov dimension 1, then it is automata and its Hilbert
series is rational.

Moreover, we construct an example of a monomial algebra (or a semigroup),
which is representable over a field of positive characteristic, but is not rep-
resentable over a field of zero characteristic. Also we construct a monomial
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algebra, which is representable over a field of zero characteristic and has a tran-
scendental Hilbert series.

In Chapter 7 we study varieties, generated by an arbitrary set of monomial
algebras. Such varieties constitute a rather extensive class: for example, the
varieties, generated by the matrix algebra and by the algebra of upper triangular
matrices, can also be generated by automata algebras. But not all varieties
can be realized in such way, for example, the variety, defined by the identity
™ = 0, and the variety, generated by Grassmann algebra, cannot be generated
by monomial algebras. The main result of this chapter is the following theorem.

Theorem. Each variety, generated by an arbitrary set of monomial (not neces-
sary automata or finitely generated) algebras, can be generated by one automata
algebra.

For proving this theorem, the technique of formal power series is used. Then
we give in graph terms the classification of varieties, generated by automata
algebras. Such variety is a finite union of varieties of automata algebras, defined
by graphs of the following type

Q000 O

(stright paths between loops and loops themselfs have arbitrary length), which
satisfy the following condition: each arrow, which has a common vertex with a
loop, is marked by the letter, which is not used in other places.

Corollary. Each variety of monomial algebras is generated by a finitely defined
algebra.

Therefore, letters can coincide only on inner arrows of stright paths, which
connect the loops. For proving this theorem, a rather cumbersome graph tech-
nique is used, which allows, by the means of “elementary” operations, to simplify
graph without changing the generated by it variety (or consecutive varieties are
included in one another).

As a consequence of this theorem and also, as a consequence of that fact that
each variety, generated by an automata algebra with a cyclic graph, coincides
with a variety, generated by the matrix algebra, we get the classification of
unitary closed varieties of monomial algebras.

Theorem. FEach unitary closed variety, generated by monomial algebras, coin-
cides with a finite union of varieties, which identity ideals are finite products of
identity ideals of matriz algebras.

Roughly speaking, in the case of algebras with unit, there are no other
varieties of monomial algebras, except varieties of matrix algebras and of their
semidirect products.

11



In the concluding part of this work we study varieties of associative algebras
with Lie nilpotency identity of a fixed index. We concentrate on problems of
algorithmical solvability in these varieties. We demonstrate the algorithmical
solvability of the problem about the realizability of the Lie nilpotency identity
of a fixed index in a finitely generated algebra, in which the word problem is
solvable. Also we prove that in the variety of Lie nilpotent algebras the word
problem can be solved by the algorithm, which use Groebner bases technique.

In Appendix A we study nonassociative rings (in particular, alternative and
Jordan rings). The main attention here is given to the representability prob-
lems, to the height boundedness and to Kurosh problems. Many results in the
theory of associative rings can be transfered to the nonassociative case. The
possibility of such transfere and the formulation of the “asimptotical nearness
to the associativity” criterion clarify the associative theory itself.

At last, Appendix B is dedicated to problems of Burnside type for semir-
ings (in semirings the subtraction operation is not defined). We prove here a
generalization of Nagata-Higman theorem for semirings with a noncommutative
addition.

Our exposition demands only minimal preliminary knowledge, mainly re-
lated to the theory of Pl-algebras. Several important combinatorial topics is
not considered here. Our work with identities has the qualitive, mainly asimp-
totical character, we don’t work with actual identities. We don’t examine the
theory of central (Razmyslov) polynomials (there is a good exposition of this
theory in I.V.L’vov preprint [35]) and also the Young diagram theory, related to
the symmetrical group representations. We don’t even mention the supertech-
nique, invented by A.R.Kemer, which allows to reduce the study the infinitely
generated algebras identities to the case of finitely generated superalgebras. We
don’t examine the homological technique and the diamond lemma. The 2-word
method is not considered, and the Lie case and the case of algebras near to
associative, are examined only in brief.

The big part of this survey is dedicated to well known results, which either
were published before, or are the mathematical folklore with unclear authorship.
In any case we beg a pardon from those authors, whom we didn’t mention in
this text.

In preparation of this work, we used the V.A.Ufnarovski survey [55] and
J.Okninski book [87]. The idea of using the uniformly recurrent words appeared
as a result of discussions with M.V.Sapir. The representability criterion for
monomial algebras is a variant of D.Anick ideas. T.Gateva-Ivanova gave the def-
inition of the primary superword, and our exposition of the theory of the mono-
mial algebra radical is based on the results of the joint work. To our regret, we
couldn’t have her as a co-author, because of the time shortness and the organi-
zational problems. We hope, however, for further collaboration. S.V.Pchelincev
participated in discussions of problems about the height theorem and about the
nonassociative case. We are grateful to E.I.Zelmanov and A.V.Mihalev for pos-
ing some problems and the moral support. Authors are grateful to L.A.Bokut’,
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A.A Mihalev, V.A.Ufnarovski, V.T.Markov and V.M.Petrogradski for useful dis-
cussions.

1 The word combinatorial theory and its appli-
cations

In the combinatorial reasoning in the ring theory we mainly work with words,
i.e., with the representation of elements via generators. The word technique
uses monomial algebras, in which the defining relations constitute the set of
word equal to zero. Several problems in the ring theory, the investigation of
Hilbert series for example, can be reduced to the monomial case. Let us give
some definitions.

1.1 Definitions and notation

All algebras, unless otherwise stipulated, are considered to be finitely generated
(f.g.) with a fixed set of generators. Let ® 5 1 be an associative and com-

mutative ring. By ®(zy,...,zs) will be denoted a free associative ®-algebra
with generators x1,...,xs. By A{ai,...,as) will be denoted an arbitrary ®-
algebra with a fixed set of generators ai,...,as. A word or a monomial from

the set of generators M is an arbitrary product of elements in M. The set
of all words constitutes a semigroup, which will be denoted by Wd(M). The
order a; < --- < as generates the lexicographic order on the set of words: of
two words those is greater, which first symbol is greater, if the first symbols
coincide, then the seconds are compared, then thirds and so on. Two words
are incomparable, only if one of them is the beginning of another. Let us note
that a family of the pairwise incomparable words constitutes a linearly ordered
set. By a word in an algebra we understand a nonzero word from its generators
{a;}. An algebra A is called monomial, if it has a base of defining relations
of the type ¢ = 0, where ¢ is a word from aq,...,as. Obviously, a monomial
algebra is a semigroup algebra. More precisely, it coincides with the semigroup
algebra over the semigroup of its words.

By |v| will be denoted the length of a word v. By ||z|| will be denoted the
homogeneity degree of an element . By u C v will be denoted the occurence of
a word u in a word v. By (W) will be denoted the beginning subword of the
word W of length k. By (M) will be denoted the ®-module, generated by a set
M. An element z is called linearly representable by a set M, if € (M). The
set of words, which are linearly nonrepresentable by smaller words, is linearly
independent and constitutes a normal base of the algebra. By id(M) will be
denoted the bilateral ideal, generated by a set M.

A word w is called n-encountered in a word W, if W has n nonoverlapping
occurrences of the word w. A set of words U is called k-encountered in a word
W, if each word u € U has k nonoverlapping occurrences in W.
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A word is called nonimprovable, if it cannot be represented as a linear com-
bination of lexicographically smaller words.

A word w is called cyclic, if for some k > 1, u = v*, otherwise it is called
noncyclic or nonperiodic. Words u and v are called cyclically conjugate, if
for some words ¢ and d u = ¢d, v = dc. The cyclic conjugacy relation is an
equivalency relation.

Let us enumerate the usual notations: m be the minimal degree of identity,
which holds in 4; n = Pldeg(A) be the complexity of A, i.e., the maximal
positive integer k, such that all identities in A hold in the matrix algebra of
order k; p be the minimal degree of an identity of the complexity n, which holds
in A; by s or I we shall denote the number of generators. By M®) will be
denoted the ideal id{m*,m € M}. A is the empty word, |A| = [|A]| = 0.

Let us note the following useful statement, which is proved with the word
combinatorial technique.

Proposition 1.1 Let A be a f.g. graded algebra, M be a finite set of homoge-
neous elements, such that, for all k, the quotient algebra A/M(k) is nilpotent.
Then each quotient algebra A" = A/I, in which all projections of elements from
M are algebraic, is finite-dimensional.

Proof. Let k be the maximum of degrees of those polynomials, which annihilate
elements in the M projection. Let A/M(’“) is nilpotent of index . It means that
all words in A of the length not smaller, than [, are linearly representable by
words from A generators and those elements m € M, which has m*, as its
subword. Hence, projections of words of length [ are linearly representable by
projections of words of smaller length. O

1.2 The basic properties of PI-algebras

An identity in algebra is a noncommutative polynomial, which is identically
zero on the set of algebra elements. An algebra with an identity is called a
Pl-algebra. If an identity holds, then all identities, which can be produced from
it by substitutions and also by left and right products by arbitrary polynomi-
als, hold also. In the case of zero characteristic, each system of identities is
finitely based (unlike the case of relations). This was proved by A.R.Kemer.
A.V.Grishin proved that we can manage by substitutions only. Examples of
identities are: the commutativity identity [z,y] = zy — yz, the standart identity
of degree n
St = 3 (=17 Zo()To(2) - - Ta(n)»

the Capelli identity
Z(_l)ayoxa(l)yl e wo’(n)yny

g
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which holds in any (n —1)-dimensional algebra. It is more difficult to prove that
Stap holds in each matrix algebra of order n (Levitski-Amizur theorem). The
Hall identity [[z,y]?, 2] holds in the algebra of 2 x 2 matrices (the square of a
matrix with zero trace is a scalar matrix). The identity [[z,y],2] = 0 holds in
Grassmann algebra (an even element belongs to the center and the commutator
of two odd elements is even). The class of algebras, which satisfy some set
of identities, is called a variety; the variety, which corresponds to the set of
identities, which hold in the algebra A, is denoted by Var(A).

If the number of elements in the ground field is greater, than the degree of
an identity f, then with f hold all its homogeneous, in respect to each variable,
components. If a variable x occurs in an identity f in degree n, then f is
linearizable. Let t be the set of variables, distinct from x. Then the polynomial

F=fto+ - 4m) =D flt,m+ -+ T+ + )+

+Y fbm A B A T ) — e+ (DY ()
i<j k
is polylinear and symmetric for z1, ..., z,. It is called a linearization of f. (The

symbol ~means, as usual, that the corresponding term is omited.) The complete
linearization is a polylinear polynomial. If the ground field characteristic is zero
or is greater, than f degree, then f is equivalent to its complete linearization.
Example: the complete linearization of the identity [[x,y]?, 2] is the identity
[z1, y1]-[2, y2], 2]+ [[21, w2] - (w2, 1], 2]+ [[w2, w1 ] [w1, 1), 2]+ [[22, 9] - (21, 2], 2]

A variety is called unitary closed, if the operation of unit adding preserves
the membership in this variety. A matrix algebra generates an unitary closed
variety and a nilpotent algebra doesn’t.

The set of all identities of some algebra constitutes a fully characteristic
ideal, or T-ideal, in the free algebra K(X) (here K is the ground field and (X)
is the countable set of generators). The quotient algebra K (X) /T, in respect to
a T-ideal T', is called a relatively free algebra, or a free algebra of the variety 90,
defined by the identities ideal 7". The Jacobson radical of this algebra coincides
with the set of identities in the matrix algebra of order n. The number n is
called a complexity or a polynomial degree of the variety (or the T-ideal) 90t
and is denoted by PIdeg(t). Varieties of complexity 1 are called non-matric.
In each non-matric variety the identity [z,y]* holds. In a variety of complexity
n some power of the standart identity of order 2n holds. If an algebra is finitely
generated, then in it hold a standart identity of some order and Capelli identity
(this statement is consequence of Razmyslov-Kemer-Braun theorem about the
radical nilpotency in a finitely generated PI-algebra).

Let f be a polylinear identity of degree n. Then the symmetric group S,
acts from the left, by permuting the variables, on f consequences of degree
n, hence, they constitute a left module over its group algebra. Irreducible
submodules correspond to Young diagrams. The standart identity corresponds
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to the diagram-column, the symmetic identity corresponds to the diagram-row.
The connection between identities and diagrams is enigmatic. It is known that,
if an identity f holds, then all identities, which Young diagrams has a sufficiently
big square, hold also. Each type of irreducible modules occures with multiplicity,
which equals its dimension. One-dimensional modules correspond to diagram-
rows and diagram-columns.

Let 7 € Sy, then we can relate to the identity f = > ac%s(1)-. To(n)
the identity f7 = > aoZs(r(1))---To(r(n))- If f is not the symmetric or the
standart identity, then f7 is not equivalent to f for some 7. In other words, if we
identify polylinear polynomials of degree n and elements in the group algebra
of the symmetric group, then the set of all polylinear identities of degree n
always constitute a left ideal in this group algebra (but not always a right
ideal). (Under a permutation of positions in all monomials in the identity we
not always get a consequence of this identity). The same is true for sparse
identities. Nevertheless, for sufficienly big n the set of all polylinear identities
of degree n contains a bilateral ideal of the group algebra of S,,. The proof
of this statement uses Regev theorem (the growth of codimension of a T-ideal
is not greater, than exponental) and the dimension formula for an irreducible
representation of a symmetric group, which corresponds to a rectangular Young
diagram. It turns out to be that the growth of the dimension of a representation
is greater, than the growth of a T-ideal codimension. Hence, the bilateral ideal,
which corresponds to this Young diagram, belongs to the T-ideal.

The above reasoning holds for sparse identities also, i.e., for identities of the
type

Z CoYolo(1)Y1 -+ - Lo(n)Yn = 0.
oc€ES,
(only z; are permuted and y; are stationary).

As a positions permutation (i.e., the right action of the symmetric group)
realizes an isomorphism of left modules and doesn’t change Young diagrams,
then we have the following proposition.

Proposition 1.2 Let T be an arbitrary T -ideal. Then there exists the set of co-
efficients {«;}, such that for each permutation T € S,, and all z;,y; the following
equality holds modulo T

Z AoYoZo(r(1)Y1 - - To(r(n))Yn = 0.
gESH

Let 9t be an algebra variety. A; be a relatively free [-generated algebra in
M. For A; some additional identities can be valid (if I = 1, for example, then
A; is commutative). [ is called the base rank of 9, if M = A;. For example,
the base rank of M, equals 1, if n = 1, and equals 2, if n > 1. The base rank of
a Grassmann variety G, generated by the identity [[z,y], z] = 0, equals infinity.
(This identity doesn’t hold in the algebra of 2 x 2 matrices, and all primary
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algebras in G are commutative. Hence, the commutator ideal belongs to the
nilradical, i.e., to the intersection of all primary ideals. In the finitely generated
case, by Braun theorem, the radical is nilpotent of a bounded index. For an
infinitely generated Grassmann algebra it is not so).

If Iy > I3, then Var(A;,) O Var(Ay,). For which [ there is the strict inclusion
Var(A4;) D Var(A;41)? The set of such [ is called the transition set. Our
knowledge about such sets is poor. In the finitely based case (if the ground field
is of zero characteristic) we can prove the countability of the set of all transition
sets (which correspond to all possible varieties). Hence, not each set P C N
can be a transition set. (We can construct a non-transition set in the following
way: it is known that the standart identity holds in each f.g. algebra, and an
algebra, in which the standart identity holds, has a finite base rank. Therefore,
if the set P is too sparse (i.e., it has too big segments of the rank constancy),
then one of these segments (in dependence on the variety degree) will give the
validity of the standart identity and the finiteness of the base rank).

1.3 Some constructions
1.3.1 The representation of monomial algebras

Let M C Wd < {§} >. By M will be denoted the set of all subwords in M.

Then Wd({x&)\ﬂ/l\ is an ideal in the semigroup Wd({z;}). It generates the
ideal Iz in the algebra ®({z;}). The corresponding quotient algebra is denoted
by Aaq. Let W be an ininite word. Then Ay is the algebra, such that all its
relations are of the type v = 0, where v is a word, which is not a subword in .
If {W;} is a set of words, then Ay, is an algebra, such that all its relations are
of the type v = 0, where v is a word, which is not a subword in any {W;}.

1.3.2 The construction of a monomial algebra with the same growth
function, as the given algebra

Theorem 1.3 For each algebra A there exists a monomial algebra A with the
same growth function.

Proof. Let put in order the generators z; < -+ < x5, a1 < -+ < as. Then let
us put in order the set of words from {z;} and {a;}: at first, by the length, and
then lexicographically. Let us consider the epimorphism 7 : ®(z1,...,zs) —
Alay,...,as), ; = a;. The subset in Wd({z;}), generated by words, which
projections can be represented as linear combinations of projections of smaller
words, is an ideal in the semigroup Wd({z;}). It generates the ideal I4 in the
algebra ®({x;}). Let us denote by A the corresponding quotient algebra. It is
a monomial algebra with the same growth function, as the growth function of
A.

Therefore, the study of growth functions, can be reduced to the monomial
case. However, let us note that A can be not finitely defined, even, if A is
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finitely defined. V.A.Ufnarovski, for example, constructed a finitely defined
algebra of the intermediate growth [49]. The corresponding monomial algebra
has the intermediate growth also, but cannot be finitely defined, because the
Gilbert series of a finitely defined monomial algebra is rational and its growth
function satisfies a recurrent relation and has a polynomial or an exponental
growth. Therefore, in the finitely defined situation there is no reduction of the
growth function description to the monomial case. a

1.4 Superwords in algebras

The main part of combinatorial results in this chapter is based on the consider-
ation of infinite words or superwords. In this subsection are gathered the basic
technical facts and constructions, related to superwords in algebras.

Definition 1.4 A superword is a word, which is infinite in both directions. A
word, which is infinite to the left, is called a left superword, a word, which is
infinite to the right, is called a right superword.

Definition 1.5 By u* will be denoted a superword with the period u, by
u™/? will be denoted a right (left) superword, which begins (terminates) with
the word wu.

It will clear from the context, which superword is under the consideration,
left or right, therefore we don’t introduce a special notations. The writing
u®/? . s -v°°/2 means, for example, that u°°/2 is a left superword and v>°/2 is a
right one.

Right superwords (unlike finite words, where exist incoparable elements)
constitute a linear ordered set in respect to the left lexicographic ordering, the
same is true for left superwords in respect to the right lexicographic ordering.
We shall mainly deal with superwords and right superwords.

We cannot speak about the value of a superword in an algebra, but can
speak about its equality or nonequality to zero, and, in some cases, about its
linear dependence.

Definition 1.6 a) A superword W is called zero superword, if it has a finite zero
subword, and it is called nonzero superword, if it has no finite zero subwords.

b) A finite set of right subwords {W;} is called linear dependable, if there
exist {\;}, not all of them equal to zero, such that the following relation holds
for k sufficiently big:

> AWk =0

(by (W)}, is denoted a beginning segment of W of length k).
c) Let M be a right A-module, W be a right superword in A and m € M.
We say that mW # 0, if Vk  m (W) # 0. Otherwise, mW = 0.
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d) Let M be a right A-module, {W;} be a finite set of right superwords
in A and {m;} C M. We say that Y m;W; = 0, if for all sufficiently big k,
Z m,-(Wi)k =0.

The analogous definitions can be formulated for left superwords and left
modules.

Unless otherwise stated, we consider the case of algebras with a finite alpha-
bet A. In this case the set of superwords (left, right, bilateral) over A constitutes
a compact space A in the Tihonov product topology, which is induced by the
discrete topology in A. Right superwords, in respect to the left lexicographic
ordering (and left superwords, in respect to the right lexicographic ordering)
constitute a linear ordered set and each subset in this set has an infimum and
a supremumn.

By the lemma about the existence of a superword, such that each subword
in it is a subword of a word in the given family of finite words of unbounded
length, we have the following statement.

Proposition 1.7 a) In each finitely generated nonnilpotent algebra A there ex-
ist nonzero superwords.

b) Let M be a f.g. right A-module and A be a f.g. algebra. Then, if
Vk MAF #£ 0, then there exist m € M and a right superword W, such that
mW # 0. a

By the definition of a zero superword, we have that the set of zero superwords
is open in Tihonov topology and the set of nonzero superwords is closed. After
the existence of the infimum and the supremum for each set of right superwords,
we have the following statement.

Proposition 1.8 a) Let W be a superword, then the set of all right superwords,
such that all their subwords are contained in W, has the mazimal and the min-
1mal elements.

b) Let mAF # 0, Yk. Then the set of all right superwords W, such that
mW # 0, has the maximal an the minimal superword.

¢) If A is not nilpotent, then the set of all nonzero right superwords has the
maximal and the minimal elements. a

Definition 1.9 a) A set of words {w;} is called distinguished, if the quotient
algebra A/Id({w;}) is nilpotent.

b) A set of superwords {W;} is called distinguished, if a set of words {w;}
is distiguished, where each w; is a finite subword in Wj;.

Let u be a word in A, which is maximal in the set of all nonzero words of
length < n. It is possible, that u cannot be extended to a word with greater
length. Hence, to use the superword technique, we shall apply the following
construction.
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Construction 1. Let A be an algebra with generators as = --- > a;. Let
a; > x and let us consider a free product A’ = A x F(z).

Then each word u in A is a beginning of some superword in A". If u is the
maximal word in A in the set of all words of length < |u|, then the maximal
superword in A’, which begins with u, is a superword in A. If u is a superword in
A and each its beginning subword has the above property, then u is a maximal
superword in A’.

The following construction is useful for work with modules.

Construction 2. Let A be an algebra with generators as > --- > ai;, M be a
f.g. right A-module with generators my = --- > my. Let my > as, a; = x. Let
A=AeM,Vi,j 0= mim; = a;mj; pa (€ M,a € A) is the result of the
action of @ on p, af (a,B € A) is defined as the product in A. Let us denote
by A" the factor of the free product A x F(z)/I, where the ideal I is generated

by elements zm;.

In A" a maximal right superword begins with my. Each word in A can be
extended to a superword in A”. If M A*F # 0, Vk, then a maximal superword
in A begins with some m;. If u is the maximal word in A in the set of all
words with length < |u| and with a nonzero action on m;, then, after a suitable
enumeration of m;, a maximal superword in A” is a superword in A. If u is
a superword in A and each its beginning has the above property, then u is a
maximal superword in A”.

In the study of the nilpotency problem, the following statement is helpful.

Proposition 1.10 If in an algebra (a semigroup) there is no nonzero periodic
superword, then all its words are nilpotent. O

Let us note that the algebra Ay, has this property, where W is a u.r. non-
periodic word (see Definition 1.30).

1.5 The growth in words and algebras

The notion of the growth can be applied to measure the number of relations in an
algebraic system and its “infinity” degree. It is, in particular, a generalization of
the dimension notion, to the infinite dimensional case. The problem about the
behaviour of the growth function in groups, in semigroups and in algebras was
studied by many authors. Rather ordinary is the polynomial (in the commuta-
tive case, for example) and the exponental (in free algebras) growth. J.Milnor
posed the problem about the existence of groups of an intermediate growth.
This problem was solved by R.I.Grigorchuk [16]. The growth of a finitely de-
fined monomial algebra is either polynomial, or exponental. V.A.Ufnarovski [49]
constructed an example of a finitely defined algebra of an intermediate growth:
it is the enveloping algebra of an infinite-dimensional Lie algebra. A.A.Kirillov
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and M.L.Koncevich [26] constructed a relatively free Lie algebra of an interme-
diate growth: the Lie algebra of generic vector fields on a variety. The problem
about the behaviour of the growth function for algebras is, therefore, of the
interest.

Definitions. Let A be an algebra with the fixed set of generators. By (z) will
be denoted the ideal, generatedby the element x, by («) will be denoted the
ideal, generated by the set a. The growth function V4(n) of an algebra A is
the dimension of the space, generated by all words with length < n. V4(0) =0,
Va(1) is the number of generators. Let Ta(n) = Va(n) — Va(n —1). If A is
a homogeneous algebra and all A; has the homogeneous degree 1, then T'4(n)
is the dimension of the space, generated by all words of length exactly n. The
Gilbert series H4(z) is the generating function > Va(n) - ™. It is easy to see
that >~ Ta(n)-z™ = (1 — z) - Ha(z). The growth function of an infinite word
W can be defined in an analogous way: Viy(n) is the number of its different
subwords of length < n, Tw(n) = Viw(n) — Vig(n — 1) is the number of its
different subwords of length exactly n. It can be proved that for each algebra
with the fixed set of generators there exists a monomial algebra with the same
growth function. In what follows, we shall consider only the monomial case.
Then T4 (n) is the number of nonzero words in A of length exactly n.

Let us note that the growth of a free k-generated algebra Aj and of a free
group Gy, is exponental: Ta, (n) = k", Tg,(n) = k(k — 1)". If L is a free
k-generated Lie algebra, then T, (n) is the number of correct words of length
n (see subsection 2.3.1) and T, (n) > k™ /n. On the other hand, the growth of
solvable groups and of PI-algebras is polynomial.

The following theorem describes a possible “anomalous” behaviour of growth
functions.

Theorem 1.11 a) Let 1p(n) = e°™ i.e., lim, o Inh(n)/n = 0. Let @(n) =
n(n+3)/2+ 1/0(1), ie., lim, o (@(n) —n(n + 3)/2) = co. Then there exist
an algebra A and two infinite subsets KK and L in N, such that

1) Va(n) > (n), for alln € K:

2) Va(n) < @(n), for alln € L.

If p(n) is a polynomial, then A can be chosen, as a Pl-algebra.

b) Let (n) < Cn*. Then there exists a Pl-algebra, which satisfies the
conditions of a) for v and .

Let, for example, ¢(n) = eV", p(n) = n(n + 3)/2 + In(n). Then the growth
function of A sometimes has a slow growth and lags behind ¢, then begins to
grow very fast and outstrips ¢, and all this occurs infinitely many times.
Proof. We have to consider two auxiliary algebras.

1. The algebra A> = ®(a,b)/(b)?>. Words in this algebra are those words,
which don’t have more then one occurence of the letter b. Then Ty (n) =n+1,
hence Vi (n) = n(n + 3)/2. Obviously, we have the following proposition.
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Proposition 1.12 For each constant C there exists K(C, ), such that
Vaso (n) + C < @(n), forn > K(C,p). O

2. The algebra A™ = ®(a,b)/I], where I}’ is the ideal, such that its words
don’t contain subwords of the form ba*b, k < n. Obviously, T4~ (k) = Th (k) =
k4 1,if k < n. Also, obviously, T4» (k) > 2K/ To prove this, it is enough to
consider the set of words, such that in positions with the number, non-divisible
by n, they have a. The number of such words is 2!¥/"]. Therefore, the following
statement is valid.

Proposition 1.13 There exists Ny(n), such that, if k > Ny(n), then the fol-
lowing inequalities hold

Var (k) > Tan (k) > (k).
m

Hence, the algebra A™ has an exponental growth. The set of words of the
algebra, under the construction, is similar to the same set of A, for words of
some length, and is similar to the same set of the algebra A’ for other length.

The main construction. Let a : |; < k1 < b < ky < ... < l; < k; <
li+1 < ... be a sequence of positive integers. By I(a) will be denoted the ideal
generated by the following sets Wo, and We:

Wi={W|lLi<|W|<k & 3k<l: ba*bCc W},
Wy ={W | ki <|W|<liy1 & Tk<liy: ba"bCc W},

Let W(a) = Wd(a,b)\I(a), A(a) = ®(a,bd)/I(c).

Obviously, if I; < n < k;, then TA(a) (n) =Ty (n), and, if k; < n < li+1:
then T'y(q)(n) = Ta=(n) = n + 1. Proposition 1.13 allows to choose k; so, that
the inequality Va(q) (ki —1) > T'a(a) (ki —1) = Ty1; (ki —1) > 1p(k; — 1) holds, and
Proposition 1.12 allows to choose [;1 so, that the inequality Va(q)(lix1 —1) <
@(l;+1—1) holds. In this case the algebra A(«) satisfies the theorem’s conditions.
The first part of the theorem is proved.

The proof of b) is analogous. It is enough to mention that the algebra
F{a,b)/id(b)* is a Pl-algebra and the number of words with k occurences of
the letter b, such that the distance between each two occurences of b is greater
than R, has the n* growth. ]

Remark. On the set of all growth functions can be defined the following
relations: the relation of the nonstrict order: f = g, if for some ¢ and k
cf(kn) > g(n), for all n; the equivalency relation: f =g, if f = g and g > f.
The equivalency class of a growth function of an algebra (or a group, a semi-
group, a Lie algebra) doesn’t depend on the generators choice.
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In the case of Lie algebras the following theorem holds.

Theorem 1.14 Let ¢(n) = €™, i.e., lim, o In(¢(n))/n = 0. Let p(n) =
n+o(l)/n, i.e., lim,,.(p(n) —n) = co. Then there exist a Lie algebra L and
two infinite subsets KC and L of positive integers, such that

a) Vi.(n) > ¢(n), for alln € K;

b) Vi(n) < p(n), for alln € L.

Let, for example, )(n) = eV", ¢(n) = n+In(n). Then there exists an algebra
with the growth function, which is sometimes smaller, than ¢, and sometimes
is greater, than .

The idea of proof. To each algebra A with the fixed set of generators we can
correspond the algebra A(~), which is a subalgebra in A~ and is generated by
generators of A. Obviously, T(;)(k) =1,if £ > 1, and that Tlg_)(k) has an
exponental growth. Therefore, a Lie algebra L, which satisfies the theorem
conditions, can be constructed as an algebra of the type A(a)(=). |

We can formulate the following statement about the number of subwords in
an infinite word.

Theorem 1.15 Let 1) = e°™, p(n) = n+1/o(n). Then there exists an infinite
word W and two infinite sets of positive integers K and L, such that

a) Tw(n) > ¥(n), for alln € K (by Tw (n) is denoted the number of different
subwords in W of the length exactly n);

b) Viv(n) < ¢(n), for alln € L.
Moreover, we can take W as an u.r. word.

(The definition of a uniformly recurrent word see further in 1.6.)

As each subword in W of length n can be extended to a subword of length
n+ 1, then Tw(n+ 1) > Tw(n). In the case of the equality, each part of length
n in W uniquely defines the following symbol, hence, W is periodic. In this case
Tw(n) = const = k, where k is the period length and n > k. Therefore, the
condition on ¢ cannot be improved.

The idea of proof. We shall construct W step by step. On the k-th step of the
first kind we shall construct words ag = b}, ag—1b,_, and by = bit, ap_1 bk
On the k-th step of the second kind we shall construct words ay, = u(ag—1,bk—1)
and by = vg(ak_1,br—1), where words uy and vy are different, are not powers,
contain all subwords of length my, and the length my, on each step is sufficiently
big. The word aj contains aj_1, therefore all words ay can be united in the
infinite word W.

The following statement holds.
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Proposition 1.16 a) The number of subwords of length n in the word
b2 ak—1b3°, is not greater, than n + |by—i| + |ax—1]|, i.e., has the growth
n + const.

b) The number of subwords of length n in an infinite word, which contains
all subwords from ay_1 and bx_1, is not less, than on/ max(lap—-1],bi-1]) O

By this proposition it follows that, if [ is sufficienly big, then the number of
subwords of length n in aj = biqakflbgcq and in by = bietllak,l bﬁ:;ll and also
in their products has the growth n + const in big intervals.

On the other hand, if for the second kind step we choose my, sufficienly big,
then the number of subwords in ay = ug(ar—1,br—1) has an exponental growth
in big intervals.

Therefore, using the reasoning, similar to the same in the proof of Theorem
1.11, we, by constructing on each step substitutions of the first and the second
kind, shall obtain the required word. It will be uniformly recurrent, because
each word, constructed by this system of substitutions, when ax—; and bg_1
occur in ay and by, will be uniformly recurrent.

On the other hand, the conditions of these theorems cannot be improved.
Indeed, both for functions T4, V4 and for Ty, Vi the following statement
holds.

Theorem 1.17 There exist the following limits:
a) A =1lim,, o In(T(n))/n;
b) limp— oo (T(n) —n) and, therefore, limy,_oo(V(n) —n(n+3)/2);
¢) if L is a Lie algebra, then there exist the limit lim,—oo(VL(n) —n).

Let us prove at first the case c). If Vi, (n + 1) = VL. (n), then the algebra L is
finite dimensional and the above limit is —oo. The same is true for associative
algebras also (if Vg (n + 1) = Vg (n), then the semigroup G is finite). Hence, in
the infinite case, T'(n) > 1.

As for each superword W there exists a monomial algebra with the same
growth function, then the general case can be reduced to the monomial one.
The case b) of Theorem 1.17 will be proved in 2.4. Let us prove the case a). If
m + k > n, then the beginning part of length m and the end part of lenght k&
uniquely define the word. Therefore, we have the following proposition.

Proposition 1.18 If m + k > n, then T'(m) - T'(k) > T'(n). O

Let 7(n) = In(t(n)). Then 7(k) < 7(m) +7(n), if m+n > k. So, it remains
to use the following well known analytic fact.

Proposition 1.19 If 7(n) > 0 and 7(m + n) < 7(m) + 7(n), then there ezists
the limit lim,,_, o 7(n)/n. O
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Remark. The condition of Theorem 1.17 a) means that the infimum in the
conditions of Theorems 1.11 and 1.15 cannot be increased. The conditions
of Theorem 1.17 b) and c¢) mean that the supremum in the conditiones of
Theorems 1.11, 1.14 and 1.15 cannot be diminished. So, can be stated the
problem about the validity of a) for Lie algebras. We suppose that the an-
swer here is negative. The technique of the work [49] allows to prove that, if
limy, 00 In(VZ,(n))/n = 0, then limy, o In(Viy(1)(n))/n = 0. But, if only the in-
fimum equals zero lim,, , In(Vz(n))/n = 0, then this technique doesn’t work.
So, the problem can be formulated in the following way: let L be a Lie algebra
and lim, ., In(Vz(n))/n =0, is that true that lim,_ . In(Vz(n))/n = 07

Theorem 1.17 is a motivation of the following definition.

Definition 1.20 An algebra (a semigroup) A has a slow growth, if T4 (n) < C
(hence, Va(n) = O(n)).

Theorem 1.21 Let d = imT(n), e = imT(n). Then e > d. a

If A has a relation or contains a word u, which is not a subword in W, then
A is strictly less, than k& — the number of letters in the alphabet.

We know that each u.r. word is a word, which is minimal in respect to the
set of its subwords (Theorem 1.17). But, how big can be this subset? The
answer is unexpected: almost as big as possible. The following statements hold.

Theorem 1.22 For each \ < k there exists a u.r. word W, such that Ty (n) >
A", for all n.

The idea of proof. Let us use the following argument (which is related to the
idea of the Golod-Shafarevich counterexample): the long word prohibition can
have as small influence on A, as possible. We shall construct the u.r. word W
step by step. We allow u to be a subword in W, but prohibite all sufficiently
long words without the v occurence. But such words constitute a negligible set,
if length of these words is sufficiently big. On each step we make the permis-
sion of the word of the minimal length and the, related to it, prohibition, and
after this we come to another word. The proof uses the techique of Ufnarovski
graphs: let us consider the graph, which verteces are the permited words with
the length smaller, than the maximal length of the prohibition. Verteces u and
v are connected with the arrow, marked by a;, if ua; = a;jv. In the beginning
the graph is connected and the connectivity on each step is preserved by con-
struction. The set of sufficiently long paths, which don’t contain the vertex wu,
becomes negligible by its relative cardinality and by its influence, so we can
prohibite them. And we get new relations and new graph.
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1.5.1 The Gelfand-Kirillov dimension. The superdimension

Definition 1.23 If the following limit exists, then its value is called the
Gelfand-Kirillov dimension of an algebra A and it is denoted by GKdim(A)
or GK (A):
GKdim(A4) = lim In(V4(n))/In(n).
n—oo

It means that V4 (n) ~ n@Kdim(4)  GKdim(A) can be zero (then dim(4) < o0),
can be 1, can be any number > 2 and can be oco.

The Gelfand-Kirillov dimension doesn’t depend on the generators choice.
If A is finite-dimensional over its center (in particular, commutative), then
GKdim(A) equals to the transcendence degree of the center. A.V.Grishin proved
the same statement for M(n,s) — the s-generated algebra of generic matrices.
He proved that GKdim(M (n,s)) = n? + ns (see [18]). The Gelfand-Kirillov
dimension of a Pl-algebra is not greater, than its Shirshov height and, hence, is
bounded. The contrary is also true. In the representable case GKdim(A4) equals
to the essential height (see further). I.M.Gelfand and A.A Kirillov introduced
this dimension in the work [11] and proved there that the enveloping algebra
U(L) of an n-dimensional Lie algebra L has dimension n.

In [49] V.A.Ufnarovski introduced the notion of the superdimension.

Definition 1.24 If the following limit exists, then its value is called the su-
perdimension of an algebra A and is denoted by DIM(A):
DIM(A) = lim In(In(Va(n)))/In(n)

n—00
P DIM(A)

It means that Va(n) ~ e

DIM(A) doesn’t depend on the choice of A generators and can take values
from the segment [0,1]. If A is free, then DIM(A) = 1, if A has a polynomial
growth, then DIM(A) = 0. V.A.Ufnarovski proved the following theorem [49].

Theorem 1.25 Let L be an infinite dimensional Lie algebra and DIM(L) ex-
ists. Let us denote by U(L) its enveloping algebra. Then DIM(U(L)) =
(1 + DIM(L))/2.

Remark. Usually the superdimension is defined, as the supremum
DIM(A) = lim(Inln V4(n)/lnn).

If we take the infimum instead of the supremum, then we get the definition
of DIM(A). For infinite dimensional Lie algebras V.A.Ufnarovski proved the
inequality DIM(U(L)) > (1 + DIM(L))/2. V.M.Petrogradski noted [41] that
this inequality may be strict.
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V.A.Ufnarovski considered the following example. Let L; be an infinite
dimensional Lie algebra with the base {e;,¢ = 1,2, ...} and the product [e;, e;] =
(i — j)eit;- Obviously, L is finitely defined. For this algebra

DIML, =0, DIMU(Ly) =1/2.

Therefore, a finitely defined associative algebra A = U(L;) with an intermediate
growth Va(n) ~ eV™ is constructed.
In the end of this subsection let us mention the V.N.Gerasimov result [12].

Theorem 1.26 A graded algebra with the unique homogeneous defining relation
has a rational Gilbert series. a

1.6 Finite subwords and uniformly recurrent words. The
compactness considerations

Notations and definitions. A segment or a subword v of a word W is called
a set of symbols, which occurs in W in succession. The place in W, where this
segment occurs is called the occurence of v in W. By |W| will be denoted the
set of all finite subwords of an infinite word W. The notation W; 1 W5 means
that |Wi| D |W2| and Wy O W, means that |[Wy| D |Ws|. In the first case, we
say that W is richer in segments, than W5, in the second case, we say that W;is
not poorer in segments. Two words U and V are called equivalent U ~ V, if
|[U| = |V|. The notions “not richer in segments” and “poorer in segments” are
obvious.

Definition 1.27 An (infinite) word U is a sequence {u,}, 7 of symbols. The
shift operator 7 is the operator U — 7(U), which is defined in the component-

wise way: T({un},c7) = {vn},c7 Vn = Unt1.

Definition 1.28 The distance between words W; and Ws is the number
dWi,Wa) = > 7 X277 where X\, = 0, if symbols in the n-th position
of Wi and Ws coincide, and A, = 1, otherwise. (This distance is called the
Hemming distance).

The following statements hold.

1. The set W of all words is a compact metric space.

2. The shift operators 7 and 7~ are continuous, i.e., 7 : W — W is a
homeomorphism. Moreover

d(T(Wl)aT(WZ)) S 2d(W17W2)7 d(Til(Wl)aTil(WZ)) S 2d(Wl7 WZ)

3. For each word W by W will be denoted the set of all words, such that a
shift of W is infinitely close to each of them, ie., U €W & Ve >0 dne€Z:
d(U,T"W) < g, i.e., W is the closure of the set {T"W,n € Z}.
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The following properties of a word U are equivalent:
a)UeW,
b) U belongs to a closed orbit of W,
c) |U| Cc |W| (ie., UCW).
Let U<V,ifUCV,andlet UFV,ifU =V.

Proposition 1.29 U < V & |U| C |V| (each finite segment of U occures in
V). m|

Example. Let us consider the sequence 123..., which is obtained, when we
write all positive integers in the decimal notation in succession. Each combina-
tion of numbers occurs in it, hence its closed orbit coincides with the set of all
words.

Definition 1.30 A word U is called uniformly recurrent, if Vk 3In(k), such
that each segment of length k in U is contained in each segment of length n(k).
The equivalent definition is: Vu CU  3n(u) : Yo CU |v| > n(u) = u C v.

Theorem 1.31 The following two properties of an infinite word W are equiv-
alent:

a) for each k there exists N(k), such that each segment in W of length k is
contained in each segment of length N (k);

b) if each finite segment of a word V is also a segment in W, then each finite
segment in W 1is a segment in V.

Proof. Let us prove at first the simpler implication a)=b).

Let s be an arbitrary segment in W, |s| = k be its length, and let each
segment in V is also a segment in W. We have to prove, that s occurs in V.
Let us consider an arbitrary segment C in V' of length N (k). Then C occurs in
W, hence, s occurs in C'. But C occurs in V', therefore s occurs in V.

Let us now prove the implication b)= a). Let us suppose that a) doesn’t
hold. Then there exists a subword s in W and segments in W of arbitrary big
length, which don’t contain s. We shall prove that there exists a word V', such
that each its segment is also a segment in W, but which doesn’t contain s. This
contradicts b). The above statement is a consequence of the following lemma,
which will be also useful for us in what follows.

Lemma 1.32 (the compactness lemma) Let M be a set of words of un-
bounded length over a finite alphabet A. Then there exists an infinite word V,
such that each its subword is also a subword of some word in M. a

Corollary 1.33 If u is a subword in W an W contains subwords of arbitrary

big length, which don’t contain u, then there exists a word W', which is poorer in

segments, than W. Moreover, we can choose W' so, that W' doesn’t contain u.
O
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Corollary 1.34 Each descending, in respect to 1 relation, chain of superwords
has its infimum.

Proof. Let us correspond to each superword the set of its subwords of length n.
All such sets, corresponding to words in the chain, are ordered by the inclusion.
The set of all words of a given length is finite, hence, there exists a word w,,
of length n, which is a subword in each word in the chain. Now we can apply
Lemma, 1.32 for words wy,. O

Corollary 1.35 For each word W there exists a word W', such that W' is
poorer in segments, than W, W J W',

Proof. It is enough to apply the Zorn lemma. O

We have the following theorem, which states that we can construct an u.r.
word from the segments of an arbitrary word.

Theorem 1.36 Let W be an infinite word. Then there exists a uw.r. word W,
such that all its subwords are also subwords in W . a

This theorem is exceptionally important in the word combinatorial analysis,
because it often allows to reduce the study of arbitrary words to the study of
u.r. words.

1.6.1 Superwords and dynamics

Let us consider the action of the shift operator 7 on the set of all superwords.
An invariant subset is a subset in the set of all superwords, which is invariant
in respect to 7 action. A minimal closed invariant subset (m.c.i.s.) is a closed
(in respect to the introduced above metric) invariant subset, which is nonempty
and doesn’t contain any closed invariant subsets, except empty set and itself.
Usually a m.c.i.s. will be denoted by N.

Properties of closed invariant subsets. a) A m.c.i.s. N is a closed orbit of
each of its elements.

b) Each two m.c.i.s either coincide, or have the empty intersection. In the
last case the distance between them have the upper and the lower bound.

c¢) The following properties of W are equivalent: 1) W is u.r.; 2) |W| is a
minimal in respect to the inclusion in the class of sets of the form |V (for each
U,if WEU, then U CW,ie., U~ W); 3) the closed orbit of W is minimal
and is a m.c.i.s.

The property a) means the almost returning to any point z: N is a closed
orbit of each of its points, i.e., the point y = f(z) also. It means, that the
orbit of ¥ can be infinitely close to any point in N, i.e., to x also! However, a
more strong and interesting statement holds: IV has the property of the uniform
almost returnability.
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Theorem 1.37 Let U be an open set, such that U N M # (). Then there exists
n = n(U) € N, such that for all y € N an iteration f*)(y) € U for some k,
1<k<n. O

Theorem 1.38 Let L be a closed invariant set. Then there exists a m.c.i.s.
N C L.

Proof. The intersection of each chain of closed nonempty sets is nonempty
because of their compactness. The intersection of invariant sets in also invariant.
Now we can use the Zorn lemma for a set of closed inveriant sets, oredered by
the inclusion. O

Remark. We obtained one more proof of the existence of an u.r. word, which
is constructed from the given word U segments (Theorem 1.36): let N be a
m.c.i.s., which is contained in the closed orbit U of the word U. Let W € N,
then W is a required u.r. word.

The notion of a u.r. word has a dynamical sense. If on the k-th position
of the sequence W is 0 or 1, depending on the belonging f*)(yo) € U, then,
in the generic case (when f(*)(yo) doesn’t belong to U border for all k) W is
u.r. and each u.r. word can be obtained in the similar way. We can take the
shift operator for f and for N a m.c.i.s. in the set of all superwords with the
Tihonov topology.

We shall see (Theorem 2.175) that monomial algebras has either linear
growth, or their growth is not less, than n(n 4+ 3)/2, and the equality case
corresponds to the case, when T'(n) = n + 1. All such algebras are defined by
those words, which are described in the section c) of the following theorem.

A.T.Kolotov studied algebras of the slow growth. He constructed a semi-
group, which satisfies the identity z® = 0, and the number of words of length n
in it equals n + 1. For the growth < n + 1 such example is impossible: all words
turn out to be weakly pseudoperiodic of the bounded order.

Theorem 1.39 The following classes of sequences from 0 and 1 are almost
equivalent in those sense, that there exist only countable number of sequences
from one class, which don’t belong to another:

a) let f(n) =[an+ 0], a,B € [0,1]. Elements of the sequence are defined by
the equality a, = f(n+1) — f(n);

b) for each k and for each two segments of length k, the number of occurencies
of 1 in each segment differs by not more, than 1;

¢) for each k the number of different subwords of length k equals k+1 (it can
be proved that it is the minimal possible number of subwords in a nonperiodic

word).
All exceptional sequences are as follows: in the case a), when a € Q; in
the case c) it is the sequence ...111000... and all sequences, which can be

produced from it by means of a finite number of substitutions of the type 1 — 01,
0 — 0511 or of the type 0 — 1¥0, 1 — 1++10.
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A sketch of the proof. Let us consider a sequence, which satisfy the condi-
tion b) or c). For each its unit let us count the number of zeroes, which separate
it from the next unit. We shall get either infinity (the special case), or the se-
quence of nonnegative integers. There are not more, than two different numbers
in this sequence. If we substitute the smaller by 0 and the greater by 1, then
we shall obtain a uniform sequence. The contrary is also true. |

A sequence from a) corresponds to the following dynamical system. Let us
take a segment in the circle of length a. If the operator f is the rotation by the
angle «, then the hit into this segment corresponds to 1 and the miss to 0.

Let us note that to the sequence from the A.T.Kolotov example corresponds

a=(5-1)/2.

2 Apllications of the word analysis to the prob-
lems of Burnside type

Combinatorial effects, related to the periodicity, play an important role in the
problems of Burnside type. The notions of almost periodicity and the uniform
recurrency will be the base of our reasoning. An application of these notions
allows to obtain simple proofs of such well known theorems in the ring theory, as
Shirshov theorem about the boundedness of heights in a PI-algebra, Ufnarovski
independency theorem, Razmyslov-Kemer-Braun theorem about the nilpotency
of the radical in a finitely generated PI-algebra and so on.

2.1 The periodicity in words

The positive solution of problems of the Burnside type means the appearence of
the periodicity. Here we study periodic sequences, which are the combinatorially
most “pure” case.

2.1.1 The properties of the sequence u*

Let us define the operator ¢, which acts on words. If a word u is a product
u = u'b, where b is a letter, then let d(u) = bu’. Let m = |ul.

Proposition 2.1 The set {0%(u)} is the set of words, which are cyclically con-
jugate to the word w. Let u = v?, where the word v is not a power, then
§*(u) =u & g divides k. |

The following proposition connects shifts of a word 4> and the cyclic con-
jugation operator 6. By u will be denoted a word, which is not a power.

Proposition 2.2 a) Let [v| = N|u| = |v'| and let the first letter in v’ occurs in
v on distance 1 to the right of the v first letter. Then v' = §(v).
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b) If the first letter in v’ occurs in v on distance k to the right of the v first
letter, then v’ = §*(v).

¢) Each two subwords in u™ of length N|u| are cyclically conjugate and
they coincide, only when the distance between their first letter is divisible by the
period.

Proof. As |v] = N|u|, then the distance between the last letter in v" and the
first letter in v is divisible by |u| and, hence, they coincide. Therefore, v’ = §(v).
The property b) is a consequence of the property a), and the property c) is a
consequnce of the property b). |

The following useful statement is a consequence of the above proposition.

Proposition 2.3 a) The beginning subword of length m uniquely defines the
word from Aye. If beginning subwords of length |u| in two subwords v and v’
coincide (v and v' are subwords in the superword u™ ), then one of them is a
subword in another. If |c| > |u| and di and dy are lezicographically comparable,
then at least one of words cdy, cds is not a subword in u.

b) Positions of the occurences of a word v of length > |u| in u™ differs by a
period multiple.

c) Let |v] > |u|, v2 C u™, then v is cyclically conjugate to a power of u.
Therefore, nonnilpotent words in Ai,fe, are evactly those words, which are
cyclically conjugate to words of the form u®. O

A.A Mihalev proved the following statement.

Proposition 2.4 If the square of a reqular word v C u™, then either v is a
period (i.e., v is cyclically conjugate to u), or [v?| < |ul. O

In the general case this statement is wrong: let v = aba, v? = aba’ba,
u = aba?b, v2 C u™®, but v ¢ u.

Proposition 2.5 If all subwords in a word W of length |u| are also subwords
in u™, i.e., are cyclically conjugate to u, then W C u®. In other words, the
algebra AL is defined by the set of relations of length < |ul. |

Lemma 2.6 (about deletions and addings) Let t = tjvts C u® and v is
cyclically conjugate to w. Then, for all k > 0, tiv*ty C u>®. In particular,
tits C u™ and t1v%ts C u™. O

The periodicity of an infinite word means its invariancy in respect to a shift.
In the one-side infinity case there appears a pre-period, in the finite case there
appear effects, related to the cutting off. Exactly this is the kernel of a great
number of combinatorial reasonings. Proofs of Shestakov hypothesis, of the
independency theorem, of Shirshov height theorem, of the theorem about the
coincidence of the nilradical and the Jacobson radical in a monomial algebra,
are examples. Below are often used combinatorial lemmas of this type.
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Proposition 2.7 Let ulW = W's, then uW is a subword in u*>° and W = u"r,
where r is a beginning segment in u.

Proof. If W is a beginning segment in uW, then, for all k, u*W is a beginning
segment in w1, hence, ulV is a beginning of ©w>/2. O

Proposition 2.8 a) Let W be an infinite to the right word, W = vuW' = oW'.
Then W s periodic with the period w and with the pre-period v.

b) Let W be a finite word, W = vuW' and vW' is a beginning of W. Then
W = vuFr, where r is a beginning segment in u. In other words, if a words
ut and vt are incomparable, then both of them are pseudoperiodic of order not
greater, than max(|ul,|v]).

¢) Let e; be proper beginnings of a non-cyclic word u, and f; are its proper
ends. Then, if fiu® is comparable with fou?, then fi = fo; if u?e; is an end of
uZes, then e; = es. O

Definitions. A word W = uF, where & > 1, is called cyclic or periodic. If
W = u*r, where r is a beginning segment in u, then W is called quasiperiodic. If
W = vu®r, where r is a beginning segment in «, then W is called pseudoperiodic,
v is called its pre-period and w is called its period. The order of W is the
minimal possible value of |v] + |u|. If W = vuF, then W is called a pre-periodic
word. Let us note that, if a word is pre-periodic of order m, then there exists an
automaton with m states, which can type this word, and the opposite statement
is also valid.

The following proposition is useful in a realisation of the inductive descent
method.

Proposition 2.9 If a pseudoperiodic word is not quasiperiodic, then, after
deleting its first letter, its order diminishes by 1. a

There is no sense in considering the left or the right quasiperiodicity, because
quasiperiodic words of order m are exactly subwords in periodic words of the
period m, and, if W = uFr, where r is a beginning in u, then W = sv*, where
v is cyclically conjugate to u and s is an end in v. Then v = §!*/(u). In the
case of the pseudoperidicity, the situation is different. Actually, we defined
(and shall mainly use) the left pseudoperiodicity. It can be proved that, if
|W| > 2m, then the quasiperiodicity of W is a consequence of its left and right
pseudoperiodicity of orders, not greater, than m. However, we shall need even
more weak “periodicity”.

Definition 2.10 A word W is called weakly pseudoperiodic of order m, if it
can be represented as aufrb, where r is a beginning of u and |a| + |b| + |u| < m.

We shall prove further that all words in algebras of the slow growth are
weakly pseudoperiodic of a bounded order. A word is weakly pseudoperiodic of
order m + 1, if each its beginning segment is pseudoperiodic of order m.
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Definition 2.11 A word is called m-proper, if each its beginning is pseudope-
riodic of order < m and the word itself doesn’t have this property. An m-proper
word is called minimal, if each its end is also pseudoperiodic of order < m.

Proposition 2.12 Fach m-proper word contains the unique minimal m-proper
word, which is its end. If an m-proper word, contains another m-proper word,
then both of them contain the common minimal m-proper word, which is an end
of both of them. O

Proposition 2.13 Let | be the number of letters in the alphabet, X (R) be the
number of all m-proper words of length R, Xy (m) be the number of all m-proper
words, which don’t contain the k-th power of a word of length < m and T (m, R)
be the number of m-proper words of length < m. Then

a) X(m) < 1™ m, T(m,R) < Rmi™tL;

b) Xip(m) <I™(1 —V)m-km =1 - 1)m3k.

Proof. The beginning segment of length m can be chosen in [™ ways. There
are m ways to divide it on a period and a pre-period. The last letter can be
chosen in [ — 1 ways. At last, an m-proper word, which doesn’t contain a k-th
power, has a length < mk. O

Proposition 2.14 a) A minimal m-proper word u has the length not less, than
m + 1, and not more, than 2m.
b) The number Y (m) of such words is not more, than ["™(l — 1)m.

Proof. By the inductive supposition and by Proposition 2.9, we can assume
that the beginning of w or its end of length |u| — 1 is quasiperiodic of order
exactly m. It remains to use the overlappings lemma. The item b) is a direct
consequence of a).

Remark. It will be interesting to obtain the exact number of m-proper and
minimal m-proper words.

2.1.2 Overlappings of words

Let us study an arrangement of subwords inside of a word. We are mainly
interested in overlappings.

Lemma 2.15 (on overlappings) If a subword of length m+n—1 occurs in the
both two periodic words of periods m and n, then they are composed of identical
subwords. |

Proposition 2.16 Let us consider two periodic sequences of periods m and n,
m > n. If there exists a word of length 2m, which is the segment in the both of
them, then these two sequences coincide. O
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The following proposition is a consequence of the overlappings lemma.

Proposition 2.17 a) If two pseudoperiodic words of orders < n and < m,
respectively, have the same segment of length m +n — 1, then the join of these
two words is a pseudoperiodic word of order < max(m,n).

b) Two m-proper subwords cannot have a common segment of length 2m.

Proof. Theitem b) is a direct consequence of a). Using Proposition 2.9 and the
inductive descent, we can assume that both these subwords are quasiperiodic.
Now a) is a consequence of the ovelappings lemma.

An overlapping of minimal m-types

Proposition 2.18 a) If two equal quasiperiodic subwords of order m have a
common segment of length m, then their join is also quasiperiodic of the same
order.

b) If two equal pseudoperiodic subwords of order m have a common segment
of length m, then their join is also pseudoperiodic of the same order.

¢) Two equal m-proper subwords cannot have a common segment of length
>m+ 1.

d) There cannot exist a triple of m-proper subwords with a common symbol.

O

We are interested in quasiperiodic segments of a word. An m-proper word u
will be called an m-end, if each its beginning segment is quasiperiodic of order
< m. If u is a minimal m-proper word with the same property, then u will be
called a minimal m-end.

Proposition 2.19 a) Two different m-ends cannot have a common segment of
length m + 1. In particular, one of these m-ends cannot contain another.
b) The number of all minimal m-ends is not greater, than I"™(l —1).

Proof. The item a) is a consequence of the above reasoning; an m-end is
uniquely defined by the last symbol and the last period. |

The solution of problems of the Burnside type in associative algebras is based
on the reduction of words to the piecewise periodic form. Therefore, we study
properties of periodic sequences.

Definition 2.20 Let Y = {u;} be a set of words. The height of a set of words

W in respect to Y is called the minimal A, such that each word w € W can be
represented as a product w = ufll uf; ...uf:, where r < h. An algebra A has

the height h over Y, if A is linearly representable by a set of words, which has
height h over Y. In this case Y is called the Shirshov base of the algebra A.

35



Shirshov height theorem. Let A be a finitely generated Pl-algebra of degree
m and Y be a set of words of degree < m. Then A has a bounded height over
Y. O

This theorem allows the reducing to the piecewise periodic form. The local
finiteness of algebraic PI-algebras and, in particular, the local nilpotency of nil-
algebras of a finite index is its direct consequence. Also the boundedness of
Gelfand-Kirillov dimension is a consequence of the height theorem.

In connection with Shirshov theorem there can be raised the problem about
the description of those sets Y, over which A has a bounded height. This
problem is a particular case of the problem about bases in PIl-algebras.

The following theorem holds.

Theorem 2.21 (A.Ya.Belov) A set of words Y is a Shirshov base in an al-
gebra A, only when for each word u of length not greater, than the complexity
m of A, m = Pldeg(a), the set Y contains a word, which is cyclically conjugate
to some power of u.

Proof. Let us note that (uv)" = u(vu)” 'v and, if Y contains two cyclically
conjugate words v; and wvg, then one of them can be deleted from the base.
Therefore, the sufficiency condition is a consequence of Theorem 2.121 (see
below). Let us prove the necessity. Let |u| < n and u is non-cyclic. By
Theorem 5.18, A, € Var(A) and, hence, A, is a quotient algebra of A. By the
A, nilpotency, the projection of ¥ must contain a nonnilpotent element. By
Proposition 2.3, the set of nonnilpotent elements in A, is the set of those words,
which are cyclically conjugate to powers of w. Therefore, Y contains a word of
the required type. O

Remark. The boundedness of the height of a PI-algebra over the set of words
with degrees not greater, than the algebra complexity, was announced also by
G.P.Chekanu [58].

We shall be interested also in estimations on the height h. The idea here
is that, if the height is big, than a word can be linearly represented by smaller
words.

Definition 2.22 A word W is called m-divided, if it can be divided on m
lexicographically decreasing segments

W =wiws ... wy,, where wp = ws = - = Wy,.

The following proposition explains the importance of the m-divisibility no-
tion.

Proposition 2.23 (A.L.Shirshov) a) Let a word W be m-divided, then each
word, which can be produced from W by a nonidentical permutation of w;, is
lezicographically smaller, than W .
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b) If the following identity of degree m

Ty ... Ty = Z /\U:UG(l) v xa(m)
o#id

holds in an algebra A, then the word W is representable as a linear combination
of lexicographically smaller words. a

Therefore, a word, which cannot be represented as a linear combination of
smaller words in a Pl-algebra of degree m, cannot be m-divided.

Remark. If t = t;...t,, then the condition t > t,, Vo # id, is equivalent to
the condition ¢; > - - > t,, (where > is the Ufnarovski ordering, see 2.3).

In the work [80], in connection with the height theorem, there was introduced
the notion of a permutable semigroup: for each product t = ¢; ... t,, the equality
t = t, holds for some o € Sy, \id (let us note that the permutation o depends on
the set {¢;}). The weak permutability means that ¢, = ¢, for some n and o # 7.
Also in this work was introduced the notion of an w-permutable semigroup: for
each infinite product ¢t = ¢1 ..., ..., the equality 1 ...t = t5(1) - . -ts(n) holds
for some n and o € S, \id. Analogously can be defined the weak w-permutability
and the w-permutability for bilateral products. In the same work it was proved
that a non-diminishable u.r. word in a w-permutable semigroup is periodic. If o
is independent from {¢;}, then the height is bounded over generators (see 2.1.3).

Another (equivalent) definition of the m-divisibility A word W is called
m-~divided, if it is of the form sov151v2 . .. Sy _1VmSm, Where vy = vg > -+ > Up,.

Proposition 2.24 If a word W is of a form W = squsiv...S;m_10S;, and v
contains m pairwise lezicographically comparable words (possible, with overlap-
pings), then W is m-divided.

Proof. Let us choose the highest subword in the v first occurence, the second
highest in the v second occurence and so on. L.e., we found in W a decreasing
chain of non-overlapping subwords. O

Therefore, a word, which contains n lexicographically comparable subwords
can be n-encountered only in an n-divided word.

Corollary 2.25 If a word is not m-divided, then it cannot contain m mnon-
overlapping subwords of the same m-type and, also, of the minimal m-type.
O

Definition 2.26 By the m-type of a word W will be called its m-proper begin-
ning and in the case, when W is pseudoperiodic of order m, by the m-type of W
will be called W itself. The minimal m-type is the minimal m-proper subword
in a proper m-beginning.
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Our problem now is to find m pairwise lexicographically comparable sub-
words in the given word. The following lemma is exceptionally important. It
establishes the alternative the pseudoperiodicity — the lexicographic compara-
bility. This alternative is the base of the height estimations obtaining, of the
independency theorem proof, of the proof of the theorem about the coincidence
of the nilradical and Jacobson radical in a monomial algebra and so on.

Lemma 2.27 a) Let ug =W, W =vju; = vaus = -+ - = Uy U, |vi| =i. Then
one of the following two statements holds:

1) the words u; are lexicographically comparable and constitute a chain;

2) the word W is pseudoperiodic with the pre-period v; for some i and with
the period s, v;s = vj; the order of W is < m.
b) Let u be a noncyclic word, u'D be its proper ends. Then the words uDuu
constitute a chain.

Proof. The item a) is a direct consequence of previous proposition. The item
b) is a consequence of the following fact: if a quasiperiodic word contains the
square of a subword, which length is greater, than the period, then this word is
a power of the period. O

Corollary 2.28 a) Let |v;| < m, for all i, and v; # vj, if i # j. Then, either
the set of words {v;t} is linear ordered in respect to the lexicographic ordering,
or t is quasiperiodic of order < m.

b) Let us define (zv)®) with the help of the equality (zv);(zv) (i) = zv. Let
|zv] > R > m, then either (zv)g is pseudoperiodic of order < m, or words
((z0) )R constitute a linearly ordered set. O

Let us note that W can be a right superword also. If it is not pre-periodic,
then all its ends are pairwise different. This case will be considered in the proof
of the independency theorem.

The pseudo- and the quasiperiodicity naturally appears in problems of the
Burnside type. The following lemma is a direct consequence of the above propo-
sitions.

Lemma 2.29 a) Let |z| = R and let z be pseudoperiodic of order < m. Then
z contains the [R/m]-th power of a word of length < m.

b) In the conditions of the previous lemma, let W be infinite, K be the set
of indeces i, such that (u)(i) =V, where V is an end of the superword W, and
ko be the minimal number in K, v = vg,. Then there exists a word s, such that
v = vs™, for all k € K, where ny = (k — ko)/|s|. O

Corollary 2.30 If |t| > mk, then t contains either k-th power of a word with
length < m, or m subwords, which constitute a chain. O
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This subwords can overlap, but, if ¢ itself has m nonoverlapping occurences
in W, then W is m-divided.
The following statement is a consequence of Proposition 2.13.

Proposition 2.31 a) The number of m-types of words, which don’t contain the
k-th power of a word with length < m, is not greater, than I 1m?2k.

b) Each word of length > mk is either pseudoperiodic of order m and contains
the k-th power of a word of length < m, or doesn’t coincide with its m-type.

c¢) If W has the length greater, than ™1 m*k?, then W has I Tim3k seg-
ments of length mk and m of them have the same m-type. |

Corollary 2.32 If a word W has the length greater, than It 'm*k2, then either
W is m-divided, or some word from n < m letters repeats k times in succession.
O

Let us note that, if we don’t use m-types, then we get an estimation of order
I"k: a word of the length m?kI™* contains m nonoverlapping occurences of a
word of length mk.

Corollary 2.33 Let A be an l-generated Pl-algebra of degree m. Let all words
from generators of length < m are nilpotent of index k. Then A is nilpotent of
index [T imk2. O

The above estimations can be improved, if we shall use the following con-
siderations: at first to establish the m-divisibility, it is enough to prove the
repetition of the minimal m-type. Then, there are no triple overlappings of
the same m-types, hence, there is no necessaty in the cutting the word into
segments of length mk and in the establishing the repetition of m-types of seg-
ments. Ovellappings of the same type can be only double, and the number of
segments is in mk times smaller. Let us give improved estimations.

Proposition 2.34 a) If the length of a word W is greater, than 20™'m?k,
then either W is m-divided, or some word from n < m letter repeats k times in
succession. In the above corollary, the estimation It m*k? can be substituted
for 2™ 1m2k.

b) A non-m-divided word, contains less, than 2mil™ ! subwords, such that
they are m-ends.

c) A non-m-divided word can be divided in ml™ pseudiperiodic segments
of order < m. a

Therefore, a non-m-divided word ¢ has the following form
C = CowpC1W1 ... .Wp_1Cp,

where w; are quasiperiodic words of order < m and of length > 2m each, each
¢; doesn’t contain such subwords and the product of w; on the first letter of ¢;
is not pseudoperiodic of order m. Hence, r < mi™* and _ |¢;| < mI™ Tt
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Let us reperesent w; as w; = uf' S;, where S; is a beginning of w; and |u;| < m.
We have the following theorem.

Shirshov height theorem. Let A be a l-generated Pl-algebra of degree m.
Then A has a bounded, by the function H(m,1), height over the set of words of
degree < m, where

H(m,l) < 3ml™*!

O

Remark. A thorough study of w; ends allows to improve the estimation:
H(m,l) < 2ml™**,

We shall be interested in the appearence of the g-th power of a word, which
contains the given letter. The following proposition is a consequence of Shirshov
theorem.

Proposition 2.35 Let A be a l-generated Pl-algebra of degree m. Let the letter
2 has (q + 3)ml™*t occurences in a word W. Then W is linearly representable
by words, such that each of them contains a subword of the form (zv)?. a

This proposition will be useful in the obtaining estimations for the height
with respect to the set of words, which degree is not greater, than the complexity.

2.1.3 The height theorem for semigroups

Ring identities allow to reduce words to the piecewise periodic form, but the
period can be arbitrary big. In the semigroup case the situation is simpler. The
following proposition holds.

Proposition 2.36 Let S be a [ generated semigroup with the identity
Ti...Tpn = To(1)---Te(n) (0 # id). Then S has a bounded height over the
set of generators.

Proof. As a lexicographically nondiminishable word is non-n-divided, then the
set of such words has a bounded height over the set of words of degree < n.
Hence, it is enough to prove that, if |u| > 1, then the n-th power of u equals to
a smaller word. So, our proposition is a consequence of the following statement.

Lemma 2.37 Let i be the minimal number, such that o(i) # i, then o(i) > i.
Let a word t = biay...bpa, and ViVj b; > a;. If t1 = biay,...,t;—1 =
ai—1bi, ti = biaibit1, tit1 = aip1biza, ..., the1 = Gpo1bpo1, G = ap,
o =t51)---to(n)s then t > t,.

Proof. The word ¢ is of the form ct;e = cb;a;b;11€1 and the word t, is of the
form Cto—(i)f = Cag(4) fi- As b; = Qg (i), then t > t,. o
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Remark. We can obtain an estimation h < I(n — 1) + 1 for the height h (an
arrangenent of powers of [ — 1 generator has not more, than n — 1 connected
components, and an arrangement of powers of the last generator has not more,
than n components).

Therefore, it is much easier to find a diminishable by ¢ decomposition of
t for one permutation ¢. It explains the height boundedness over generators
for semigroups with polylinear identities. The existence of periods of length
> 1 is a ring phenomenon, related to the necessaty to diminish a decomposition
t =t ...t, with respect to actions of several permutations (the identity contains
several terms). The reasoning, analogous to the same in the proof of Proposition
2.36 and Lemma 2.37, allows to establish the height boundedness over the set
of words of degree < k for an algebra with a polylinear identity, which contains
not more, than k + 1 nonzero terms (or, which is the same, with an identity of
the form z;, ...z, = Eo_#d UgTy(1) - - To(n), Where not more, than k numbers
a,, are nonequal to zero). As each relatively free algebra of complexity n has an
unbounded height over the set of words of degree n— 1 (see Theorem 2.21), then
each polylinear identity in the algebra of n x n matrices has not less, than n+ 1
nonzero coefficients. In the case of complexity 2 this result can be improved.
It is known that two 2 X 2 generic matrices (over an infinite field F') generate
an absolutely free semigroup. Therefore, in the algebra of 2 x 2 matrices over
an infinite field F' there are no semigroup identities. (If F' is finite, then the
identity z™ = ™ holds for some m and n).

It is possible to state the following problems.

Problems. Is it true that the number of nonzero terms in a (not necessary
polylinear) identity in the algebra of n x n matrices converges to infinity, when
n — oo? Is it true that this number is > n + 17 On the other hand, in Ms,, the
standart identity st,, holds, hence, 2n is a upper estimation for the minimal
number of nonzero terms. Is this estimation exact? In the polylinear case it
probably can be proved, using the algebra A, (probably it can be proved that
an identity with less, than 2n terms, destroys the period n). We can take a
word from n different letters as u.

2.1.4 The periodicity in words and the independency theorem

The following theorem is a consequence of Lemma 2.27.

Theorem 2.38 (on superwords independency) Let W be a minimal
nonzero superword. Then one of the following two conditions holds:

a) words (W)1,...,(W), are linearly independent;

b) W is pseudoperiodic of order < n, its pre-period is some (W); and its
period is an end of (W),.

41



Proof. Let us define infinite words (W)¢ by the equality W = (W);(W)i. If
b) doesn’t hold, then the set {(W)!} constitutes a chain. Let > a;(W); = 0
and let (W)7 be a minimal word in the set {(W)! : a; # 0}. Then W =
(W);(W)t = (W);(W)J, for i # j and a; # 0. As (W); is representable by
a linear combination of (W);, then W = (W);(W)J is also representable by a
linear combination of smaller words. But this contradicts the minimality of .
O

Remark. a) The minimality can be substituted by the maximality in the above
theorem formulation.

b) If all subwords in W of length < n are nilpotent, then the words
(W)1,..., (W), are linearly independent.

Corollary 2.39 a) Let A be a subalgebra in the algebra of n X n matrices and
W be a minimal nonzero (super)word. Then W is pseudoperiodic of order < n.

b) Let M be a f.g. A-module and MA* # 0, for all k. Then the minimal
superword in the algebra A" (see the construction 2 in the subsection 1.4) is
pseudoperiodic of order < n+1 (1 is added, because a generator of M is situated
before a word in A). |

By the independency theorem for superwords and the construction 1 from
1.4, we have

Corollary 2.40 (the independency theorem by V.A.Ufnarovski) Let
(1) a word W = ay, ...a;, is minimal with respect to the left lexicographic
ordering in the set of all nonzero products of length < n;
(2) ends of W are nilpotent.
Then beginnings of W are linearly independent. |

This theorem was proved by V.A.Ufnarovski [52] and also by G.P.Chekanu
[57].

Corollary 2.41 (Shestakov hypothesis) a) Let A be a subalgebra in the ma-
triz algebra M,,, which has the fized set of generators. Then, if all words of
degree < n are nilpotent, then A is nilpotent.

b) Let A be an algebra with complexity n and with the fized set of generators.
Then, if all words of degree < n are nilpotent, then A is locally nilpotent.

Proof. a) A has an exact representations by operators in an n-dimensional
space. Let my,...,m, be a base in this space. Now it remains to apply the
construction 2 and the independency theorem for superwords. To prove b) it
is enough to take the factor by the radical and to use the representability.
O
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The item a) of the above corollary was formulated by I.V.L’vov. He also
noted the the posibility of reduction of the item b) to a).

G.P.Chekanu [57] made the following observations: 1) the nilpotency con-
dition can be substituted by the quasiregularity of values of some polynomials;
2) not only beginnings of W are linearly independent, but all its subwords also.
The periodicity techinique for infinite words allows to obtain a stronger result.

Let W be a maximal nonzero word and let its beginnings are linearly depen-
dent, i.e., the following relation holds

Z (677 (W)k =0.
k=1

Let W = maxg,20(W)* (let us remind that (W)* is the end of W, which
corresponds to (W )y, i.e., to the beginning of length k, W = (W), (W)*). Let
K be the set of k, such that oy # 0, K # . The following proposition holds.

Proposition 2.42 a) The word W is periodic. There exists a word s of the
minimal length, such that W = s>,

b) Let ko be the minimal number in K and v = (W)y,. Then for each k € K,
(W) = vs™, where n, = (k — ko)/|s|.

¢) For m sufficiently big the following relation holds

E apus™ T =0
ke

_ -1 ng
T =y, E s

ke, 1>

d) The element

18 not quasi-invertible.

Proof. The items a) and b) are consequences of Lemma 2.29. If k& ¢ K, then
(W)W = 0. Hence, by the definition of a zero infinite word, we have that a
product of (W), and some beginning of W is zero. Hence, a product of (W)
and some power s is zero, because W = s®. If we define m as the minimum
of such p, then we get the item c). The equality ), apvs™T = () can be
written as vs ), ars™ = 0. The fact that z is not quasi-invertible, is a
direct consequence of this equality. O

Corollary 2.43 (the local independency theorem by G.P.Chekanu) Let

(1) a word W = ay, ...a;, is minimal, with respect to the left lexicographic
ordering, in the set of all nonzero words of length < n;

(2) if v; are ends of W, then for all polynomials f;(x) € zF[z], deg fi(z) < n,
elements f;(v;) are quasiregular.

Then the beginning subwords of W are linearly independent. |
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Let us consider the right ideal, which is generated (as a module) by an
element u. Let us use the construction 2 from 1.4. By applying the above
theorem to the algebra A", we get the following statement.

Corollary 2.44 (G.P.Chekanu) If a word W satisfies the conditions (1) and
(2) and uW # 0, then elements u(W);, i = 1,...,n, are linearly independent
(by (W); is denoted the beginning of W of length i). O

The following theorem is a consequence of the Corollary 2.43 (see [59]).

Theorem 2.45 (the global independency theorem, G.P.Chekanu) If a
word W satisfies the conditions of the local independency theorem, then all dif-
ferent subwords of W are linearly independent.

Proof. Let Y \;U; = 0 be a linear relation, where U; are subwords in W. Let
us choose in the set {U;} the subset & of words, which are lexicographically
minimal in {U;}, and let U; be the word of the maximal length in the set .
Let W = SU,T, then 0 = )~ \;SU; and SU; is either zero, or is a beginning
of W (because of the condition (1): the maximality of W in the set of nonzero
words). But this contradicts the local independency theorem. O

Remark. In the G.P.Chekanu work was required the quasiregularity of values
of polynomials (of degree < n™) from the ends of W. Our demand is weaker: we
ask for the quasiregularity of values of polynomials (of degree < n) from ends
of W.

In conclusion let us note that the original proofs of the independency theorem
([52], [57]) are rather difficult. We obtained a short and direct proof, because
previously we clarified the connection between shifts and the periodicity.

2.1.5 The periodicity and infinite words

The considerations, related to the shift invariancy, lead to the proof of the follow-
ing combinatorial lemma, which, in its turn, is the foundation of the coincidence
proof of the nilradical and the Jacobson radical.

Lemma 2.46 Let u # v be two different subwords in a superword W. Then
one of the following three statements holds:

a)It:ut CW, vt ¢ W;

b) 3t : ut C W, vt C W; ut and vt are lexicographically comparable. (If u
and v are comparable, then we can take the empty word A for t);

c¢)3Is:VneN s*CW, and either u = vs, or v = us.

Proof. Let us suppose that a) and b) don’t hold. Then for some nonempty
word s, either u = vs, or v = us. Let us prove that s™ C W. Let us take t, such
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that ut C W, |t| > 2n|s|. Then ut and vt are lexicographically comparable and
vt CW.

By the lexicographic comparability of ut and vt, we have that ¢ is a beginning
of st, hence, t is a beginning of s*°. As |t| > 2n|s|, then s Ct C W. lLe, ¢)
holds. a

Lemma 2.47 Let u # v be two different subwords in a superword W. Then
one of the following three statements holds:

a) the word W contains subwords of an arbitrary big length, which don’t
contain u;

b) Ar;t:rut CW, rot ¢ W;

¢)3ds:VneN s"CW and, either u =vs, or v=us.

Proof. If b) and c¢) don’t hold, then, by the previous lemma, 3t : ut C W,
vt C W, ut and vt are lexicographically comparable. Let u; = ut, v; = vt,
then, after a reordering of generators, we can obtain the relation v; > uy.
Therefore, we reduced the lemma to the case, when v = u.

Let us note that, if b) doesn’t hold, then the subword substitution v — v
preserves the property of a word « to be a subword in W. If a word X is infinite,
then this substitution preserves the property “each subword in X is a subword
in W”.

Let us consider the set W of right infinite words, such that each subword
of the word in W is a subword in W. The substitution u© — v preserves the
membership in W, increasing at the same time the lexicographic order of a word.
Therefore, if W' is a maximal word in W (it exists by Proposition 1.8), then it
doesn’t contain u.

As each subword in W' is a subword in W, and W', being infinite, contains
subwords of any length, then the condition a) holds. O

Corollary 2.48 Let U = {I_I>}>\:Oo be a finite set of pairwise different subwords
of a superword W. Then one of the following three statements holds for each i:

a) W contains subwords of an arbitrary big length, which, in its turn, don’t
contain u;;

b) Iri, ti: riuit; C W, and V] 751 T,'thi ¢ Ww;

c) for some j s : Vn € N s™ C W and, either u; = ujs, or uj = u;s.

This corollary can be proved by the induction on n — the number of subwords
inl.
Theorem 2.49 a) Let W be a u.r. nonperiodic word and u # v be its subwords.
Then 3r,t : rut CW and rvt ¢ W.

b) If U = {I‘I>}>\:Oo be a finite set of pairwise different subwords of the su-
perword W, then Vi, 1 <i <m, Iy, t;: ryuits CW, and Vi #¢  ryuit; ¢ W

c) If I # 0 is an ideal of the algebra Ay, then I contains a monomial, hence,

it contains all sufficiently long monoimials; therefore, the quotient algebra Aw /1
is nilpotent. (The definitions of a u.r. word and of an algebra Aw see in 1.6.)
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Proof. a) and b) are consequences of those fact that, if an u.r. word W is
nonperiodic, then the cases a) and b) of the previous lemmas can be excluded.

Let >~ Aju; € I. Then, by the previous corollary, we can choose r; and
t;, such that ru;t; C W and rut; ¢ W, for all j # 4. Hence, rju;t; = 0
in the algebra Ay and I > m(Zj Ajuj)t; = Niriust;. Therefore, I contains a
monomial. a

Corollary 2.50 If a word W is u.r. and nonperiodic, then the Jacobson radical
J(Aw) = 0. a

Remark. In Chapter 3 it will be proved that the nilradical in a monomial
algebra A coincides with the intersection of all ideals Iy, where W is a u.r.
word, such that only finite number of letters in alphabet (i.e., generators) occur
in W. There also will be proved that in the periodic case J(Aw) = 0. The
coincidence of the nilradical and the Jacobson radical in an arbitrary monomial
algebra is a consequence of this fact.

2.1.6 The periodicity and the number of subwords

Above was demonstrated the connection between the periodicity and the shift
invariancy. Here we shall consider another method of the periodicity proving.

Theorem 2.51 (on the periodicity) a) If each subword of length n in a su-
perword W uniquely defines the next symbol, then W is periodic with the period
b) If each subword of length n in a right superword W uniquely defines the
next symbol, then W is pseudoperiodic of order Ty (n). The analogous statement
holds for left superwords.
(Let us remind that Ty (n) is the number of subwords of length n in a word
W and Vi (n) is the number of subwords of length < n).

Proof. To each subword u of length n in W uniquely corresponds the subword
u' of length n, which begins by 1 position to the right from the start position of
u. Let us consider an oriented graph, which verteces are subwords of length n
and edges are the above correspondences. This graph is connected, has Ty (n)
verteces and to the word W corresponds the path, which go through all verteces
in the graph. In the case a) this path is a cycle of length Ty (n), in the case b)
this path is a cycle with a tail (this tail corresponds to the pre-period). Tw (n)
equals to the sum of the cycle and the tail lengths. O

Corollary 2.52 There exist words u; of an arbitrary big length and two differ-
ent letters a and b, such that au; C W and bu; C W. O

By applying the compactness lemma, we have
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Corollary 2.53 The closed orbit of a nonperiodic w.r. word contains two dif-
ferent superwords, such that their right (left) ends coincide. |

Corollary 2.54 The conclusion of the theorem holds, if holds any of the fol-
lowing conditions:

a) Tw(n+1) = Tw(n);

b) Tw(n+1) <n+1;

¢) Vw(n) < n(n+3)/2.

So, if W is nonperiodic, then Ty (n) > n+ 1 and Viy(n) > n(n + 3)/2, for
all n.

Proof. To each subword of length n + 1 corresponds its beginning subword of
length n. If the inequality Tw (n) = Tw (n+1) holds, then this correspondence is
a one to one relation. Hence, to each subword u of length n uniquely corresponds
the subword w of length n + 1, such that u is a beginning of w. Therefore, to u
uniquely corresponds the subword u' of length n — the end of w.
If Tw (1) = 1, then W is periodic, hence, b) is a consequence of a); ¢) is a
consequence of the equalities n(n +3)/2 = > (i + 1), V(n) = 31, T(i).
O

The following periodicity theorem is analogous to the previous one.

Theorem 2.55 a) Let a right superword W has two occurences of a word u
and each subword, which contains u, uniquely defines its next symbol. Then W
is pseudoperiodic. The analogous statement holds for left superwords.

b) If a superword W satisfies the conditions of the item a), then its right end
is periodic. If a left end of W contains infinitely many occurences of u, then W
is periodic and is of the form (uc)>, where c is the sequence of symbols between
the successive occurences of u. a

With the help of this theorem we shall prove the continuality of the set of
words, which contain the same subwords, as the given nonperiodic u.r.word.

Corollary 2.56 Let u has infinitely many occurences in W. Then, either a),
or b) holds:

a) A right end of W is periodic.

b) Asy # so;usy C Wyusy CW. O

Corollary 2.57 If a superword W is prime (i.e., contains each its subword

infinitely many times), then, either W is periodic, or there exists a function

k(n), such that Yu C W,3s;1 # sz : |s1| = |s2| = k(|u|),s1u C W, sou C W.
O

Corollary 2.58 Let W be an u.r. superword and w C W. Then there exist two

different words ¢, and co of the same length, such that uc; C W and ucy C W.
O
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Theorem 2.59 Let the item b) of the above corollary holds, then the set of
right superwords, each of them consists of subwords of W, is continual.

We shall need the following proposition.

Proposition 2.60 Let there be given an infinite tree and each its vertex (except
the root) has degree > 3. Then the set of all paths, each of them begins at the
root, is continual. O

A sketch of the theorem proof. Words uc; and ucs also can be extended to
the right by different ways. Verteces of the tree correspond to extensions of u
and an arrow join a word and its extension. If we shall extend words, obtained
on some step, to the left also, then we shall get a bilateral superword. O

Corollary 2.61 The closed orbit of each w.r. word is, either finite (the periodic
case), or is continual. O

In the work [80], using the analogous reasoning with branching (see Corollary
2.58), were proved the following results.

Theorem 2.62 Let W be a nonperiodic w.r. word. Then it contains an infinite
(in both directions) chain of lexicographically increasing subwords. O

Corollary 2.63 An w-permutable f.g. nil-semigroup is finite. a

(A superword, which contains an infinite increasing chain of subwords, is
called w-divided. A semigroup is called w-permutable, if for each (unilateral)
infinite product of its elements t1ts .. .t, ... there exist an integer k and a non-
identical permutation o, such that t1ty ...t = to1)te(2) - - to(r)-)

2.1.7 A comparison of properties of periodic and almost periodic
words

Periodic words are the special case of u.r. words. However, the cases of nonpe-
riodic and periodic u.r. words are greatly different in their properties. Let us
begin with the most important thing — with the action of the shift operator T'.
Periodic words are those words, which are invariant with respect to the action
of some power of T, i.e., they are those words, which have a finite T-orbit. An
orbit of each nonperiodic word is countable, but its closure can be continual.
(One of examples here is the sequence of the first digits of powers of 2). Let
us say some words about the rigidity. A sufficienly big segment of a periodic
word (with the length not less, two periods) uniquely defines it. However, for
each u.r. nonperiodic word there exist two different words in its closed orbit
with the same one-halfs (i.e., the subwords, consisting of symbols in nonnegative
positions).
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On the other hand, a periodic word u® is “softer” in some sense. If in a
subword w C 4 we make the substitution v — u?, then it will be a subword in
u® again. However, if W is a nonperiodic u.r.word and u # v are its different
subwords, then there exist subwords ¢; and cs, such that cjucy is a subword
inW, and cjvcs is not.

Remark. The periodicity of W can be proved, if we consider shifts of W and
their coincidence (except a beginning segment). Then we can use the period-
icity theorem. We shall give a sketch of the proof of the following theorem
(Shirshov height theorem is a consequence of this theorem and the compactness
considerations).

Theorem 2.64 For an arbitrary superword W one of the following statements
holds:

a) W is n-divided,

b) W can be divided into a finite number of periodic (super)words.

Proof. Let us cut from W a maximal subword u; of length n. From the
segment to the right of u; let us cut a maximal subword us # wu;. From the
segment to the right of us let us cat a maximal subword uz # u2,u; and so on.
If this procedure can be performed n times, then the superword W is n-divided.
In the opposite case, the right end of W contains less than n different subwords
of length n, hence, it is periodic by Corollary 2.54. The periodicity of the left
end can be proved analogously.

Remark. Let us note that more constructible variant of the above considera-
tions is the base of Shirshov height proof, which was given by A.T.Kolotov. He
obtained the upper bound on the height of order I!", where [ is the number of
generators and n is the degree of the Pl-algebra identity. He proved the period-
icity with the coincidence of shifts. On the selection round of Moscow Olimpiad
both proofs of the periodicity were given.

2.2 Bases in algebras
2.2.1 On the reduction of words to the canonical form

The usual method here is the representation of a word as a linear combination
of lexicographically smaller words and the study of nondiminishable words. If
awordt = ty...t,, t1 > - - = t,, is n-divided, for example, then for each
nonidentical permutation o € S,, the word t; = t5(1) ... ts(n) is lexicographically
smaller, than ¢. Hence, if in the algebra a polylinear identity of degree p holds,
then t is linearly representable by smaller words. Therefore, a nondiminishable
word is not n-divided. But we know that the set of all non-n-divided words has
a bounded height. In particular, each non-n-divided word of sufficient length
contains a power of a subword. This fact is the base of study of Burnside type
problems.
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It is often enough to find a “good” subword, non necessary in the beginning,
but somewhere. It is easier to create a smaller subword somewhere inside. The
main idea here, which is the base on the corresponding technique, is that: if
somewhere we add something, than in another place he have to make a deletion,
so it is enough to look for modifications.

Proposition 2.65 Let T be a linearly ordered set and 7 = {r;}}_, be a vector
in T?. Then for each permutation o € S, either a), or b) holds:

a) 7 and T,(;) coincide, as elements in T, for all i;

b) Ji: T > 1) and 3j 1 Ty < oy O

Let us note that, if T" is only a partially ordered set, then the proposition is
wrong, even if we change the coincidence condition in a) for the incomparability
condition (in the sense of the T ordering). Therefore, we shall need lemmas
about the existense of the linear ordering, with respect to >, in some sets
of subwords. The alternative the pseudoperiodicity < the linear order is the
base of everything here. Let us formulate corresponding statements, which are
consequences of the above proved properties of pseudoperiodic words and the
word u® (Proposition 2.3).

Proposition 2.66 Let e; be proper beginnings of a noncyclic word u and f; be
its proper ends. Then, if fiu® is comparable with fou?, then fi = fo; if ue; is
an end of u’ey, then e; = ey. O

Proposition 2.67 1. Let |v;| < n, for all i, and v; # vj, if i # j. Then, either
a), or b) holds:

a) the set of words {v;t} is linearly ordered with respect to the lexicographic
ordering;

b) t is quasiperiodic of order < n.

2. Let us define (zv)* by the equality (zv);(zv)" = zv. Let |z2v] > R > n,
then, either a), or b) holds:

a) (zv) g is pseudoperiodic of order < n;

b) ((zv)")Rr constitute a linearly ordered set. a

Proposition 2.68 If each subword in W of length |u| is a subword in u®™, i.e.,
is cyclically conjugate to u, then W C u®. In other words, the algebra AL is
defined by a set of relations of length < |u|. O

Let us remind previously proved Lemma 2.6.

The lemma about deletions and addings. Let t = tyvis C u™ and v is
cyclically conjugate to w. Then tivFty C u®, for all k > 0. In particular,
titys C u™ and t;v%ty C u™.

The following proposition was also proved above (see Lemma 2.29).
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Proposition. Let|z| = R and z is pseudoperiodic of order < n. then z contains
a [R/n]-th power of a word of length < n.

Proposition 2.69 If z; and zy are not pseudoperiodic of order < n, z1 = 2z
and z1 and zo are of different n-types, then the n-type of z1 is greater, than the
n-type of zs. a

Let us consider permutations now. The following proposition is a direct
consequence of Propositions 2.65 and 2.67 about permutations and the linear
ordering.

Proposition 2.70 Let u = (2)n, e;fi =u, i =1,...,p; 2z = uy and z is not a
pseudoperiodic word of order <n. Let o € Sy, then, either a), or b) holds:

ll) eifa'(i)y =uy Vl’

b) 3i,j: eifoyy > wy > ejfo)y. O

It will be more convenient for us to use the correspondence o(i) + 1 —
o(i + 1), than the correspondence i — o(i). This correspondence arises under
the consideration of the word t, = tot,(1)...ts(p)tp+1. The beginning of the
word t,(; corresponds to the end of t5(;11). Let us reformulate the above
proposition.

Proposition 2.71 In the conditions of the above proposition, let {e;};_, be
enumerated by numbers from 0 to p, and {fl}fill by numbers from 1 to p + 1.
We have that e;fiy1 =u. Let 0 € S, and let 0(0) =0, o(p+1) =p+ 1. Then,
either a), or b) holds:

a) exi) fo(irn)y = uy Vi;

b) 3,5 : exiy fo(ir1)¥ = WY > o) fo(j+1)Y-

c) Also, if v = z =y, then (z)2] = 2 > y)2|- m|

We shall need the following proposition.

Proposition 2.72 Let t = tg...t,01 C u™ and |t;| > n = |u|, for all i,
0<i<p+1. Then, if ty = toty)-- to(p)tp+1u™, then t, contains subwords
a and 3, such that |a| = |B| = |u| =n and a > u > 3.

Proof. By the deletions and addings lemma (see 2.6), we can assume that
all t; are sufficiently long (|t;] > 10n, for example). Let us represent t; as
t; = fiuFie;, where k; > 2, e;fiv1 = u, |e;] <n. If €o(i) fo(i+1) = u, for all 4, then
te = totg(1) - -to(p)tp+1 C u™. So, it remains to use the above propositions.
|

Let us formulate another useful proposition.
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Proposition 2.73 Let a word z be not pseudoperiodic of order < n, u = (2),
and |z| =K. Let zv Ct;,i=1,...,p+1,

t=to...tpr1 C(20)7, t; =toty(1) .- toptpr1 € (20), 0 € 5.

Then the word t, contains subwords a and (3, such that |a| = |G| = |z| and
a >z f.

Moreover, if o, 3, z' are n-types of a, 8 and z, respectively, then o' = 2’ =
g |

In Chapter 7 (see [4]) it will be proved the following proposition.

Proposition 2.74 Let u be a noncyclic word of length n and let f be a polylin-
ear identity of complexity < n and of degree p. Then there exists a wordt C u°,
t =1to...tp+1, such that 2n < |t;| < 3n, for all i, and t is linearly representable
by words t, = totg(1) - - to(p)tpt1, such that t, & u™>. O

The following proposition is a consequence of Propositions 2.73 and 2.74.

Proposition 2.75 a) Let f be a polylinear identity of degree p and complexity
< n, T(f) be the corresponding T-ideal and z be not a pseudoperiodic word
of order n. Then the word (zv)>P+1) is linearly representable modulo T (f) by

words, which contain subwords of the form «, |a| = |z|, a > z, and of the form
B, 18] = |z], z = B.
Moreover, n-types of a, 8 and z satisfy the same inequalities. O

2.2.2 Selected sets of words and operations over them

Our aim is to obtain inside the given word the required subword.

Definition 2.76 A set of words W will be called selected, if the algebra
A/id(W) is nilpotent. By (W) will be denoted the degree of nilpotency. (The
combinatorial sense here is that each word of length > (W) is linearly repre-
sentable by words, which contain a subword from W.) If each word of length
> 1;;(W) is linearly representable by words, which have k occurences of a word
from W, then the set W is called k-selected. By |WV| will be denoted the number
of words in W.

Let us note that the factorization by the radical doesn’t give new selected
sets. Therefore, the search for such sets is essentially the work in the semisimple
part, and sometimes such technique allows not to use the structural theory
methods. We shall try to obtain the required subword step by step, by creating
auxiliary subwords at the beginning. There can be many such steps. Therefore,
at first we shall study operations over selected sets. Let us begin with the
simplest.
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Proposition 2.77 a) If a set {u;} is selected and v; C u;, for all i, then the
set {v;} is selected and I({v;}) < 1({u;}).
b) If a set A is selected and B D A, then B is selected and [(B) < J(A).
c) A word in a selected set can be replaces by a family of words, by which
this word is linearly representable. This operation doesn’t increase the degree [.
O

Let us note at first that, if we can create one of words in a set, then we can
do it many times.

Proposition 2.78 If a set « is selected, then it is k-selected and I, (o) < k|af -
). O

Lemma 2.79 (on circulation) Let f be a polylinear identity in an algebra A
of degree p, D = {d;} be a set of words of degree < p (including the empty word
A) from A generators and elements c; and C = {]y} be a selected set. Then for
each positive integer R, the set {(c;d;)®,i=1,...,|C|, | = o0,...,|D|} is also
selected (|D| is the number of elements in D).

Proof. Each word of length > [({c;}) is linearly representable by words of the
form djyc;e, where di, and ey are products of generators. Now we can use those
fact that each word, of sufficirntly big degree with respect to C = {]y}, can be,
by Shirshov height theorem, represented in the required way (see Proposition
2.35). O

Definition 2.80 Let z be a word and let us denote by z' the following set of
words.

If 7 is pseudoperiodic of order < n, then 2z’ = {2z}, else 2’ = N, UN¢, where
N4 is the set of lexicographically smaller non-pseudoperiodic words, which
coincide with their n-types (i.e., each proper beginning of a word in N is
pseudoperiodic of order < n), and N¢ is the set of pseudoperiodic words of
order < n and length R, which are lexicographically smaller, than z. (R is
fixed. R will be equal to 2nk, where k is the required power value.)

Proposition 2.81 If we shall apply the operation ' to the word z and to each
words, obtained in this way, in succession (and each time join the obtained
sets), then, at last, we shall get, either the set {z}, or the set Nc. Moreover,
it is enough to make < T'(n, R) steps, where T'(n, R) is the number of n-types,
which are not pseudoperiodic of order n and which have length < R. The set of
all n-types of length < R also can be reduced to the set of pseudoperiodic words
by T'(n, R) steps. |

We already proved that T'(n, R) < Rnl™t!.
Let us note that, istead of operator /, we can use, with the same success,
the operation of the construction of the set of smaller words of the same length.
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This operator was introduced to make the descent to pseudoperiodic words even
more faster. It allows to diminish the estimation from {™" order to ™ order (1
is the number of generators and m is the degree of an algebra). n-types in the
heght theorem proof were used only for the improving of estimations also.

So, we established that we can destroy the period and create a both smaller
and greater subword. The circulation lemma allows to create a period. Let us
sum the results of Proposition 2.75 and Lemma 2.79.

Proposition 2.82 Let a be a finite selected set, z € o and z be not a pseu-
doperiodic word of order < n. Let the algebra A satisfies a polylinear identity f
of degree p and complexity n. Then

a) if we substitute z by the set of all lexicographically smaller words of the
same length, then the new set o will be also selected;

b) the word z can be replaced by the set z'. O

The following statement is a consequence of Propositions 2.81 and 2.82.

Corollary 2.83 (Shestakov hypothesis) Let A be a finitely generated PI-
algebra of complexity n. Then the set of all k-th powers of words of length
< n is selected for all k. If all these words are algebraic elements, then A is
finite-dimensional. |

Remark. The same result was obtained above, as a consequence of the inde-
pendency theorem (Corollary 2.41). However, here we don’t use the structural
theory (we don’t factorize by the radical) and we can get constructible estima-
tions. We don’t write these estimations here, because further will be developed
the technique, which allows to obtain exponential estimations.

Let us inroduce the following ordering on the set of sets of words: at first the
leading words are compared, then the second in order and so on. If the first k&
leading words in two sets are equal and the leading words in the remaining parts
are incomparable, then these two sets are incomparable. If in one set there are
no more words, then the set with the greater number of words is greater.

Because the operation z — 2’ diminishes z order (we consider sets without
multiplicities), then the following statement holds.

Theorem 2.84 If A is a f.g. Pl-algebra of complexity n, then a minimal se-
lected set of words of length R consists of pseudoperiodic words of order< n.
O

As each noncyclic word has a regular cyclically conjugate word, which corre-
sponds to the leading term of some Lie (Jordan) monomial, then the following
statement holds.

Corollary 2.85 Let us consider a Lie or Jordan algebra A with its inclusion
into an associative algebra of complexity n. If all monomials from generators in
A of length < n are algebraic, then A is locally finite. O
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2.2.3 The pumping over procedure

Lemma 2.86 (the pumping over lemma) Let A be a Pl-algebra with a
polylinear identity f of degree m. Let a word W be of the form

W = covicy ... UmCmt1

where ¢; are letters, which don’t occur in words v;. Then W, modulo T(f), can
be represented as a linear combination of words

r__ . ! .
W' = ciyvi€Ciy + v U, Ci iy

!

where ¢; don’t occur in v}

greater, than m — 1.

and not more, than m — 1 words v}, have the length,

The idea of this lemma is that with the help of the identity almost all symbols
from v; can be gathered into m — 1 words v}.

Proof. We shall need the following auxiliary proposition.

Proposition 2.87 Let k; >m, k; = ki+q;, k. >0 mid g > qi, if j >i. Then,
for each nonidentical permutation o € Sy,, the vector ko = (ky +qy(1),-- -, kp, +
Qo(m)) 18 lexicographically smaller, then k = (ki + q1,..., Kk, + qm).

Proof. If o(1) # 1, then o(1) > 1 and k] + ¢,(1) > ki + 1. In this case

ks = k. If o(1) = 1, then we use the inductive descent from m to m — 1.
O

Let us note that an analogous reasoning can be used in the proof of the height
boundedness theorem for Lie algebras with a sparse identity (see Proposition
2.162).

Proposition 2.88 Let us consider the following game. We are given m heaps
of some objects. The first player chooses m of these heaps and each of them
divides on the right and the left parts. The second player makes a nonidentical
permutation of right parts. Then the first player can achieve the situation, such
that each heap, except m — 1 of them, contains not more, than m — 1 objects.

Proof. Let us make some ordering of these heaps and let us define the vector,
which i-th coordinate is the number of objects in ¢-th heap. Let us prove that,
if the first player cannot increase the vector, then the required situation is
achieved.

Indeed, let we have m heaps and ki, ..., k,, is the corresponding vector. Let
k; > m, for all i. Let k; = k] +qi, ¢s =4, k; = ki —i. As k; > m, then k] > 0
and we can use the above proposition. a

With the help of this proposition the pumping over lemma can be proved.
We play for the first player, when represent W, as a product Wy - ... - Wy,41,
“cutting” words v;. Then the identity transforms Wy - ... Wiy,41 in a sum of
words, in which W; are nonidentically permuted. The second player chooses the
worst term.
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2.2.4 The Kurosh problem and the height boundedness

If all v; are powers of one element, then we obtain a collecting process. Let
M C A and let us denote by M®*) the ideal, generated by k-th powers of
elements from M. By the pumping over lemma, we have

Proposition 2.89 Let A be a finitely generated graded associative Pl-algebra,
M C A be a finite set of homogeneous elements, which generate A, as an algebra.
If the quotient algebra A/M(m) is nilpotent of degree r, then A is generated, as
a linear space, by elements of the form

vomfovym . mb e,
where |v;| < r and k; > m, for all i, not more, than m — 1 words v; have length
>m, m; € M and there are not more, than m — 1 equal among them.

In other words, A has a bounded essential height over M (see Definition
2.108).

Proof. Powers mf can be denoted by letters, then we can apply the pumping
over lemma to words v;. If v; has length > r, then it can be linearly represented
by words, which contain the m-th power of an element from M. If there are m
equal elements among m;, then we can apply to them the pumping over lemma,
by denoting by letters segments between them and the new letters. a

In the work [4] by this method was proved the following statement (“the in-
version of the Kurosh problem deduction from the height theorem in the graded
case”).

Theorem 2.90 Let A be a finitely generated graded associative (alternating,
Jordan) Pl-algebra. Let M C A be a finite set of homogeneous elements, which
generate A, as an algebra, M%) be the ideal, generated by k-powers of elements
from M. Then, if the quotient algebra A/M®) is nilpotent, for all k, then A
has a bounded height over M. O

The following statement is a consequence of this theorem and Corollary 2.85.

Corollary 2.91 Let us consider a f.g. Lie or Jordan algebra A with its inclu-
sion into an associative algebra of complexity n. Then A has a bounded height
over the set of monomials (from generators) of length < n. |

If we remove the “arbitrary” condition, that A is generated by M, then the
essential height will be bounded over M.

In the work [4] the pumping over procedure is described in details. In this
work it was proved that an analog of the above theorem holds for the class of
rings, asymptotically close to associative, i.e., for “good” varieties (alternating
and Jordan rings belong to this class). A variety is called good, if the algebra of
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left multiplications of each f.g. algebra from this variety 1) is finitely generated,
2) is a Pl-algebra, 3) has a bounded L-length. The above theorem holds, if
a subalgebra, generated by each element, is associative. An algebra A has a
bounded L-length, if, for some k, the algebra L(A) of its left multiplications is
linearly representable by the set of elements of the form L(p;) ... L(p,), where
q<k.

Let us note that, in the conditions of Proposition 2.89, we cannot ask only
for the nilpotency of A/M (P1dee(4) An example of the the algebra M, ® zF|[x]
and the set M, which contains one nilpotent element of degree n, demonstrates
that the condition of the nilpotency of A/M(Fldes(4)=1) js too weak.

The pumping over is a combinatorial analog of the algebraicity reasoning.
With the help of this procedure we can easily prove the satisfiability of the
Capelli identity and obtain constructible estimations. We shall need the follow-
ing statement.

Proposition 2.92 a) Let ©, ¢;, i@ = 0,...,m, be fixed generators. Then the
number of words of the form

coxkoclxkl ...:ck”—lcr, E ki=N

is a polynomial from N of degree r — 1.
b) Let A be a Pl-algebra of degree m. Then the dimension of the vector
space, generated by words of the form

coz®o eq 2P ...:Uk“lcr, E ki=N

can be estimated by a polynomial from N of degree m — 1 (r is fized). This is
the codimension of the T-ideal of A in this subspace.

Proof. The number in a) is (Tﬁrl). b) is a consequence of a) and the pumping
over lemma. The number of possibilities to choose m — 1 positions equals ( " )

m—1
and the number of possibilities to arrange powers of z in another positions is
not more, than (m — 1)"~™. |

Definition 2.93 Let I be a multiindex I = (iy,...,i,), [I| = ) ia. An
identity of the form

f= E E Arcoxrciz™ o xtle, =0

oESry1 |I|=N

is called a weak algebraicity identity of order r. An identity of the form

f= E Arcor iz ..., =0
|I|:N
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is called an algebraicity identity of order r. If, with the identity f, the identity
fo holds, for each o € S,.,

fo = E Arcozte@cpxto | gletr-De, =0,
|I|=N

then f is called a strong algebraicity identity of order . The depth D(f) of a
(strong, weak) algebraicity identity f is the maximal power of the variable z,
which occures in summands of f.

Obviously, D(f) < N and deg(f) = N 4+ r + 1. The proof of the following
statement is analogous to the proof of the pumping over lemma.

Proposition 2.94 If an algebraicity identity holds, then the word
corocizh ... x1c, is linearly representable by words of the form
coxloci @it . aIk=1¢cy, such that not more, than r — 1 numbers from the ordered
set {ja}, can be greater, than N — 1. a

The codimension of the space of strong algebraicity identities in not greater,
than the product of r! and the codimension of the space of algebraicity identities.
Using the previous proposition to compare codimensions and directing N to
infinity, we have the following statement.

Proposition 2.95 a) In each Pl-algebra A of degree m the strong algebraicity
identity holds and we can take r = m.

b) If in a Pl-algebra a weak algebraicity identity holds, then the strong alge-
braicity identity of the same order holds also. |

Remark. It is easy to prove that a strong algebraicity identity holds, if N > r3,
r > 2m. To prove this it is enough to compare the codimension estimations
rI(,," ) (m —1)"=™NT of the space of the strong algebraicity polynomials and
( N

7,71) — the number of words of the above form.

Proposition 2.96 Let a strong algebraicity identity f of the above type holds
in some algebra and let g(z1,...,2m,Y1,...,Ys) be an arbitrary polylinear poly-
nomial. Then the following identity holds also

fo = Z A1g(aoz'*©by, ..., ar 137 C0b 1y, ., ys) = 0.
I=N

Proof. The identity f, can be constructed by grouping terms in g with their
permutations ¢ of the first = variables. a

Let us use the height theorem, the pumping over procedure and the above
Proposition. Then we have the following statement.
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Corollary 2.97 Let us consider substitutions in g: words instead of variables.
The ordered set (with respect to the order of variables) of such words will be
called the substitution set. Then the result of each such substitution is linearly
representable by substitutions, such that in their substitution sets all words, ex-
cept not more, that Nml™t1 of them, have length < N?m3[™~!, O

We now proved the theorem.

Theorem 2.98 In each finitely generated Pl-algebra the Capelli identity of
some order holds. a

Remark. a) Using the above statement and the an estimation on the number
of words, which don’t contain the N-th power of a word of length < m, we can
get the following estimation on the Capelli identity order: m™I™ ™. Let us
note that we proved that an identity with a sufficiently wide Young diagram
holds also.

b) The Capelli identity can be used in the pumping over procedure with the
same success, as the strong algebraicity identity.

Theorem 2.99 FEach finitely based T-ideal I, which belongs to the radical of a
finitely generated Pl-algebra, is nilpotent.

Proof. Let g be a sufficienly long product of polynomials from I. By Corollary
2.97, g can be represented as a linear conbination of products of polynomials
from I, such that all variables in them, except some bounded quantity, are sub-
stituted by short words. As there are finite number of short words, then in each
product one of polynomials with the same substitution set occures many times.
It remains to note that the ideal, generated by one element from the radical of a
f.g. Pl-algebra, is nilpotent. This fact is a consequence of Amizur theorem (the
radical of a PI-algebra consists of nilpotent elements) and of Shirshov theorem
about the boundedness of heights. a

All this simplifies the proof of Razmyslov-Kemer-Braun theorem about the
nilpotency of the radical: we can assume that identities, which garantee the
algebra finite-dimensionality over the localization of the center, hold. So we
have that a product of a radical power and some central polynomial is zero.
Then we can take the factor by this polynomial and use the induction on the
transcendence degree of the prime factors center and by the complexity.

2.2.5 Sparse identities and the pumping over procedure

The using of sparse identities (the Capelli identity, in particular) is very similar
to the using of the strong algebraicity identity. In the same way we can prove the
nilpotency of a finitely based T-ideal and also the Capelli identity satisfiability.
The following result of A.D.Chanyshev can be easily proved with the pumping
over.
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Theorem 2.100 (A.D.Chanyshev) Let all generators in a Z-graded PI-
algebra A of degree r be homogeneous of degree 1, and let the equality ™ = 0
holds for each homogeneous x. Then A is nilpotent.

It is known that some sparse identity holds in a PI-alpgebra A. Let m be
its degree. We shall need some auxiliary propositions.

The growth in varieties The definition of the growth in varieties is slightly
different from the same in words and algebras. Let A be a a relatively free
n-generated algebra from 9, then by Ggy(n) will be denoted the dimension of
the vector space in it, which is generated by words of length n, such that each
letter x1, ..., x, occurs in this word only once. If 9 is the variety of associative
algebras, then Gigy(n) = n!. The following result is well known.

Theorem 2.101 If M is the variety of associative Pl-algebras, then Ggy(n) ~
(D)™, where ¢(IM) is a constant. |

Remark. There exists examples of Lie algebra varieties with an over-
exponential growth, i.e., there exist varieties 9, such that Ggy(n) ~ (n/c(M))!,
where ¢(90) is a constant.

With the help of the dimension estimating we have the following corollary.

Corollary 2.102 If9 is a variety of associative Pl-algebras, then the following
sparse identity holds in M

Z Ozgyoxg(l)yl .- .J,'O.(n)yn =0.

O

The following statement, which will be used in what follows, is a consequence
of Proposition 1.2.

Proposition 2.103 There exist k and coefficients o, such that for each, poly-
linear by z;, polynomial F(z1,...,Tk,Y1,...,Yr), the following equality holds

Z s F(c1vp1)di, - - -, CkVe)dr, Y1, - - -5 Yr) = 0. (1)

This proposition can be proved by considering terms in F' with the fixed ar-
rangement of y; and by applying to these terms Proposition 1.2 and the linearity
considerations. O

With the help of this proposition, the following lemma can be proved in the
same way, as the pumping over lemma.
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Lemma 2.104 (on the sparse pumping over) Let A be a Pl-algebra, in
which the equality 1 holds for each F', polylinear by x;. Let us substitute words

v; for variables x;. Then F(vi,...,vk,¥) is linearly representable by elements
of the form F(vi,...,v},¥), where not more, than k — 1 words v}, have length
>k—1. O

Remark. The equality ) o, F'(Z,(1),-- s To(m),¥) = 0, for all F, is the defi-
nition of a sparse identity in the non-associative case (and even in the case of
algebraic systems of an arbitrary “arity”).

The finite generated case of Chanyshev theorem is a consequence of the
height theorem. Let us formulate it in the convenient for us form.

Proposition 2.105 There exists the function R(s,n,r), such that each s-
generated Pl-algebra of degree r with homogeneous generators, in which for any
homogeneous element = the identity x™ = 0 holds, is nilpotent of index not
greater, than R(s,n,r). a

The linearization technique can be applied also to identities, which hold only
for homogeneous elements. The reasoning is the same. Let us formulate some
auxiliary statements.

Proposition 2.106 Let 2" = 0, for each homogeneous x. Then, if all v; have
the same homogeneous degree, then the following equality holds

Z 'Ug(l) . -'Ua(n) =0

ocESy,

Proof. It is enough to use the equality

D V(1) Vo(my = (V1 o) = D (v T )

TESH k
+ Z (v + -+ 05, + -+ Vi _|_...+vn)”+...+(_1)”*1zv?_
11 <io i
(as usual, the symbol ~ means that the corresponding term is deleted). a

The following proposition is the linearization of Proposition 2.105.

Proposition 2.107 Let a;; are of the same homogeneous degree, when i is
fized, i = 1,...,s, 5 =1,...,k. Let F be a polylinear polynomial from a;; of
degree ks, such that each a;j occurs only once in it. Let F' be symmetric for each
group of variables a;;, when i is fived. Then, if ks > R(s,n,r), then F(a;;) = 0.

O
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Proof of Chanyshev theorem. By Nagata-Higman theorem, it is enough to
check the satisfiability of the identity = = 0, or, which is the same, the satis-
fiability of its linearization ) g Us(1) ---Vo(r) = 0. But the last statement is
a consequence of Propositions 2.105 and 2.107 (s must be equal to 2m and R
to R(s,n,r)). i

Remark. The above theorem can be proved with the help of the generalized
algebraicity notion (this way is more complex). The aim is to “pump over”
letters inside v; in the polynomial F'(vy, ..., v, 7). If all v; contain a sufficienly
big power of some x, then the generalized algebraicity can be applied. Using
Nagata-Higman theorem, we can achieve that some z; occurs in v; in sufficiently
big power. If we symmetrize by x;, then we get the linearization of the gen-
eralized algebraicity. This symmetrization adds new terms, where z; occurs in
“wrong” vj. But we can achieve that lengths of minimal homogeneous compo-
nents of z; have a sufficiently fast growth for ¢ (the minimal component in z;
is much greater, than the maximal component in z;_;) and that the passage to
an additional term also gives us the pumping over.

2.2.6 The height of algebras and Gelfand-Kirillov dimension

There is a connection between the height theorem and Kurosh problem: “the
height boundedness over Y < Kurosh problem over Y”. Another connection
exists in the representable case. As we noted above, the number of elements
of the form yfl ...y’;{H, S k; < n, has the order n’. Hence, Gelfand-Kirillov
dimension of an algebra is not greater, than its height, therefore, by Shirshov
theorem, it is bounded in the Pl-algebra case. But for representable algebras
(hence, by Kemer theorem, for relatively free algebras also) an opposite esti-
mation also holds. In this case Gelfand-Kirillov dimension equals the essential
height.

Definition 2.108 A set Y is called an s-base of an algebra A, if there exist
a number SH and a finite set D(Y"), such that A is generated, as a linear
space, by elements of the form ¢;...tx, where N < 2SH+1, and, for all ¢,
either ¢; € D(Y), or ¢; = yf, y; € Y. Moreover, the number of factors ¢; ¢
D(Y') is not greater, than SH. The minimal number SH(A), which satisfies the
above conditions, is called the essential height of A over Y. For varieties with
associative powers the definition is analogous.

Informally speaking, the height boundedness means the possibility of reduc-
ing a word to a piecewise periodic form and the height is the number of segments.
The essential height is a minimal number of arbitrarily long periodic segments,
which are simultaniously necessary for constructing a base of the algebra. The
set D(Y) is the finite set of spans between periodic segments (which are “ran-
dom”). Let us note that, if Y is an s-base of an algebra A and Y generates

62



A, as an algebra, then “spans” can be expressed by Y elements and A has a
bounded height over Y.

If Y and D are given, then the number of elements of the essential height
SH, such that the sum of homogeneous powers of leading components t; is
not greater, than N, has the growth of order N5, So, we have the following
statement.

Proposition 2.109 a) GKdim(A4) < SH(A).
b) SH > limy, 00 (Va(n))/1n(n). m|

We shall prove the following theorem.

Theorem 2.110 Let A be a finitely generated representable algebra. Then
GKdim(A4) = SH(A) (Gelfand-Kirillov dimension equals the essential height).

Corollary 2.111 The essential height of a representable algebra doesn’t depend
on the choice of Y and its Gelfand-Kirillov dimension is an integer number.
O

Remarks. The integrality of Gelfand-Kirillov dimension of a representable al-
gebra was proved by V.T.Markov. Let us note that there exist PI-algebras with
non-integral Gelfand-Kirillov dimension, hence, in the general case, the equality
GKdim(A) = SH(A) doesn’t hold. It will be interesting to construct an algebra,
in which the essential height depends on the s-base choice. A polynomial esti-
mation on Gelfand-Kirillov dimension of a PI-algebra (and, hence, a polynomial
estimation on the essential height) is a consequence of A.V.Grishin results.

For proving the above theorem we shall need some auxiliary propositions.
The following statement is a consequence of Hamilton-Cayley theorem.

Proposition 2.112 Let A can be embedded into End,(R), where R is a com-
mutative ring. The each element © € A satisfies and equality of the following

type
2"+t ()" 4+t (2) =0, Viti(z) ER

The following proposition is a direct consequence of the previous.

Proposition 2.113 Let A can be embedded into End,(R), where R is a com-

mutative ring. Let I = (i1,...,i;) be an multiindez, |I| =iy + --- + iy. Let for
some elements cy,...,cx € A, x1,...,x € A the following relation holds
Z oqcosvi1 cp.. .:czkck =0, (2)
[7|<r
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and also hold all relation of the type

Z alcox’f“:v’f c...xpt :czk c, =0 (3)
l7|<r
for all vectors m = (my,...,mg), 0 < m; < n—1 (the coefficients a; don’t
depend on m). Then for all integers My, ..., My, the following relation holds
Z alcoxf/IlHIQ .. .ka’“H’“ c, =0 (4)
l7|<r
O

Proposition 2.114 Let U be a linear span of elements of the form
coxiv[lcl . :C,ch’“ck Then the linear span of those elements that one of M; is
smaller, than r, coincides with U .

The proof is analogous to the proof of the pumping over lemma. Let us
present the idea of it. Let us put in the lexicographic order vectors (M, ..., M)
and let us demonstrate that elements, which are linearly non-representable by
elements with smaller vectors, have the required form. Let us choose in 2 a
nonzero term with the maximal multiindex I. Let m; = M; —i;. As M; > r

j

j mj; %
’ can be represented, as z; ' z;

and m; > 0, then the power a:jw . Now, using

3, we can represent cozMie; . Y e ¢, as a linear combination of terms with
) k
smaller power vectors. O

Corollary 2.115 Let S(q) be the dimension of the linear span of elements of the

form cox{vh e .. a:kM" ¢k, such that Y~ M; < q. Then, if the system of relations

of the (3) type holds, then there exists a constant C, such that S(q) < Cq*~!.
O

Let us now proceed with the proof of Theorem 2.111. At first, let us estimate
dimensions. For some go, all ¢; and x; belong to the linear span of words of
length < go. then S(q) < Va((k+ 1+ kq)qo). Let us note that the satisfiability
of the system (3) means the linear dependence of the system of n*-dimensional

vectors with components coz!™ T ¢; .. .x’,?’““’“ ck- These components are enu-
merated by systems (ma, ..., my) of nonnegative integers, m; < n. If i; < g,

then the dimension of the space of such vectors is not greater, than n*S(kn+q),
hence, it is not greater, than nfVs ((k+1+k(kn+q))g0) = CoVa(C1+C2q). Let
lim, .. In(Va(n))/In(n) < k, then there exists € > 0, such that the inequality
Va(g) < ¢** holds for infinitely many g. But, then we have that the dimension
of the space of the, described above, vectors is less, than ¢*~¢/2 for some ¢,
which garantee the satisfiability of (3). The satisfiability of (3), for all systems
of z; and c¢j, means, by the previous proposition, that the essential height is
smaller, than k. So, we have that SH < lim,, _, In(V4(n))/In(n). It remains to
use the inequality GKdim(A) > lim,,_, . In(Va(n))/In(n). Theorem is proved.
O
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Let us now obtain estimations for the height of a PI-algebra A over the set
of words of degree not greater, than the algebra complexity. Let each word of
length [ is linearly representable by words, such that each of them contains a
word from a set a, as a subword. If length of a word is k - I, then we can obtain
the occurence of k words from «, as subwords. But the estimatimation k-1 is too
coarse. We cannot improve it without the “pumping over”, because otherwise,
k subwords can cut the word on segments with lengths < [.

Let us consider a relatively free algebra A with generators a; and c¢;, where
Jj=1,...,m+ 1. We shall denote by u, and vg words, which don’t contain c;.
Let us assume that in A holds the polylinear identity f of degree m.

Definition 2.116 A word of the form c¢yv; ... cpvg, Y. |vi| > h, is called a word
of width h. A set of words {u,} is called an m-selected of width h, if each word
of width A is linearly representable by words, such that each of them contains a
word from {u,} as a subword. (¢; can be permuted only in whole, not in parts).

The following statement is a consequence of the pumping over lemma.

Proposition 2.117 a) Let a be a set of words of width h and [ be the maximal
length of a word from a. Then each word of width > h + m + 1 is linearly
representable by words, such that each of them contains two occurences of words
from «.

b) Each word of width > h+ (k—1)(m+1) is linearly representable by words,
such that each of them contain k occurences of words from «.

Proof. Let us represent the given word of required length by words, such that
each of them contains a word from «. In each of these words let us mark this
occurence, denote it by ¢’ and perform the pumping over. Then two ¢;, which
are on the distance < m from each other, let us unite into one. The loss of
width will be not greater, than m +1. The item b) can be proved by the obvious
induction. a

Corollary 2.118 Let p be the number of words in the set o, which is m-selected
of width h. Then, if ' > h + (kp — 1)(m + 1), then each word of width h' is
linearly representable by words, such that each of them contains k occurences of
a word from «. a

Let us remaind the above proved statement.

Proposition 2.35. Let A be an [-finitely generated Pl-algebra of degree m. Let
the letter z has (q + 3)mIi™! occurences in a word W. Then W is linearly
representable by words, which contain a subword of the form (zv)?.

Let n be the complexity of an algebra, m be its degree, [ be the number of
generators and p be the minimal degree of a polylinear identity of complexity
n. Let R = 2mn and let all quasiperiodic words in a set a have length R. By
Proposition 2.81, we have
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Proposition 2.119 The substitution of a word z from a by a word z' increases
the m-width by not more, than ((p + 3)mi™*! — 1) - (m + R). |

The following statement is a consequence of Propositions 2.35, 2.119, 2.118.

Theorem 2.120 A set, which consists of pseudoperiodic words of order < n
and of length R, is selected of width

h=((p+3)mi™™* —1)- Rnl""(m + R)

And, by this theorem and Proposition 2.81, we have

Theorem 2.121 Let A be an [-generated Pl-algebra of complexity n. Let m be
the degree of a minimal identity in A (i.e., m = deg(A)) and p be the minimal
degree of an identity of complexity n. Then, over the set of words of degree < n,
A has the height

H(l,m,p) = ((p+ 3)mi™ — 1) - 2mnl"tm(2n + 1) + mi™.

Proof. Let M be the set of all words with length < n. Each word is linearly
representable by elements of the, described in Definition 2.116, form with the
same homogeneous degree. If > |v;| > h, then we can create new m-th power
of an element from M and, using the pumping over, we can increase Y k; — s.
The height can be estimated as s + (3 |vi])/n. O

Let as note that H(I,m,p) is asimptotically equivalent to pm2nl™*T7+2,

Corollary 2.122 If an l-generated Pl-algebra A has degree m = deg(A), then,
over the set of words of degree < [m/2], A has the height

H(l,m) = ((m+ 3)ml™ — 1) - m*™/#+ 4 i™/2,

Proof. By Amizur-Levitski theorem, PIdeg(A4) < deg(A4)/2. O

2.2.7 The height theorem and Kurosh problem

Let A be a Pl-algebra and M C A be its s-base. Then, if all elements in M are
algebraic over K, then A is finite-dimensional (Kurosh problem). The following
theorem can be considered as a inversion of this statement.

Theorem 2.123 Let A be a Pl-algebra and M C A be a subset in A, such that
each projection m : A @ K[X] — A’, where the image w(M) is integral over
m(K[X]), is finite-dimensional over m(K[X]). Then M is a s-base of A.
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Remark. a) As the following example will demonstrate, the direct inversion
of Kurosh problem is wrong in the non-graded case. Let A = Q[z, 1/z]. Each
projection 7, such that 7 (x) is algebraic, has a finite-dimensional image. But,
the set {z} is not a s-base of A. The boundedness of the essential height is a
non-commutative generalization of the integrality condition.

b) Let us note that, in the case of Lie Pl-algebras, Kurosh problem has a
positive solution, but the height theorem is not valid.

c¢) The theorem can be generalized for good varieties (see Appendix A).

Proof. We shall need some auxiliary statements.

Lemma 2.124 If an ideal I and the quotient algebra A/I have bounded essen-
tial height over (the projection) of M, then A also has a bounded essential height
over M. |

By |M]| will be denoted the number of elements in M, p = deg(A), by a
word we understand a word from A generators and elements from M. If D is
a finite set of words, then by /(D) will be denoted the maximal length of word
in D. The following statement can be derived from the pumping over lemma in
the same way, as Theorem 2.120.

Lemma 2.125 Let each word of length k can be linearly represented by elements
of the form tits .. .ts, where, either t; € D, ort; = mf", m; € M, for all i, and
s <2|M|p+1. Then, if k > 2(2|M|p+ 1))|D| - I(D), then M is a s-base in A.

The idea of the proof. By substituting a word of length k& by word of the
above defined form, and, by deleting with the pumping over all > p-th powers
of elements from M, we shall diminish the word length. The complete proof
uses the width notion and is analogous to the proof of proposition 2.117. O

The following proposition is a consequence of Lemma 2.125.

Proposition 2.126 Let A be a finitely generated algebra and (M) be a s-base
in A/I. Then there exists a finite set of elements {I1,...,I,} C I, such that
MuU{l,...,I,} is a s-base in A.

Proof. The module A, which is generated by words (from A generators and
elements from M) of degree < k, is finite-dimensional for all k. There exist
H € N and a finite set D = D(w(M)) (from the definition of the essential
height), such that Ay, is linearly representable by elements of essential height H
with respect to D, modulo a finite linear combination (which depends on k) of
elements from I. It remains to choose k sufficiently big (for the condition of the
previous lemma to be satisfied) and use the circulation lemma. O
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Remark. a) In the homogeneous case it is enough to use only the circulation
lemma.

b) This proposition allows to construct inductively the following interesting
Shirshov base M = U}_; My, where n is A complexity, M; is the set of A
generators and M; is the set of central polynomials in the algebra of generic
s-generated ¢ x ¢ matrices. Their number equals (see [17]) to the transcendence
degree of the center of the algebra of generic matrices and PIdeg(M;/id(M;)) <
Q.

Let us come to the theorem’s proof.

Step 1. The passage to the factor by the radical. Using the induction on the
nilpotency degree of the radical, we assume that the essential height of each f.g.
ideal I from R(A) is bounded. If we assume the theorem validity for semiprime
algebras, then the condition of Lemma 2.125 will be satisfied modulo such ideal.
It remains to use Lemma 2.125. (The more accurate reasoning uses only Amizur
theorem about the local nilpotency of the radical).

Step 2. Using the primary decomposition and Lemma 2.124, we come to the
case of a prime A.

Step 3. It is known that a prime algebra A can be embedded into a prime
algebra A’, which is finite-dimensional over its center. Moreover, if A is finitely
generated, then Z(A') is finitely generated also, is integrally closed and is the
integral closure of A, A" = A ®z4) Z(A'), and for some h € Z(A), h # 0,
A'h C A. By applying Lemma 2.124 to the ideal id(h), we pass to the case of
an algebra, which is finite-dimensional over its integrally closed center.

Step 4. The reduction to the case of the matrix algebra over an integrally
closed commutative ring. There exists a finite integral extension Z' of the center
Z, such that A" = A ®z(4) Z' is isomorphic to the matrix algebra Mat, (Z")
and Z' contains all eigenvalues of elements from M. Let M be a s-base in A'.
Then, if a is an arbitrary element in A, then a = ) A\;z; is the sum of terms
of the essential height H over M, where A\; € Z' are linearly independent over
the field of fractions of Z and z; € A. In this case all terms with \; ¢ Z can be
ignored and a is equal to some x;.

The end of the proof. Obviously, the condition “M is a s-base in A” is equiv-
alent to the condition “M’ is a s-base in Z”, where M’ is the set of eigenvalues
of elements in M. So we come to the commutative case, which validity is a
direct consequence of the theorem’s conditions.

Remark. “The Kurosh condition” was formulated in terms of the extension
A® K[X]. We can take an alphabet with one generator for X, because, if M’ is
not integral over K[X], then some = € X is not integral over M’ in some factor
of K[X] of transcendence degree 1. We can take, for example, the function ring
on a curve, which pass through a singularity of the element z.

Remark. The question about the local finiteness of algebraic PI-algebras was
formulated by A.G.Kurosh. The positive answer to this question was given
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by I.Kaplansky. His proof was non-constructible. The first combinatorial proof
was obtained by A.L.Shirshov, as a consequence of the height theorem. However,
this original proof gives only recursive estimation. Further, the estimation was
improved by A.T.Kolotov and A.Ya.Belov. In the case of zero characteristic,
M.Nagata and G.Higman proved the nilpotency of (not necessary finitely gener-
ated) nil-algebras of index n. They also obtained an exponential estimation on
the degree of nilpotency. Yu.P.Razmyslov improved this estimation up to n2.
(In the case of positive characteristic, the global nilpotency cannot have place.)
The local finiteness of algebraic Lie PI-algebras in the case of zero characteristic
was proved by A.L.Kostrikin. E.I.Zel’manov proved this fact in the general case
and also proved the global nilpotency of an Engel Lie algebra in the case of zero
characteristic.

2.2.8 Algebras over an arbitrary associative-commutative ring

Notations. We shall consider algebras over an associative-commutative ring
® > 1. Such algebra is called a PI-algebra, if in it holds a polylinear identity,
such that one of its coefficients equals 1. It will be necessary for us to change the
definition of complexity, by ignoring the algebraic radical. Let 21 be a variety of
algebras, then by 9t will be denoted the variety of algebras, which is defined by
the uniform, with respect to each variable, components of identities, which are
valid in 9. The complexity PIdeg(9M) of a variety 91 is the maximal n, such
that for some prime factor F' of the ring ®, ML € 9. The equivalent definition
is: PIdeg(9M) is the maximal n, such that an algebra of n x n matrices with the
infinite center belongs to M. By alg(A) will be denoted the set of elements in A,
which are integral over ®. Let GT(A) be the ideal, generated by homogeneous
components of identities, which are valid in A; let A = A/GT(A) and 7 be
the natural projection; let R(A) be the radical of 4, R'(4) = n~1(R(A)); let
m = deg(A) and g be an identity, valid in A; let A\f(g) be a relatively free
s-generated F-algebra in the variety, defined by the identity g; let T'(St,) be a
T-ideal, generated by the standart identity of degree n; by |M| will be denoted
the number of elements in a set M.

Radical properties of homogeneous components of identities

Theorem 2.127 Let A be a relatively free ®-algebra. Then the set of integral
over ® elements is a locally integral ideal ALG, such that the factor A/ ALG
doesn’t contain any integral over ® elements. All homogeneous components of
identities belong to ALG. If ® is a Noetherean ring, then tnere exist M, N, K,
such that the equality (z™ — 2N)X =0 holds for each x € ALG.

This theorem is a consequence of the following proposition.

Proposition 2.128 a) Let F be a field, |F| > deg(g), F' > F. Then AF (g)®p
F' = A[ (g).
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b) Let x be a homogeneous component of g. Then the center of each prime
factor, with a nonzero image of x, contains not more, than deg(g) elements,
and the factor itself contains not more, than deg(g)°8\9) elements.

Let K = deg(g)dee(9),

¢) If © € alga(A), then x*5' — xK' € Rad(A) and there evists N, such that
(22K — KN = .

d) GT(A) C alg(A) and constitutes an algebraic ideal.

e) Let A be a relatively free algebra, then alg(A) = R(GT(A)). If ® is
Noetherean and A is a f.g. algebra, then (alg(A))! C GT(A), for some t € N.

Proof. a) If |F| is greater, than the degree of g, then in both AF (g) and AL (g)
homogeneous components of g and all their linearizations hold (see [20]). Hence,
Al (@er F' = A (9).

The implications a)=>b)=-c)=-d)=-e) are obvious. (The implication a)=b) is
a consequence of the classification of finite simple associative algebras — matrix
algebras, over a finite field. The proof of the implication d)=-€) uses Razmyslov-
Kemer-Braun theorem about the nilpotency of the radical). O

Remark. Analogs this proposition and Theorem 2.127 are valid for varieties of
non-associative algebras, such that their radical is nilpotent, all simple algebras
with a finite center are finite and prime algebras can be embedded in direct
sums of simple algebras.

Proposition 2.129 If the standart identity Sto,, holds in a ®-algebra A, then A
has the, bounded by H, height over the set Y of words of degree < n. Moreover,
H can be estimated as in Theorem 2.121:

H = ((2n + 3)2n*"* — 1) - 401" (2n + R) + 2nl",
where 1 is the number of A generators.

Proof. We can assume that A is a relatively free algebra in the variety, gen-
erated by the standart identity Sto,. It is enough to prove that, for each p,
all words of length p in an absolutely free algebra Z[zi,...,zs] are linearly
representable, modulo T'(St2,), by words V,, i of length p and height < H.
Let L be a Z-module, generated by words of length p, M = L N [T'(Stay) +
(Vo,r)], N = L/M. Let us note that the estimations in Theorem 2.121 don’t
depend on the ground field, hence, by the right exactness of the tensor product,
we have that for each prime ¢, N ® Z; = 0. As the Z-module N is finitely
generated, then, by Nakayama lemma, N = 0. O

The following theorem is a consequence of the above considerations.

Theorem 2.130 A finitely generated algebra A over an associative-
commutative ring ® with the unit has a bounded height over the set of words
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of degree not greater, than n = Pldeg(A). If A is relatively free and Y is a
Shirshov base in A, which consists of words, then for each word u of length < n,
Y contains a word, which is cyclically conjugate to some power u®. If a set Y
has this property, then' Y is an s-base in A, and, if besides that, Y contains all
generators of A, then Y is a Shirshov base.

Remark. It will be interesting to get a direct combinatorial proof of this theo-
rem, without using the “radical” reasoning. Let us note that the Noetherity of
the ground ring ® was not used.

2.3 Regular words and Lie algebras

The word combinatorial technique in Lie algebras is based on the correspondence
between regular words in the enveloping algebra U(L) and leading terms of
images of elements from L. Therefore, the problems about the combinatorial
analysis of regular words can be stated. This section is devoted to such problems.

Let us remind two definition, which were formulated in the beginning of this
work.

Definition 2.131 A word u is called n-encountered in a word W, if W has n
non-ovelapping occurences of u. A system of words I/ is called k-encountered in
a word W, if some word from U is k-encountered in W.

Definition 2.132 A word is called non-improvable, if it cannot be represented
as a linear combination of lexicographically smaller words.

2.3.1 Superwords, regular words and the relation >

The lexicographic ordering > doesn’t garantee the linear ordering. There-
fore, either the extension of > — the ordering > (which was introduced by
V.A.Ufnarovski) is considered, or right superwords are studied. In this section
we shall prove that the technique of right superwords allows to prove all main
properties of this relation. We shall need

Proposition 2.133 Let b > a and Wy, Wy be right superwords, such that
Wa(a,b) = Wi(a,b). Then Wy(ab,b) > Wi(ab,b), Wa(a,ab) > Wi(a,ab),
W2(ba7 b) - Wl (ba7 b); W2 (aa ba) - Wl (aa ba)7 Wl (baa) - W2 (baa)'

Definition 2.134 f > g, if for each two right superwords Wi, W, such that
Ws(a,b) = Wi(a,b), when b > a, the inequality Wa(g, f) = Wi(g, f) holds.

The image of the set of finite words is dense in the set of superwords. Let us
note that each finite word uniquely corresponds to the right superword u>°. To
equivalent words correspond the same superwords. The relation > corresponds
to the relation = on the set of superwords.
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Proposition 2.135 a) The relation > doesn’t depend on the choice of W1 and
Wy and is correctly defined.

b) In partiqular, f > g, if [ = g (i.e., f™ = g", for some m and n).

c) If f = g, then f > g.

d) The relation > is a relation of a linear ordering on the following set of
equivalency classes: f ~ g, if for some s, f = st, g = s*.

Proof. Item a) is obvious, item b) is a direct consequence of a). The transitivity
of > is a consequence of b). Let us prove c¢) and d). If f and f are comparable,
then all is proved. Otherwise, either f = gh, or ¢ = fh, and we can use the
above proposition and the induction on the length |f| + |g|. O

Corollary 2.136 (the betweenness theorem) Let f > g, then f > fg >
9f>g. O

With the help of the analogous inductive descent the following lemma can
be proved.

k

Lemma 2.137 Let uv = vu, then u = s, v = s™, for some s. O

G.Bergman [68] generalized this result. He proved that two commuting
elements of a free algebra are polynomials from one element.

Definition 2.138 A word u is called regular, if one of the following equivalent
conditions holds:

a) If uyus = u, then u > ugu;.

b) If ujus = u, then u > us.

c) If uyus = u, then uy > u.

A word w is called semiregular in the following case: if u = ujus, then, either
U > Uz, Or Uz is a beginning of w.

The correctness of this definition is a consequence of the betweenness theo-
rem.

Let us note, that to each nonperiodic word uniquely corresponds a regular
word, which is cyclically conjugate to it.

To each regular word u uniquely corresponds a Lie monomial, such that the
given word is the leading term of this monomial after removing the parentheses.
The set of such monomials is called the Hall base. The correspondence is defined
by induction: let f is represented, as f = gh, where ¢ > h and f and ¢
are regular words. Let Lie monomials are corresponded to g and h. Let, for
example, x > y > z. Then to the regular word zxzzyzxy corresponds the
following bracket pattern [[[z[zz]][z][yz]]][zy]]. It is known that thus obtained
regular non-associative words constitute a base of a free Lie algebra L. Hence,
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Tr,(n) equals to the number of regular words of length n. It can be computed
by the inverse Mobius formula [79]:

Tyn) = = 3 p(dym"/".

d|n
We shall use the following

Proposition 2.139 Let W be a sequence of left multiplication operators in a
Lie algebra L, v be a regular subword in W, [v] be the left multiplication operator
on the element, which is produced by the means of the correct arrangement of
brackets in the word v. Let W = cvd, W' = c|[v]d, then the mazimal word, which
can be obtained after removing the parentheses in [v] is W. a

Now we shall present a collection of statements about regular words from
V.A.Ufnarovski survey [55].

Proposition 2.140 Each word of the form g™ contains the (n — 1)-th power of
a regular word. a

Definition 2.141 Let f > g, if, either f = g, or f and g are incomparable and
the length of f is strictly less, than length of the g.

Proposition 2.142 If f and g are reqular words, then f > g < f > g. More-
over, the word fg is reqular in this case. a

Proposition 2.143 Let h be the mazimal in length reqular end of f, f = gh.
Then

a) for each proper end k of the word f, either h ~ k, or h > k;

b) the regularity of f is equivalent to the condition that g > h. In this case
g is also regular;

¢) each regular subword in f is, either a subword in g, or a subword in h, or
a beginning of f, which intersects h. a

Proposition 2.144 If ab and bc are reqular words and b is nonempty, then abc
18 a reqular word. O

Proposition 2.145 If a and b are reqular words, then the regularity of ab™ is
equivalent to the condition that a > b. Hence, the reqularity of ab is equivalent
to the regularuty of ab®, for all k. a

Theorem 2.146 Each word f can we uniquely represented as a product f =
fife ... fn, where f; are reqular words and fifs... fn. a
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2.3.2 Regular words and the height boundedness

Using the finiteness of the number of regular words of length < n, we have the
following theorem.

Theorem 2.147 a) The set of words, which don’t contain a regular subword of
length > n, has a bounded height over the set of regular words of length < n.
This height equals to the number of such words.

b) For each n and N, an infinite word W contains, either a regular subword
of length > n, or the N-th power of a regular word. O

Proposition 2.148 If u ia a regular word and |u| > k, then u contains a
regular subword u', such that k < |u'| < 2k. O

Proposition 2.149 Let [ € N. Then the set W of words, for which the collec-
tion R of reqular words of length < k is not l-encountered, has a bounded height
over over the set of regular words of degree < k.

Proof. We use the induction on [. By the previous proposition, if a word W
contains a regular subword from R, then it contains a regular subword from R
of length < 2k. Let W = WivW,, where v is a regular word from R. In the
word Wi the collection R is not more, than z-encountered, in the word W5 the
collection R is not more, than y-encountered, and ¢ +y <[ — 1. |

Remark. Actually we also proved that VW has the essential height, which is
equal to (I — 1)x(the number of regular words of length < k).

Proposition 2.150 The product of two regular words g and h is reqular, only
when the following two conditions hold: a) g > h; b) if g = ab and a and b are
reqular words, then h>b. |

This result can be generalized (see Theorem 2.159).

Corollary 2.151 Each superword contains, either the n-th power of a reqular
word, or a k-divided subword. O

Lemma 2.152 (on substitution) Let Wd(z1,...,z,) be the set of words over
the alphabet X = {x1,...,xs}. Let x5 > -+ = x1. Let the letter x;; corresponds
to the word wzx{ (i =2,...,8; j =0,dots,00). Let x;j > i, if, either i >k,
ori=kandj <l. Let X' = {x;;} be the new alphabet. Then

a) the substitution x;; — zix! , which maps Wd(X') into Wd(X), preserves
the relations ~ and >. The image of this map is the set of all words in Wd(X),
which don’t begin from x1 (and only them);

b) this substitution maps regular words into regular and to the regular ar-
rangement of brackets in an initial word corresponds the regular arrangement in
the image of this word (if we make the additional arrangement [...[x;z1]...21]);

¢) if xij # xp, then the images of words x;jx,s and Tyxq, are lexicographi-
cally comparable.
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This lemma is a direct consequence of Propositions 2.140, 2.142, 2.150.
O

The process, described in the above lemma, is called the elimination and
it is often used in the reduction reasoning. It is important to remember, how
many letters were used in the construction of a new variable. Hence, we mark
each letter with its uniformity degree. The uniformity degree (the norm) of a
word is the sum of powers of letters, occured in this word (multiplicities taking
into account), and it is denoted by || .. .||

Let us define now the inverse map from Wd(X) into Wd(X'). z; is the
lowest letter in the alphabet. Let W € Wd(X); W = z¥W, where k > 0 and W
doesn’t begin with z;. Then W is the image of some word W' € Wd(X").

In other words, W' is obtained be deleting of the lowest variable x;: we
delete z; from the beginning and arrange inner powers a:ja:’f — xjk. Let us
note that xjx’f > z; and the lowest letter in W' corresponds to a greater word,
hence, the elimination process allows to construct increasing (with respect to
the > relation) chains of regular words.

Proposition 2.153 Let a word W doesn’t contain any occurences of V. Then
o) [Wl 2 W[l = (n=1) - llzl, W] 2 [W]/(n+1) = 1;
b) the mazimal norm ||x;;|| of elements from X' is not greater, than (n—1)-
[l || + max[fa]. O

The following statement is a consequence of 2.142.

Proposition 2.154 Let u and v be lexicographically incomparable regular
words. Then the condition u > v is equivalent to the condition “u is a beginning
of v”. a

Therefore, the number of regular words, which are incomparable with u and
are greater, than u (with respect to the > condition), is not greater, than |u|—1
and, hence, is finite. We have the following

Proposition 2.155 a) An infinite increasing (with respect to the > condition)
chain of reqular words contains an infinite chain of lexicographically increasing
words.

b) For each function F(n) there exists a function G(n), such that from each

increasing chain of length G(n) of regular words u;: up < uy < -+ < Ug(n),
such that |uo| = 1 and |u;| < F(maxj<; |uj|), for all i, we can select a chain of
length n of lexicographically icreasing words. a

The following statement is a consequence of Propositions 2.155 and 2.153.

Corollary 2.156 There exists a function H(n,k), such that each word v of
length > H(n,k) over an alphabet of k letters contains, either the n-th power of
a regular word, or n lezicographically comparable regular subwords. a
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Definition 2.157 A word W is called strongly n-divided, if it is of the form
W =wuqv ... upvptnt1, where vy > va > -+ > v, and all words v; are regular.

The following proposition is analogous to Proposition 2.24.

Proposition 2.158 If a word V contains n pairwise comparable reqular sub-
words and is n-encountered in a word W, then W is strongly n-divided. O

Theorem 2.159 (E.I.Zel’manov) There ezists a function G(n, k), such that
each word of length > G(n, k) over an alphabet of k letters, either contains the
n-th power of a reqular word, or is strongly n-divided.

Proof. In a word of length G(n,k) = n - H(n, k) - k("% some word of length
H(n,k) is n-encountered. It remains to apply the previous proposition and
Corollary 2.156. m|

Remark. The kernel of our reasoning is the elimination of variables. The
original proof of Shirshov height theorem has an analogous structure.

The following proposition is a consequence of the above reasoning.

Proposition 2.160 There exists a function T(n,k), such that each word of
length > T'(n, k) contains, either n lezicographically comparable regular words,
or a subword of the form cu™, where ¢ > u and ¢ and u are regular words (hence,
the word cu® is regular, for all i). O

Proposition 2.161 a) Let u = t, then u*t = u't, if k > I.
b) Let t = u, then u*t = u't, if k < 1. O

Proposition 2.162 (“the pumping over”) a) Let t; > u and k; > n, for all
i. Let a word W is of the form

W = vocu® tyvycuk?ty .. v,_ubrt,v, =

n knfnt

= vocuu’“*lh e Up_1CU Y nUn-

If 0 € S, then let

W, = vocu” Dufr 1t v1cu”Pub2 2ty vy cu”MukFr 0,

Then W = W, for each non-identical permutation o.
b) Let u > t; and k; > n, for all i, and let W be of the form

W = vocukltlvlcukztg .. .vn_lcuk"tnvn =

k1—nt1 i 1 kn

= vocu"u o Up—rcut i T v,

If 0 € S, then let

nfl)uk2fn+1t2

W, = vocu” ™M uF " vy cu’! g cu Dyl g

Then W = W,, for all o # id.
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Proof. a) Let us consider the minimal A, such that o(\) # A. Then o(\) > A
and we can use the previous proposition. The proof of item b) uses the analogous
reasoning: the consideration of the maximal A, such that o()\) # . |

Remark. In the “mixed” case the partition of powers u*¢, such that k; =
ki + kI', is constructed from the left to the right: if ¢; > wu, then k] is the
maximal, not previously used, number in the set {1,...,n}, and, if u > ¢;, then
k! is the minimal, not previously used, number in the same set. Then, as before,
W > W,, for all o #id.

Definition 2.163 We say that a sparse identity holds in a Lie algebra, if there
exist coefficients a,, o € S, such that the following equality always holds

Z Qg - [yaxa'(l)azla <5 Rk Lo (2) Rhi+1y -+ -3 Rkar La(3)) - -+ s ka_uxo'(p)] =0.
oES,

Let us sum the obtained results.

Proposition 2.164 Let a sparse identity of degree n holds in a Lie algebra,
and let W be a non-improvable word. Then

a) this word W is not a strongly n-divided word;

b) a word of the form vs™, where v > s and v and s are regular words, is
not a 2n-encountered word.

Proof. The item a) is a consequence of Proposition 2.23. If a word W is of
the form W = vocu® tv1cu®?ts . . . vo,_1 cu¥2 s, v, then there exists a set of n
subwords cu®it;, such that all #; satisfy, either the condition of the item a), or the
condition b) of Proposition 2.162. With the help of the sparse identity, W can
be represented as a linear combination of words W, , which are, by Proposition
2.162, lexicographically smaller, than W. But W is non-improvable. We got a
contradiction. m|

Theorem 2.165 (S.P.Mizshenko) Each k-generated Lie algebra, in which a
sparse identity of degree n holds, has a bounded height over the set of regular
words.

Proof. Let us prove that the set of non-improvable words has a bounded height.
By Propositions 2.160 and 2.164, there exist a function R(n, k), such that each
regular word of length greater, than R(n, k), is not a 2n-encountered word. But,
then the theorem is a consequence of Proposition 2.149. O

With the help of the same combinatorial technique we can prove the following
result due to G.Higman.

Theorem 2.166 Let W be a superword over the alphabet {z1,...,xp—_1}, where
p s a prime number. Then the sum of all indeces of variables (multiplicities
taken into account), either in a beginning subword, or in some regular subword
in W is divisible by p. a
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2.3.3 On sandwiches

The superwords technique allows to prove the famous lemma about sandwiches,
which is used in the proof of the local finiteness of algebraic Lie algebras.

Definition 2.167 An element z in a Lie algebra is called a sandwich, if
ad(z)? = 0 and ad(z) ad(y) ad(z) = 0, for each y in the algebra.

If the characteristic of the ground field is different from 2, then the second
condition is a consequence of the first. It is easy to see that the commutator of
two sandwiches is also a sandwich.

Lemma 2.168 (on sandwiches, A.L.Kostrikin) If a Lie algebra is gener-
ated by sandwiches, then it is locally nilpotent.

Proof. Let {y1,...,yn} be a finite set of sandwiches. Using the compactness
lemma and Theorem 2.169 (see below), we can prove that each word U of length
n over an alphabet of n letters contains a subword of the form fgf, or of the
form f2, where f and g are regular words. If we make a correct arrangement
of brackets inside f and g, then, after the removing of them, the leading word
of the result coincides with U. But the correct arrangement of brackets gives
us the sandwiches [f] and [g], so we get a zero word in result. Hence, each
word of length n in the algebra of left multiplications is linearly representable
by lexicographically smaller words. Then we shall get a contradiction, if we take
a minimal nonzero word. a

Theorem 2.169 Each infinite word W contains, either the square of a regular
word, or a word of the form fgf, where f and g are regular words.

Proof. (I.Bakelin.) It is enough to prove the existence of subwords of the form
ffor fgf, where f is a semiregular word and g is regular. Indeed, if f’ is an
end of f, f' > f, then f’ is a beginning of f, the word ff contains the word
f'f', the word fgf contains f'gf', f' is semiregular and |f’| < |f|. It remains
to use the induction.

Then we can assume that W is a u.r. right superword, which is lexicograph-
ically the greatest in the set of all right superwords with the same set of finite
subwords. In this case each beginning (W), is a semiregular word. The pe-
riodic case is obvious, so let W be non-periodic. As W is u.r., then (W), is
infinitely-encountered in W. For each natural n € N let us mark the starting
position of the second occurence of (W),. (The first occurence is in the begin-
ning.) Let b be a letter, which occurs infinitely many times in marked positions.
Then bW has the same set of finite subwords, as W. Let us consider one such
position. Let W = (W), b(W),,, bW = b(W);b(W),,. The letter b is a regular
word, therefore, if (W); is regular, then bW (and, hence, W also) contains a
subword of the required form b(W);b. Otherwise, (W), = (W),U, U > (W),
and, by the semiregularity of (W);, U is a beginning of (W), i.e., U = (W)y.
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By the property of marked positions, k& < n. Hence, (W) is a beginning of
(W), and W contains the subword (W)b(W);, of the required form. |

Problems of Burside type in Lie PI-algebras can be solved with the help of
the sandwiches method. The reasoning here is as follows. By factoring by the
maximal locally nilpotent ideal, we come to an algebra without nonzero locally
nilpotent ideals. In particular, such algebra has a zero center and such algebra
has an exact embedding into the algebra of left multiplications. Then we have
to find a Lie polynomial, such that all its values are sandwiches. As its image
is an ideal, then, by the sandwiches lemma, this ideal is locally nilpotent, and
we get the required contradiction.

2.3.4 On the combinatorial analysis specific character in Lie algebras

In the associative case we have a polynomial growth of f.g. PI-algebras. This
fact is a consequence of the height theorem. But, a Lie algebra, generated by
generic vector fields on a manifold, is relatively free and can have an intermediate
growth: V7, (n) ~ ¢V™. The simplest such algebra is the algebra of vector fields
on the real line. We can assume, that one of those fields is d/dz, then this
algebra L can be considered, as the algebra of functions with the bracket [f, g] =
f'g — fg'. d/dz corresponds to the function f = 1. As L doesn’t have the
exponential growth, then it has relations; as it is generated by generic fields,
then it is relatively free and, therefore, is a Pl-algebra. On the other hand,
the height theorem doesn’t hold in L, because it has an intermediate growth
(hence, the sparse identity doesn’t hold also). Therefore, there exists a non-
periodic u.r.superword, which doesn’t contain a descending chain of regular
subwords, which occured in succession. An example of such subword was given
by A.D.Chanyshev.

At first, the specific character of Lie algebras must be studied for Lie algebras
of vector fields. The exact description of bases is very difficult even in the asso-
ciative case, therefore we have to describe bases approximately, i.e., to construct
more and more “narrow” sets of elements, which generate the algebra, as a vec-
tor space. The other method is to construct bases in “close” extensions. In the
algebra of functions with the operation [f, g] = f'g — f¢', for example, which is
generated by f and 1, components of functions, which are produced from mono-
mials of degree n, are of the form (f(V)kr (ks ny > ny > ... > ny,
> nik; < n. The intermediacy of the growth of this algebra is a consequence of
this formula.

The study of the algebra radical is difficult, because we don’t have a classi-
fication of simple Lie PI-algebras. We think, that this is impossible to obtain
such classification. The fact is that a set of vector fields, which components
satisfy a complete system of algebraic differential equations, generates a simple
Pl-algebra. The problem about the isomorphism of such algebras is, proba-
bly, algorithmically unsolvable (we think that this fact can be derived from
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Y.M.Matiyasevich result). To obtain a proof of this statement is an important
task. Therefore, the classification of simple Lie Pl-algebras is possible up to
varieties, generated by them (or, which is the same, up to universal attractors
in suitable categories of simple Lie algebras). And, at first, Lie algebras of
vector fields and their “almost bases” must be studied. It is true that simple
algebras correspond to G-structures, which allow a description? Let us rewrite
the equality [f,g] = flg—¢'fas[f.gl=fOg—gOf, fOg=fg=Vyf),
where V is a connectedness on the real line. To each plane connectedness V
corresponds the operation ®, such that [f,g] = f © g — g ® f. This operation
can be useful in study of Lie algebras of vector fields. A G-structure, of course,
can have a curvature and doesn’t admit a plane connectedness. Therefore, the
problem arises about embeddings of a Lie PI-algebra into the Pl-algebra A~
with the operation f ©® g = V(g).

Problems about the growth of algebras are also interesting. Is it true that
the growth of a f.g. Pl-algebra is not greater, than ¢V™? (For Lie algebras
of vector fields on finite-dimensional manifolds it is true.) Also interesting is
the problem about the number of subwords in a word, which doesn’t contain a
descending chain of length n of regular subwords, which occurs in succession.

Probably, to obtain a constructible proof of E.I.Zel’manov results we have
to learn, at first to spoil, and then to improve: the naive approach of the direct
simplification is without perspectives here.

The notion of the canonical form and many results about the combinatorial
analysis in Lie algebras can be generalized to the “supercase” also (see [39], [85],
[40], for example).

2.4 The growth of algebras and radical properties

In this section we shall prove the absence of algebras with the growth fuction
between linear one and the function n(n+3)/2. (Let us remind that this problem
can be reduced to the monomial case.) The proof is based on the consideration
of relations between radicals and superwords. Let A be a finite alphabet of
more, than one letter. An algebra A is called an algebra of the slow growth, if
Va(n) = O(n).

Definitions. Let W be the set of words, which occur in words of A on arbirary
big distance from an end, and Wy, be the set of words, which occur in words
of A on arbitrary big distance from a beginning, and Wgr — from both ends
simultaneously. Let Tr(n) be the number of words of length n in Wg and
Tp(n) and Tgy(n) be the same for Wi, and for Wgy,, respectively. Let J, =
id(Wd(A)/W¢), Jp =id(Wd(A)/Wr), Jrr = id(Wd(A)/WrL).

ObViOUSly, Wgrr CWrnWy, Jrp+JL D JrL, TRL(T’L) < min(TL(n),TR(n)),

for all n, T'(n) > max(Ty(n),Tr(n)), for all n.
The following example demonstrates that these inclusions are proper.
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Example. A = F(a,b)/id(aba,b?). All words in this algebra are of the forms
a™, b, a™b, ba™, hence, b can be occured in an arbitrary big distance from both
ends, but not from both ends simultaneously.

By the finiteness of the set of words of a bounded length, the following
statement is true.

Proposition 2.170 Let A be a f.g. monomial algebra. Then there exists a
function k(n), such that for each word u of length < n the following condition
holds: if u can be occured on the distance > k(n) from the right end, then
w € Wr, ifu can be occured on the same distance from the left end, then uw € Wg,
if u can be occured on the same distance from both ends simultaneously, then
u € Wgr. a

The sets Wgr, Wg, Wi can be characterized in terms of superwords. By
the compactness considerations (see Lemma 1.32), we have

Proposition 2.171 Wy, is the set of words, which occur in a left superword,
Wgr — in a right superword, Wgrr — in a superword. O

Corollary 2.172 J,(A/JL) =0, Jr(A/Jr) =0, Jrr(A/JrL) = 0. O

Remark. Let us note that the ideals Jr, Jr and Jg are nilpotent and belong
to Bo(A) — the union of all nilpotent ideals. But, in a general case, Bo(A/By) #
0.

By the periodicity theorem (Corollary 2.54) and the above considerations,
we have

Proposition 2.173 a) Trr(n+1) > Trr(n), Tr(n+1) > Tr(n), Tr(n+1) >
TL(n)

b) If the equality Tr(n + 1) = Tr(n) holds, then all right superwords are
pseudoperiodic of order Tr(n), if T(n + 1) = T (n), then all left superwords
are right pseudoperiodic of order Tr,(n), and, if Trr,(n + 1) = Tri(n), then all
superwords are pseudoperiodic of order Try(n). O

Proposition 2.174 a) If Tr(n + 1) = Tr(n), then each word in A is uniquely
defined by its beginning subword of length n and its end subword of length k(n).
For Ty, (n) the analogous statement holds.

b) If Tr(n + 1) = Tgi(n), then each word in A is uniquely defined by its
beginning and its end subwords of length n + k(n). In this case each word in A
is of the form swot, where wy is quasiperiodic of order Trr(n) and s and t have
length < k(n). Each word in A is a product of a word from Wg and a word
from Wp.

c) If one of the inequalities Try(n + 1) > Tgrr(n), Tr(n + 1) > Tr(n),
T (n+1) > Ty (n) becomes the equality for some n = ng, then all this inequalities
become equalities for n > ng + k(ng) and the function T'(n) is bounded.

81



d) If Tri,(no + 1) = Trr(no), then A has the slow growth, beginning from
2no + 2k(no); if Tr(no + 1) = Tr(no) or Tr(no + 1) = TL(ng), then A has the
slow growth, beginning from ng + k(no).

e) The conclusion of the item d) holds, if the equality of the form T (ng+1) =
T(ng) is substituted by the inequality T (ng) < ng + 1.

f) IfTa(n+1) <n+1, then A has the slow growth.

g9) If Va(n+ 1) < n(n + 3)/2, then A has the slow growth.

Proof. The items a) and b) are consequences of the previous proposition, the
items c) and d) are consequences of a) and b). The item e) is a consequence of
those fact that, if T'(1) # 1 and T'(n) < n+ 1, then T'(n + 1) < T'(n). The item
f) is a direct consecuence of ¢) and the item g) is a consequence of the equality
S (i+1)=n(n+3)/2. 0

The following theorem is a consequence of Proposition 2.174 b).

Theorem 2.175 a) If A has the slow growth, then, for n sufficiently big,
TA(n) < TR(n)-_TL(n).

b) Let d = imT (n), e = imT'(n), then e > d.

¢) The following limits lim, oo (T4(n) —n) and lim, o (Va(n) —n(n+3)/2)
always exist. O

3 Uniformly reccurent words and radicals in
monomial algebras

In this chapter, for simplicity sake, we shall consider only monomial algebras
without unit.

3.1 The nilradical and the Jacobson radical

There are no simple monomial algebras (except the zero algebra), so the correct
analog of the simplicity notion is the notion of almost simplicity. A non-nilpotent
algebra A is called monomially almost simple, if each its factor, by an ideal,
generated by a monomial, is nilpotent; A is called almost simple, if each its
factor is nilpotent. Obviously, each almost simple algebra is monomially almost
simple. By a word in A we shall understand a nonzero word, by an infinite word
— an infinite word without zero subwords. By k will be denoted the number of
letters in the alphabet, under consideration, or the number of generators in the
algebra.

Definition 3.1 Let W be an infinite word. Then Ay is an algebra, such that
all its relations are of the form v = 0, where v is a word, which is not a subword
in W.

82



The following theorem presents a description of all almost simple and mono-
mially almost simple algebras.

Theorem 3.2 Let A be a monomially almost simple algebra. Then there exists
a w.r. word W, such that A = Ay . This algebra A is almost simple, only if W
s not periodic.

This theorem is a consequence of Proposition 3.4 below.

Definition 3.3 a) A word c is called dense encoutered in an algebra A, if there
exist a constant M and arbitrary long nonzero words in A, such that each
segment of length M of such word contains c.

b) A word ¢ is called dense in an algebra A, if all, sufficiently long, nonzero
words in A contain c.

Let us remind that a word is called uniformly recurrent (u.r.), if each its
subword is dense encoutered in it. Let us note that, if A is monomially almost
simple, then each word in it is a dense encountered word. Indeed, the factor by
some word is nilpotent of index n, and this n can be taken, as a constant M
from definition.

Proposition 3.4 a) A word c is dense encountered in an algebra A, only if c
is dense in some superword W in A.
b) This superword W can be considered, as w.r. word.

Proof. Obviously, if ¢ is dense in W, then c is dense in the algebra. The inverse
statement can proved in the following way, let us consider a set of words {w;}
of unbounded length, such that ¢ occurs in each segment of w; of length M.
Now we can apply the lemma about superwords construction. The item b) is a
consequence of Theorem 1.21. O

The following theorem gives us the description of the nilradical in a monomial
algebra.

Theorem 3.5 N(A) is the intersection of all monomially almost simple ideals
in A. In other words x € N(A) & x is projected into 0 for each monomially
almost simple factor < if x = Y Nici, \i # 0, is a representation of x, as a
linear combination of words c;, then each c; is not a dense encountered word.

Proof. The theorem is a consequence of the following two propositions.
Proposition 3.6 Let a word u is not dense encountered, then u € N(A).

Proof. If u ¢ N(A), then for some {¢;} and {d;}, the sum =z = )" a;c;ud; is
not nilpotent. Let M = max(|c;| + |d;|) + 2|u|. Then each power of  is a linear
combination of words, such that an arbitrary segment of length M in each of
them contains u. |
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Proposition 3.7 Let a word u € N(A), then u cannot be dense encountered.

Proof. Let u occurs in each segment of length M of some superword W. Let
us represent W as a product of words c;u, such that each beginning segment of
ciu doesn’t contain u. As |¢;| < M, then there are only finite number of such
words ¢;. If =Y ¢;u, then z € id(u) and  is not nilpotent, because each its
power contains a subword, which is also a subword in W, and all terms, which
are produced after the removing of parentheses in (> c;u)™, are different. O

Proposition 3.8 Let A be an almost simple monomial algebra. Then its Ja-
cobson radical J(A) equals zero. O

Theorem 3.9 If an infinite word W is periodic with the period n, then Ay is
prime and representable. There exists a monomorphism of Aw into the algebra
of n X n matrices over a polynomial ring and also exists an epimorphism of Aw
onto the algebra of n X n matrices over the ground field.

Proof. The primarity is a consequence of those fact that for each two nonzero
words u,v in Ay, there exists a word w # o, such that uvw # 0. The construc-
tion of the Ay representation see in Chapter 5. a

The algebra A,, which corresponds to a periodic u.r. word w, is not almost
simple, for example, A,/id{u — u?} is not nilpotent. However, the following
proposition holds.

Proposition 3.10 If I # 0 is a homogeneous ideal in Ay, then A, /I is nilpo-
tent.

Proof. Let I 5 s = A\gcp + Ele Aici, |ci| = |eol, ¢ # co, for i # 0. Each word
R in A, of length > 2|u| + |¢o|, is of the form R = vjcyva, where |vi| > |ul.
Hence, I 5 v1svy = Agv1covs + Zle Aiv1¢iva = AgR, because the last sum, by
Proposition 2.3, equals zero. O

The following proposition was proved above (Theorem 2.49).

Theorem. Let W be a u.r. nonperiodic word. Then, if I # 0 is an ideal in Ay,
then I contains a monomial, hence, I contains all sufficiently long monomials,
so the quotient algebra Ay /I is nilpotent.

Corollary 3.11 a) If W is a nonperiodic u.r. word, then each ideal in Aw
contains a word and Aw is almost simple.
b) The Jacobson radical of a monomial algebra coincides with its nilradical.

Proof. The item a) is a direct consequence of the above formulated theorem.
The item b) is a consequence of Theorems 3.5, 3.2, 3.9, Proposition 3.8 and a).
O

Let us note that in the automata case we have N(A) = J(A) = B(A) (see
5.3). In the case of monomial algebras we have only that N(A) = J(A).
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3.2 Uniformly recurrent words and the classification of
weakly Noetherian monomial algebras

This section is dedicated to the classification of weakly Noetherian monomial
algebras. It is known that all left-Noetherian (right-Noetherian) monomial al-
gebras are automata algebras (Corollary 5.39). However, for weakly Noetherian
algebras (which satisfy the chain condition for ascending chains of bilateral ide-
als) it is not so. For example, if W is a u.r. nonperiodic word over a finite
alphabet, then the non-automata algebra Ay is finitely generated and doesn’t
contain any ideals with a non-nilpotent factor (see Theorem 2.49), hence, it is
Noetherian.

The description of weakly Noetherian monomial algebras can be done in
terms of u.r. words. A family U, which consists of (super)words, will be called
Noetherian, if it is finite and each element in I/ is either a finite word, or a
superword, which is a join of u.r. segments, after a deletion of a finite part. In
other words, each element in I/ belongs to one of the following types: 1) a finite
word;

2) a right superword of the form uW, where |u] < oo and W is a u.r.
superword;

3) a left superword of the form Wu, where |u| < co and W is a u.r. super-
word;

4) a superword of the form WiuWs, where |u| < co and W; and W are u.r.
superwords;

5) a u.r. superword.

Theorem 3.12 A monomial algebra A is weakly Noetherian & there exists a
Noetherian subset U, such that A = Ay.

The following statement is a direct consequence of this theorem.

Proposition 3.13 A weakly Noetherian algebra A is an automata algebra, only
if all uw.r. subwords of superwords from U are periodic. In this case to finite
words correspond segments of the graph, to w.r. words correspond cycles, to
words of the type 2 correspond cycles with ingoing segments, to words of the type
3 correspond cycles with outgoing segments, to words of the type 4 correspond
pairs of cycles, joined by a bridge. O

For the proof of Theorem 3.12 we shall need some auxiliary statements.

Lemma 3.14 Let a monomial algebra B contains a set of nonzero words of the
form cv;e, where |v;| = oo and, for each i, ¢ is not a subword in v;. Then B is
weakly Noetherian. a

Corollary 3.15 a) Let A be a weakly Noetherian monomial algebra. Then for
each ¢ € WdA(A) there exists a constant ¢(c), such that, for all w € Wd(A) of
the form u = cve, each segment in u of length ¢(c) contains c.
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b) If a right superword W has infinitely many occurences of ¢, then, beginning
from some position, each segment in W of length p(c) contains c. The analogous
statement is valid for left superwords.

¢) If a superword W has infinitely many occurences of c, both to the left
and to the right from the given position, then each segment in W of length o(c)
contains c. O

So, the infinite encouteredness is equivalent to the dense encounteredness,
moreover, the density is bounded from below for all superwords in an algebra.
We shall need the following proposition.

Proposition 3.16 The number of pairwise nonequivalent u.r. superwords in a
weakly Noetherian monomial algebra is finite.

This proposition is a consequence of the following lemma.

Lemma 3.17 Let {W;}$°, be an infinite sequence of pairwise nonequivalent
w.r. superwords. Then for some k there exist a finite word v C Wy and an
infinite subsequence of superwords {W;, }‘]?’;1, such that v doesn’t occur in W;, .

Proof of Proposition 3.16. Let {W;}32, be an infinite sequence of pairwise
nonequivalent u.r. superwords from A. Applying the above lemma to {W;}$2,
and then to {Wj; };‘;1 and so on, we get an infinite sequence of words v;, which
don’t contain each other. They generate the ideal, which is not finitely gener-
ated. O

Proof of Lemma 3.17. Let us suppose the contrary. Then, for each subword
v of word from {W;}2°,, we can find a number N(v), such that v is contained
in all words W;, i > N(v). By Lemma 3.14, each segment of the superword
Wi, i > N(v), of length ¢(v) contains v. Let u; be an arbitrary subword in W;
of length i. By the compactness lemma, there exists a superword U, such that
each its subword is also a subword in some u;. For each v C U each segment in
U of length ¢(v) contains v. The same is true for each subword ¢ in an arbitrary
W;. Hence, U is uniformly recurrent and contains all subwords of all W;. But
a u.r. word (see Theorem 1.31) has a minimal with respect to the inclusion
set of finite subwords. Therefore, U is equivalent to each W;, hence all W; are
equivalent to each other. We have a contradiction. O

As was proved above, the nilradical N(A) is the intersection of all mono-
mially almost simple ideals. Each such ideal consists of all non-subwords of a
u.r. word and, by the above proved statement, the set of all monomially almost
simple ideals is finite.

Let {c;}¥_, be generators of N(A) (by the weak Noetherity of A, the set of
generators is finite). As ¢; cannot be dense encountered, then, by Lemma 3.14,
we have the following proposition.
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Lemma 3.18 a) There exists a natural k, such that in each word v € Wd(A)
we can find a subword u of length k, such that v = sut, where s and t are
subwords of a u.r. word in A (i.e., s and t don’t belong to N(A)).

b) For all sufficiently big k and for each word v € N(A) of length k, a word
from Wd(A) cannot have more, than one occurence of u. a

(The item b) is a consequence of the quasiperiodicity of solutions of an
equation uw = su, see Proposition 2.7.)
By the item b) and the weak Noetherity of A, we have

Lemma 3.19 Let |u| =k, u € N(A). Then the bilateral ideal, generated by u,
is finitely generated as a left ideal. The same is true for right ideals. a

This lemma means the finiteness of the number of branchings in the graph
of left (right) multiplications.
For the proof of Theorem 3.12 it remains to use this lemma.

3.3 The Baire radical in monomial algebras. Prime words

Definition 3.20 An infinite word W is called prime, if each its subword has
infinitely many occurences in W.

Remark. Each u.r. (and, in particular, periodic) word is prime. The inverse
statement is not true: a word, which contains any combination of letters, is
prime, but is not u.r., because in this word we can find arbitrary long segments
of the form b™ (b is a letter), which doesn’t contain any other letters. The idea
to study prime words is due to T.Gateva.

The following fact is well known.
Theorem 3.21 A is semiprime < the Baire radical B(A) = 0. i

Theorem 3.22 a) A countably-generated monomial algebra A is prime only
when A = Aw for some prime superword W .

b) A monomial algebra A is semiprime < there exists a family of prime
words W = {WW}, such that A = Ayy.

¢) If A is an arbitrary monomial algebra, the A is prime < there exists a
family of prime words W = {¥W\}, such that A = Ayy, and for each W;, W;
there exists Wy, such that each subword from W; or W; is contained in Wy.

Corollary 3.23 The Baire radical B(A) is the intersection of all ideals Iy,
where W is a prime word.

Remark. A is monomially prime and a Pl-algebra < A is of the form Ay for
some periodic word W = u°.
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Proof. If A satisfies the theorem conditions, then no word from A can generate
a nilpotent ideal. Then, with the help of the standart reasoning, which use the
study of leading terms, at first with respect to the length, and then with respect
to the lexicographic ordering, we can easily prove that no element from A can
generate a nilpotent ideal. Hence, A is semiprime.

If there exists a family, described in the item c), then each two words have
a simultaneous occurence in the given order in some third word. Therefore, the
product of ideals, generated by words, is not zero. The consideration of leading
terms of a maximal length demonstrates that the product of any two ideals is
not zero. Hence, in the case ¢) A is prime.

It remains to check the existence of required families of words, when A is
prime or semiprime.

Let us begin with the item b). Let v is a word in A. It is enough to construct
a prime word in A, which contains v. Hence, it is enough to construct a family
{v;} of words in A, such that vo = v, vi41 = vic;v;d;viciv;. As each v;4q is of the
form rv;s, then all v; can be united in a superword v, and each subword in this
superword is also a subword in some v;. As v; has infinitely many occurences in
Uso, then v also have the same property. Therefore, the superword v, is prime.

So, let v; be already constructed. As A is semiprime, then v} = v;c;v; # 0,
for some ¢;, analogously, vid;v} # 0, for some d;. Hence, v;41 is constructed.
The item b) is proved.

Let us prove a). In this case the number of words in A is countable. Let us
enumerate them. Let {u;}°, be the set of all words in A. We have to construct
a prime word, which contains all u;.

For this it is enough to construct a family of words {v;}, such that

Vo = Uy, Vit1 = ViCiUid;ViCiUieiV;Cit;d;viciu;

In this case each v;41 is of the form rv;s and all {v;} can be united in a
prime word, which contains each u; infinitely many times.

Let v; is already constructed. As A is prime, then v} = v;c;v; # 0, for some
¢;. Analogously, v’ = vid;v',= 0, for some d;, and vj'e;v{ # 0, for some e;. So,
v;+1 is constructed. The item a) is proved.

The item c) is a direct consequence of a) and b). O

4 The category of monomial algebras

When we consider the category of monomial algebras with a fixed set of gen-
erators, the following question naturally arises. Let two monomial algebras are
isomorphic, as algebras. Is it true that they are isomorphic, as monomial al-
gebras, also, i.e., does there exist an isomorphism, which maps generators into
generators?

K.Shirayanagi in [93] proved that the answer is positive for finite-dimensional
monomial algebras with adjoined unit. We shall prove that the answer is also
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positive for finitely generated monomial algebras without unit. The same prob-
lem for the case of finitely generated monomial algebras with unit and for the
infinitely generated case is open.

Theorem 4.1 Let A and A’ be two finitely generated isomorphic monomial
algebras without units. Then there exist an isomorphism between A and A',
which maps generators into generators.

Proof. As dimensions of the quotient spaces A/A% and A’/(A")? are equal to
number of generators, then A and A’ have the same number of generators. The
projections of generators constitute F-base in the quotient spaces.

The following proposition means that the set of monomial generators is de-
fined by the maximal set of monomial relations.

Proposition 4.2 Let A be a monomial algebra with monomial generators

ai,-..,as and let by, ..., bs be another set of generators. Let b; = Zj ajja;+ b7,
where b} € A%, a;; € F. Let, moreover, a;; # 0, for all i. Then, for each
word w(xy,...,xs) from Wd(z1,...,xs), we have that w(as,...,as) = 0, if

'LU(bl,...,bs) =0.

Proof of Proposition 4.2. The consideration of terms of smaller degrees re-
duces the proof to the case, when b = 0.

In this case, if we substitute b; in w(by,...,bs) by b; = Zj a;;a; and remove
the parentheses, then the term, which is produced by the substitution b; — «;;a;,
is proportional to the word, which is different from all other terms. Hence, it is
zero. Proposition is proved. O

Let us note that, by the linear independency of projections of b; in A/A?,
the elements Zj ajja; are linearly independent, so the conditions ay; # 0, for
all i, can be obtained by a renumeration of generators b;. By this proposition
we have that there exists a set of generators with a maximal, with respect to
the inclusion, set of monomial relations.

Let us complete the proof of the theorem. Let us identify the algebras A
and A" and let © be a set of s generators with a maximal, with respect to the
inclusion, set of monomial relations between them. This relations hold in A and
A" after some renumeration of generators. (Conversely, monomial relations in
A and A’ hold for the system ©.) As all relations in A and A’ are monomial,
then A and A’ are isomorphic. O

Corollary 4.3 If A and A’ are finite-dimensional monomial algebras with ad-
joined unit, which are isomorphic, as algebras, then they are isomorphic in the
category of monomial algebras with a fixed set of generators.

Proof. The unit is mapped to the unit under an isomorphism and nilpotents
are mapped into nilpotents. The sets of nilpotents constitute monomial algebras
without units, which are isomorphic, by the above theorem. O
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The following statement is obvious.

Proposition 4.4 In the category of monomial algebras the direct sums are de-
fined. Let A = ®A;, then N(A) = ®N(4;), J(A) = ®J(A;), B(A) = ®B(4;),
Bord(A) = sup Bo(4;). (The notion of the Baire order Borqa will be defined
below.) |

Definitions. Let us define algebras A,, radicals B, C A and projections II,, :
A— A,,0 » B, - A =5 A, — 0 for all ordinals o with the help of
the transfinite induction. If o < o/, then there exist a monomorphism I, o :
B, — By and an epimorphism Il o : Ay — A,. All this morphisms will
satisfy natural conditions of the commutativity: if & < o' < o', then Iy o =
Ima’ . Ia’a”; Ha”,a = Ha’a . Ha”7a’-

Let Ag = A and let By(A) be a radical, which consists of all elements of
algebra, which generate the nilpotent ideal.

Let a = &' + 1 be a non-limit ordinal, then let A, = A,/ /By, where B, is
the inverse image of By(A,) under the natural projection II, : A — A,. The
maps I3, and Il o are defined in the natural way.

Let « be a limit ordinal. In this case

B, =limB,, A, =A/B,.
—
The maps I3, and Il , are defined in the natural way.

Definition 4.5 The minimal «, such that 4, = Aq41 = ... = Ag, for all
B > a, is called the Baire order of A and is denoted by Bora(4).

Theorem 4.6 a) For each ordinal « there exists a monomial algebra A, such
that Bora(4) = a.

b) A monomial 2-generated algebra A, such that Bora(4A) = «, exists only
when the ordinal « is finite or countable.

Proof. a) Let us use the transfinite induction. If  is a limit ordinal, then
Proposition 4.4 ensures the inductive step. Let now a = o/ + 1.

Let A = A(o') be an algebra with the Baire order o/. We shall define
A(a) — an algebra with the Baire order «, as an extension by an element ¢ of
the conutable direct sum A’ = ®A;, where all A; are isomorphic to A. Let
A" = A"« F(c)/I, where I is the ideal, generated by elements:

1) ¢2, cuc, where u doesn’t contain ¢ and u ¢ B(A') = By (A');

2) cucvche, where u and v belong to the same A; and v is an arbitrary
element in A".

Let A(a) = A(a")".

By the inductive supposition, Bora(A(a')) = o'. The item a) of the theorem
is a consequence of the following proposition.
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Proposition 4.7 a) By (A(a)) D ®By (A;), for all .

b) Let I be a monomial ideal in A(a'). Then there exist a monomial ideal
I'" =id(®z;;2; € I) and an epimorphism A" — A" /1".

¢) If By (A) # 0, then ¢ doesn’t generate a mnilpotent ideal. If &' < o,
then the projection of c¢ into the algebra A" /id(®B.(A;)) doesn’t generate a
nilpotent ideal.

d) c ¢ Ba’ (A”)a Bord(A(a)) > ala Bord(A(a)) Z .

e) The projection of c into the algebra A" [id(®By (A4;)) generates an ideal
of the nilpotency degree 2, hence ¢ € B,(A").

f) A(a)/id(c) = pA;.

g} Bord(A(a)) S «@.

Proof of Proposition 4.7. Items a), b), c), e) and f) are obvious. The Item
d) is a consequence of ¢). The item g) is a consequence of e), f) and the inductive
supposition. a

Let us come to the proof of the item b) of the theorem. The necessaty of
the countability of the ordinal « is obvious. Let us prove the sufficiency.

Let us note that, if « is countable, then, the previously constructed algebra
A(w), is countably generated. Hence, it is enough to define an inclusion of a
countably generated algebra into a suitable 2-generated algebra, which preserve
all radical properties.

So, let A be a countably generated monomial algebra and {a;}$2, be its
generators. Let us correspond the empty word to the empty word, words ba‘b €
Wd(a, b} to generators a;, and let us consider the algebra A = F(a, b)/I, where
I is the ideal, generated by the following elements: 1) b®; 2) aba; 3) words, which
correspond to the zero word in the algebra A, under the substitution ba’b — a;.

Let us prove that A(a)” is the required algebra, i.e., Bora(A(a)) =
Bord (A(a)”). This statement is a consequence of the following proposition.

Proposition 4.8 a) A can be embedded into A™.

b) To a monomial epimorphism h : A — B, which maps generators into
generators with the same numbers, naturally corresponds the epimorphism of
algebras h" : AN — B".

c¢) Bo(A) can be embedded into By(A").

d) If there is no nilpotent ideals in A, then there is no nilpotent ideals in
A™:if Bo(A) =0, then Bo(A™) = 0; if B(A) =0, then B(A") = 0.

e) B(A) can be embedded into B(A").

f) Ba(A) can be embedded into B, (AM).

g) Let words u and v contain occurences of elements, which correspond to a
word from A, and let uv # 0. Then, there exist words s,t,x,y of the forms: A
— the empty word, b, a®b, tb, ba™, and the following conditions hold: v = su't,
v = zv'y and the words u', v' and tx correspond to words from A (tx corresponds
to a generator or to the empty word).
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Proof of Proposition 4.8. Items a), b) and g) are direct consequences of def-
initions. The item d) is a consequence of those fact that each nonzero word in
A" can be extended to a word, which corresponds to a word in A. Let us prove
¢). Each nonzero word in A” can have one of the following forms

b, b2, a”, a™buba™, a"bu, uba™, u, a"b’a™, a"b, ba™,

where n,m > 0 and u is a word, which corresponds to a nonzero word in A.

Therefore, except the border effects, we have the complete correspondence.
Let a word v generates a nilpotent ideal in A and let u corresponds to v. Then
a nonzero word in A", which has n different occurences of u, is of the form srt,
where s has one of the following forms: A — the empty word, b, a*b; t has one of
the following forms: A, b, ba™; and r corresponds to a word in A, which has n
different occurences of v. Hence an element from By corresponds to an element
from By. Item c) is proved.

Items d) and e) are consequences of the transfinite induction reasoning.

So, the proposition, and the theorem also, are proved. O

5 Automata algebras

The main object of study in this chapter is automata (monomial) algebras. The
notion of an automata algebra is the natural generalization of the notion of
a finitely generated monomial algebra. Almost all results, which are valid for
finitely generated monomial algebras, are also valid for automata algebras.

Everywhere in this chapter the term “algebra” means a monomial algebra.
Moreover, we shall assume that each algebra has the unit, which is represented
as the empty word (from generators).

Let us remind some well known definitions from the finite automata theory.
Let we are given an alphabet (i.e., a finite set) X. By finite automaton (FA)
with the alphabet X of input symbols we shall understand an oriented graph,
which edges are marked with the letters from X. One of the verteces of this
graph is marked, as initial, and some verteces are marked, as final. A word w in
the alphabet X is called accepted by a finite automaton, if there exists a path
in the graph, which begins at the initial vertex and finishes in some final vertex,
such that marks on the path edges in the order of passage constitute the word
w.

By a language in the alphabet X we understand some subset in the set of
all words (chains) in X. A language L is called regular or automata, if there
exists a finite automaton, which accept all words from L and only them.

There are several variants of definition of a finite automaton. An automaton
is called determinate, if all edges, which start from one vertex are marked by
different letters (and there are no edges, marked by the empty chain). If we
reject such restriction and also allow edges, marked by the empty chain, then
we shall come to the notion of a non-determinate finite automaton. Also we can
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allow an automaton to have several initial verteces. The following result from
the finite automata theory is well known: for each non-determinate FA there
exists a determinate FA, which accepts the same set of words.

It will be convenient for us to consider the class of non-determinate FA,
which are produced from determinate, by marking all verteces, as initial and
final simultaneously. The reason of this is that the language of nonzero words in
a monomial algebra has the following property: each subword of a word, which
belongs to the language, is also belongs to it.

Definition 5.1 Let A be a monomial algebra (not necessary finitely defined).
A is called an automata algebra, if the set of all its nonzero words from A
generators is a regular language.

Obviously, a monomial algebra is an automata algebra, only if the set of its
nonzero words is the set of all subwords of words of some regular language.
Let us give another (equivalent) description of automata algebras.

Definition 5.2 Let u be a nonzero word in an algebra A. A word v is called
an extension of u, if uv # 0.

Words v and w in A are equivalent, if the set of all extensions of u coincides
with the set of all extensions of w.

Proposition 5.3 A monomial algebra is automata, only if the set of all its
nonzero words has a finite number of equivalency classes.

Proof. Obviously, the set of equivalency classes is finite, if the algebra is
automata. Let the number of classes is finite. We shall give a construction of a
minimal determinate automaton of the algebra A.

Verteces: equivalency classes of nonzero words in the algebra A.

Edges: a vertex {u} is connected by an edge with a vertex {v}, which is directed
from u to v and is marked by a, where a belongs to the set of A generators,
if ua ~ v (i.e., the word ua belongs to the equivalency class of the word

v).
The initial vertex: the equivalency class of the empty word.

The set of final verteces: each vertex is final.

It is easy to check that this definition is correct and that the language, which
is defined by thus constructed finite automaton, coincides with the set of nonzero
words in A. Moreover, this finite automaton also has the minimality property:
each two its verteces are nonequivalent, i.e., there exists a path, which begins
in one of these verteces, such that there doesn’t exist a path, which begins in
another vertex, with the same marks on edges. (Different verteces, if we consider
them as initial, generates different languages.) m|
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Proposition 5.4 A finitely defined monomial algebra is automata.

Proof. Let the maximal degree of defining relations of the algebra is n. Then
the set of extensions of each nonzero word of length > n — 1 is uniquely defined
by its end of length n — 1. Hence, the number of equivalency classes of nonzero
words is not greater, than the number of nonzero words of length < n — 1.
O

The inverse statement is wrong: the class of automata algebras is broader,
than the class of finitely generated monomial algebras. Let us consider, for
example, a monomial algebra with three generators {a, b, ¢} and infinite number
of relations {ab"c = 0,n =0, 1,...}. This algebra is automata, but not finitely
defined.

Definition 5.5 A superword W is called automata, if the set of its subwords
constitutes a regular language.

Proposition 5.6 The following properties of a superword W are equivalent:

a) W is automata;

b) W can be embedded in the above defined graph;

¢) the set of subwords in W has a finite number of equivalency classes, such
that the substitution of a subword s in a word v, by an arbitrary subword in the
same class, preserves the property of “being a subword” in W. O

Proposition 5.7 a) A u.r. word is automata <= it is periodic.

b) A prime automata superword can be embedded into a strongly connected
graph.

¢) A prime automata algebra is of the form Aw, where W is a prime au-
tomata superword, which can be embedded into the graph of this algebra. O

5.1 Growth functions of automata algebras

Let I'(A) be a minimal determinate graph of an automata algebra A. A vertex
is called cyclic, if there exists a path, which begins and ends in this vertex. A
vertex is called twice cyclic, if there exist two different paths, which begin and
end in this vertex and which don’t pass through any other vertex twice. In
other words, a vertex is twice cyclic, if it belongs to two different cycles. A
cycle is a subgraph in the given graph, which contains a path with the following
properties: 1) it begins and ends in the same vertex; 2) it doesn’t pass through
any other vertex twice.

Let a graph I" doesn’t contain any twice cyclic verteces. A chain is a subgraph
in ', which consists of the sequence of edges, such that: 1) the end of one edge
is the beginning of the next; 2) any vertex can occur in this sequence only
once. By a simple graph in I’ we shall call a subgraph, which consists of a finite
number of cycles, enumerated by numbers 1,2, ..., d and such that any pair of
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adjacent cycles with numbers ¢,7 4+ 1 is connected by exactly one chain, which
is directed from the i-th cycle to the ¢ + 1-th. There can be one chain, which is
ingoing into the first cycle, and there can be one chain, which is outgoing from
the last cycle. The number d of cycles is called the length of a simple graph.

NN N

A simple subgraph is a minimal subgraph (in a graph without twice cyclic
verteces), which contains a path.

Theorem 5.8 (V.A.Ufnarovski) Let A be an automata algebra and I'(A) be
its minimal determinate graph.

1) If T(A) has a vertex, which belongs to two different cycles, then A has an
exponential growth function.

2) If T'(A) doesn’t have any twice cyclic verteces, then A has a polynomial
growth function. The power of the growth (Gelfand-Kirillov dimension) equals
to the number of cycles in the maximal simple subgraph in T'(A).

Proof.

1) Let v be a vertex, which belongs to two different cycles C; and Co, let uy
be the word, which corresponds to the path from v to v along C; (i.e., which
consists of marks on C; edges in the order of passage), and let us be the word,
which corresponds to C>. The item 1) is a consequence of those fact that uq
and uy generate a free rank 2 subalgebra in A.

2) Let us denote by d the length of a maximal simple subgraph. Let V(n)
be the number of all nonzero words of length < n in A. It is enough to prove
that there exist numbers ¢; and ¢z, such that the inequality

can® <V(n) < epn?

holds for all sufficiently big n (¢; and ¢y are independent from n).

Let us prove the upper estimation. The graph I'(A) can be represented as
a join of a finite number of simple subgraphs (maybe intersecting), such that
each path in T'(A4) is completely contained in some subgraph. Therefore, it is
enough to prove the inequality for a subgraph. Let H be a simple subgraph,
which contains k cycles, 1 < k < d. We shall construct a simple graph H', with
the same number of cycles and chains, which connect cycles, such that all its
cycles have the length 1 (i.e., they are loops) and all simple paths also have the
length 1 (i.e., they are edges). Obviously, the number of paths of length n in
H' is not less, than the number of such paths in H, hence, it is enough to prove
the inequality for a simple graph, such that all its cycles and chains have the
length 1. But for such simple graph the number of paths of length < n is easy
to compute. Each path is uniquely defined by the number of rotations in each
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cycle and also by the occurence, or nonoccurence, of the edge before the first
cyclic vertex and the edge after the last cyclic vertex, in this path. The sum
of rotations in all cycles is < n. The number of all representations of n as a
sum of d summands, with regard to their order, is (T_‘f) < Kn? 1, where K
is a constant, independent from n. The number of sums, not greater than n,
is < n-Kn? ' = Kn% Hence, the number of all paths of length < n is not
greater, than 3Kn?.

The lower estimation can be proved analogously. |

Proposition 5.9 The Gilbert series of an automata algebra is rational. o

5.2 Matrix representations and polynomial identities of
automata algebras

In this section the following two theorems will be proved.

Theorem 5.10 An automata monomial algebra can be embedded into a matriz
algebra over a free algebra.

Theorem 5.11 Let the graph of an automata monomial algebra A doesn’t have
verteces, which belong to two cycles. Then A can be embedded into a matriz
algebra over a field.

By Theorem 5.11 and results of the previous section, we have

Corollary 5.12 Let A be an autornata monomial algebra and T'(A) be its min-
imal determinate graph. the following conditions are equivalent:

(1) T'(A) doesn’t have any twice cyclic verteces;

(2) A has a polynomial growth;

(8) A has a non-exponential growth;

(4) A can be represented by matrices over a field;

(5) a polynomial identity holds in A.

Proof of Corollary 5.12. The equivalency (1) <= (2) < (3) was proved
in Theorem 5.8. The implication (4) = (5) is obvious. The implication (1) =
(4) is a consequence of Theorem 5.11. So we have to prove the implication (5)
= (1). Indeed, if a polynomial identity holds in A, then I'(4) cannot have
any twice cyclic verteces, because, otherwise, A would contain a free rank 2
subalgebra (see the proof of Theorem 5.8). We can also note that the growth of
an automata algebra, which graph contains a twice cyclic vertex, is exponential,
and the growth of each finitely generated PI-algebra is polynomial (by Shirshov
theorem about the height boundedness). a

To prove Theorems 5.10 and 5.11 we shall present a direct construction of a
representation of an automata algebra.
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5.2.1 The construction of representations of automata algebras

Let us enumerate verteces of the graph G(A) of an algebra A by numbers
1,2,...,n, and let aj,...,a,, be generators of A. Let us denote by f ;;
free wvariables, which generate the free algebra K(fk7ij), where £ = 1,...,m,
i, = 1,...,n (i.e., k runs through the algebra generators and ¢,j — through
the verteces of G(A)). Respectively, by tg;; we shall denote free commuta-
tive variables, which generate the algebra K|ty ;;] of commutative polynomials.
This variables correspond to G(A) edges: a variable tj ;; corresponds to the
edge, which connects the verteces ¢ and j and is marked by the letter a;. Let us
consider the following two homomorphisms from A, which are defined by the im-
ages of generators. The both two homomorphisms are extensions of semigroup
homomorphisms of the semigroup of A nonzero words into a matrix semigroup.

e The homomorphism ¢ from A into the algebra of n x n matrices over a

free algebra:
plax) = ka,ijeij )
(4.4)
where the summation is taken over all pairs (i, j), such that in G(A) there
exists an edge, which is directed from the vertex i to the vertex j and is
marked by a;. By e;; the matrix units are denoted.

e The homomorphism ¢ from A into the algebra of n X n matrices over an
algebra of commutative polynomials:

Plar) =Y trijeij ,
(4,4)
where the summation is taken over the same pairs of indeces, as in the

previous case.

Example. Let us consider an automata algebra A, such that all its nonzero
words are subwords in the infinite cyclic word aabaab.... Algebra A can be
represented by the following graph G(A):

N

The reprsentation ¢ maps A into the algebra of 3 x 3 matrices over the polyno-
mial ring K{tq 12,t4,23,%,31] and is defined by the matrices

L.

0 t,12 O 0 0 0
Pla)=1 0 0 ta2s |, o(b)= 0 0 0
0 0 0 tb31 0 O
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We defined the maps  and ¥ on generators of the algebra A. Let us naturally
extend this maps to words from generators. Obviously, the images of zero words
in A are equal to zero (see Lemma 5.13). Hence, the maps ¢ and ¢ can be
extended to homomorphisms of the semigroup of nonzero words in A into the
matrix semigroup, therefore, they can be extended to homomorphism of the
semigroup algebra into the matrix algebra. So ¢ and 1 define homomorphisms
of A into the matrix algebra.

The homomorphism ¢ will be called the canonical representation of an au-
tomata algebra A. Let us note that to each embedding of a word into the graph
corresponds the operator of the form AE;;, where i is the number of the initial
vertex of the word, and j is the number of the last vertex.

Let us come to the proof of Theorems 5.10 and 5.11. Theorem 5.10 is a
consequence of the following simple lemma (its proof we omit).

Lemma 5.13 Let w = ag, ag, - - - ar, be a nonzero word from generators of an
automata algebra A. Then ¢ maps w into the matriz p(w), such that its element
with indeces (i,7) is equal to

@(w)ij = E :tklyivl Uy o105 - 'tklyvl—1j7

where the summation is taken over all paths i,v1,vs,...,v_1,], which connect
the verteces i and j, and, such that marks on edges in each of these paths coinside
with the word w. (If there are no such paths, then the sum is equal to zero.)
In the case, when G(A) is a determinate graph (i.e., there is no edges, which
begin in the same vertex, and have the same mark), then there can be not more,
than one summand in this sum. |

Theorem 5.10 is a consequence of Lemma 5.13, because images of nonzero
words, with respect to the map ¢, are linearly independent.
In the case of the map 1, Lemma 5.13 can be reformulated as follows.

Lemma 5.14 Let the graph G(A) of an automata algebra A is determinate
(i.e., there is no edges, which begin in the same vertex, and have the same
mark). Let w = ag,ay, ...ar, be a nonzero word from generators of A. If in
G(A) there exists a path from the vertex i to the vertex j, such that marks on
its edges coincide with w, then the (i, j)-th element of the matriz V(w) is equal
to

Qv ,Qujg Quy j
@ZJ(U})” - tkhivl tk2yvlv2 T tkhvrj’

where by vy,vs,...,v,. are denoted different verteces, through which the path
passes, by @, ., is denoted the number of passings of the path through the edge
Vp — V.

In other words, the (i, j)-th element of the matriz is equal to the product of
powers of commutative variables, which correspond to edges of the path from the
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vertex i to the vertex 7. The power of each this variable equals to the number of
passings through this edge.

If there is no such path (i.e., the path, which connects the vertex i with the
vertex j, and, such that marks on its edges coincide with w), then the corre-
sponding element of the matriz ¥ (w) equals zero. O

We shall need one more lemma to prove Theorem 5.11.

Lemma 5.15 Let the determinate graph G(A) of an automata algebra A doesn’t
have any verteces, which belong to two cycles. Then each path in G(A) is
uniquely defined by the number of passings of each edge.

Proof. We shall use the induction on the length of a path. It is enough to prove
that the first edge is defined uniquely. Let more than one edge of the path begin
in the initial vertex (hence, the path passes through the initial vertex several
times). Then only one of these edges can belong to a cycle, because the graph
doesn’t contain intersecting cycles. As the path has to return to the initial
vertex, then the first edge of the path is a cyclic edge. O

Theorem 5.10 is a consequence of Lemmas 5.14 and 5.15, because, by them,
we have that images of different nonzero words of A are linearly independent.

If a monomial algebra is representable, then its word semigroup is repre-
sentable also. The inverse statement is wrong. The following result holds (see
45)).

Theorem 5.16 Fach regular language is representable by matrices. (In partic-
ular, each automata monomial semigroup is representable.)

If a minimal graph contains linking cycles, then the corresponding monomial
algebra is not representable. Hence, the kernel of the representation can contain
not words, but only their linear combinations. To obtain the information about
this kernel (in particular, the information about a T-ideal, which contains the
kernel) is an interesting task. Also interesting is the problem, when the canonical
representation of a graph is an exact representation of its word semigroup?

A monomial semigroup will be called quasirepresentable, if it has a repre-
sentation without a monomial kernel. It is possible to describe semigroups,
quasirepresentable over finite rings.

Proposition 5.17 a) A semigroup is representable over a finite ring, only if it
is finite.

b) A monomial semigroup is quasirepresentable over some finite ring, only
if it is automata.

Proof. The item a) is obvious. The quasirepresentability of a monomial semi-
group can be deduced from the canonical representation. The inverse statement

99



is a consequence of the language regularity criterion: a language is regular,
only if all its words can be divided on a finite number of types in way, such
that the substitution of any subword by a word of the same type preserves the
membership to the language. a

5.2.2 Polynomial identities

Corollary 5.12 gives us an alogorithm of checking the existence of a polynomial
identity in an automata algebra. The aim of this section is to obtain a more
exact information about identities. To make the exposition simplier, we shall
consider only the case of the infinite ground field.

Let us introduce some definitions and notations, which will be used in what
follows (in particular, in Chapters 6 and 7).

Definitions. A cycle will be called irreducible, if its big period, i.e., the word,
which can be read from it, is non-cyclic, i.e., this word is not a power of a smaller
word. The small period of a cycle is the root of its big period. By a position of a
word in a graph we shall call a path, from which the given word can be read. If
there is a relation between graphs I and I', which is one to one on arrows and
verteces, and, such that to different marks on edges of one graph correspond
different marks on edges of another, then we shall say that the graph I'' differs
from the graph I' by the letter sticking.

Let us note that, if a word doesn’t have any position in a graph, which define
an automata algebra, then this word is a zero word in this algebra. All words,
which correspond to a passing through some cycle are cyclically conjugate. All
words, which positions connect two given verteces A and B of a cycle, are of
the form R*S, where R corresponds to the big period of the cycle and S — to
the shortest path, which connect A and B.

Let us denote by A, a monomial algebra, such that all its nonzero words
are subwords of an infinite cyclic word u®° = wuwu.... Let us assume that v is
noncyclic, i.e., u doesn’t equal to a power of any of its proper subwords.

Theorem 5.18 The set of polynomial identities of an algebra A, coincides with
the set of identities of the matriz algebra K,, where n is the length of u.

Proof. We can represent A, by a cyclic graph G(A) (we allow any vertex of
the graph to be initial). Marks on edges of the cycle in the order of its passage
coincide with u. Let us denote by T'(A) the ideal of A identities, and by T'(K,,)
— the ideal of identities of the matrix algebra K,. The construction of the
representation ¢ gives us the inclusion of A into the matrix algebra of order n
over some extension F of the ground field K. As K is ininite, then an extension
preserves the set of identities. Hence, T'(4) D T'(F,,) = T(K,,).

The inverse inclusion is a consequence of those fact that the image ¢¥(A)
generates over F all algebra Fj,. It is enough to check that matrix units belong
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to F - (A). Let v = ag,ag, -.-ak,, let edges i — i + 1 of G(A) be marked
by letters ag,, s = 1,...,n — 1, and let the edge n — 1 be marked by aj,. By
Lemma 5.15, we have that the image of the word

¢(akiaki+1 e AR, UG, - akj_l)

is the matrix, such that all its elements, except (i, j)-th, are zeroes, and the
(i,7)-th element is a nonzero element of F'. To obtain the unit matrix e;j, it is
enough to multiply the matrix by the inverse element. |

Let us remind that the polynomial degree or the complexity of a Pl-algebra
A is the maximal n, such that T(4) C T'(K,).

Theorem 5.19 The polynomial degree of an automata algebra equals to the
mazimum of length of periods of all infinite cyclic words in the algebra. a

Corollary 5.20 The polynomial degree of an automata algebra is not greater,
than the order of a mazimal cycle in the algebra minimal determinate graph.
O

The proof of the theorem we leave to the reader. Let us note that the
inequality in the corollary condition can be strict, as the following example
demonstrates:

b
N
—

b

e —> 0 e —> 0

The maximal length of a cycle here is equal to two, but the polynomial degree is
equal to one, because the identity [z1, y1][z2, y2][zs3, y3] = 0 holds in this algebra.

Therefore, to find the complexity of an automata algebra, we have to com-
pute the maximal length of small periods of all cycles.

The following proposition is a consequence of the independence theorem
2.38.

Proposition 5.21 a) The minimal dimension of a non-nilpotent representation
of a monomial algebra (not necessary automata or PI) is equal to the minimal
length of the period of an infinite word in this algebra.

b) In the case of an automata algebra, this dimension is equal to the minimal
length of a small period in each graph, which define the algebra. In the case of
a Pl-algebra this dimension is equal to the algebra complexity. O

In the end of this section we shall make one last commentary.

Proposition 5.22 A commutative monomial algebra is a direct sum of 1-
generated algebras. O
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5.3 The structure theory of automata algebras

Automata algebras are like finite-dimensional algebras with respect to their
structure. In particular, the Jacobson radical of an automata algebra is nilpotent
and coincides with the intersection of a finite number of prime ideals.

Let us denote by I'(4) the minimal determinate graph of A. Let n be the
number of verteces in I'(A).

Theorem 5.23 The Jacobson radical, the Baire radical and the nilradical of an
automata algebra coincide and are nilpotent. The radical, as a linear space, is
generated by words, which correspond to those paths in T'(A), which don’t belong
to any cyclic path. The radical, as an ideal, is generated by such words of length
<n.

Let us remind that in an arbitrary monomial algebra the Jacobson radi-
cal coincides with the nilradical (Chapter 3), but the Baire radical (the prime
radical) can be strictly less, than the Jacobson radical.

To prove the theorem, we shall need some simple statements.

Proposition 5.24 Let A be an arbitrary monomial algebra, then

(1) A is semiprime iff for each word u # O there exists a word v, such that
uvy # 0;

(2) A is prime iff for each two words u,v # 0, there exists a word w, such
that uwv # 0.

Proof. The necessity is obvious. The study of leading words in the correspond-
ing elements gives us the sufficiency. |

Proposition 5.25 Let us consider an arbitrary subgraph G C T'(A). Then the
automata algebra A’, which corresponds to G, is a homomorphic image of A.

Proof. Indeed, the set of nonzero words of A’ is a subset in the set of nonzero
words of A. Hence, A’ is a factor of A by the ideal, which is generated by the
difference of these sets. a

Proposition 5.26 Let an automata algebra A is semiprime, then it is semisim-
ple in Jacobson sense.

Proof. Let us consider an arbitrary element 0 # xz € A. Let us denote by
u the leading word of z. By Proposition 5.24, there exists a word vy, such
that uviu # 0. By applying again Proposition 5.24 to the word wviu, we
can find a word vs, such that uviuvsuviu # 0, and so on. In result we shall
obtain a right infinite word W, with infinite occurence of u. Let us mark the
infinite number of non-overlapping occurences u in W: let u is an end of words
W)kys W)ky, ..., where by (WW); we denote a beginning of W of length i. As
A is automata, then we can find two words in the set (W)y,, which correspond
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to the same vertex of the graph I'(A4). Let these two words be (W), and (W),
where t > h, t —h > |u|. The word (W); can be represented, as (W)pzu, where
z is nonzero. As (W), and (W)zu are equivalent, then the infinite periodic
word U = (zu)*™ = zuzu... is nonzero in A. Let us consider the algebra Ay.
In Chapter 3 it was proved that this algebra is semisimple in Jacobson sense.
Under the natural epimorphism A — Ay, the element z is mapped to a nonzero
element in Ay (because the image of z is a linear combination of words with u
as a term). Hence, z ¢ J(A). O

Remark. If A is an arbitrary monomial algebra, then Proposition 5.26 is wrong.

Proof of Theorem 5.23. Let us denote by I the ideal, which is generated by
all words, such that corresponding paths are not contained in any cyclic path.
Obviously, these words generate a nilpotent semigroup, hence, I is nilpotent.
Now it is enough to prove that J(A/I) = 0.

Let us prove that the algebra A/I is semiprime. Indeed, A/I is an automata
algebra, defined by the subgraph of the graph I'(A), such that its verteces and
edges belong to cyclic paths (see Proposition 5.25). Hence, each nonzero word
in A/I is contained in an infinite periodic word, therefore, by Proposition 5.24,
A/I is semiprime. The semisimplicity in Jacobson sense is a consequence of
Proposition 5.26. a

An oriented graph will be called strongly connected, if for each two its verte-
ces there exists a path, which connects them.

Theorem 5.27 The Jacobson radical of an automata algebra is equal to the
intersection of a finite number of prime ideals P;, which correspond to strongly
connected components G; of the graph T'(A). The ideal P; is generated, as a
linear space, by words, which correspond to those paths, which are not contained
in G;. As an ideal, P; is generated by such words of length < n. The quotient
algebra A/ P; is an automata algebra, which is defined by the graph G;.

Proof. Each cyclic path belong to some G;. Therefore, the intersection of P;
is generated by words, such that the corresponding paths don’t belong to any
cyclic path. Hence, by Theorem 5.23, the intersection of P; coincides with the
radical. The primarity of P; is a consequence of Proposition 5.24 and the strong
connectivity of G;. a

5.4 Nilpotent elements and zero divisors

The subject of this section is the construction of algorithms for checking the
nilpotency and the zero divisibility of the given element z of an automata algebra
A. We shall assume that A is defined by its graph I'(A4).

Theorem 5.28 Let the graph ['(A) of an automata algebra A has n verteces
and z € A is a nilpotent element (i.e., there exisrs t, such that x* = 0), then
" = 0.
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Corollary 5.29 The checking of the nilpotency of an arbitrary element x € A
is an algorithmically solvable problem. |

Proof of the theorem. As it was proved above, A can be embedded in the
algebra of n x n matrices over a free algebra (Theorem 5.10). It is well known
that a free algebra can be embedded in a division algebra (see [72]). Hence, it is
enough to prove the statement for a nilpotent matrix M over a division algebra.
But in this case the theorem is a consequence of the dimension reasoning. (The
left multiplication by a matrix is a linear operator on the right vector space of
n-columns over the division algebra. The dimensions of images of M, M? and
so on, strictly decrease, hence, M™ = 0.) |

The problem about the zero divisibility is more difficult. We can attempt to
manage it by the embedding into the matrix algebra over a free algebra, because
the corresponding problem for this algebra is algorithmically solvable.

Proposition 5.30 There exists an algorithm, which checks is an arbitrary nxn
matriz a right zero divisor in the matriz algebra over a free algebra.

The idea of proof. It is enough to check, that some nontrivial linear combi-
nation of the matrix rows is zero. The algorithm is similar to the Gauss method
of reducing a matrix to the step-form. By elementary transformations of rows,
we can achieve the situation, when the leading words of nonzero polynomials in
the first column are not ends of each other. Hence, they constitute a free base
of the left ideal, generated by them. After permuting the rows, we can assume
that nonzero elements of the first column are positioned in rows 1,2,...,11,
and other elements in the first column are zeroes. This process is repeated, as
in the Gauss method, for the next minor, which situated in rows iy +1,...,n
and columns 2,...,n, and so on. If in the end we shall obtain a matrix with a
zero row, then the initial matrix is a right zero divisor (because the elementary
transformations correspond to the left multiplication by invertible matrices). If
the final matrix doesn’t contain a zero row, then each linear combination of
rows of this matrix is nonzero, hence, it cannot be a right zero divisor. As the
initial matrix can be obtained as a product by an invertible matrix, then the
same is true for the initial matrix also. O

Remark. By improving the proof, we can obtain that, if a matrix M is a right
zero divisor, then

1) the left annihilator of M is generated by an idempotent;

2) there exists an annihilating matrix L, such that LM = 0 and degrees of
elements of L are not greater, than dn(n + 1)/2, where d is the maximal degree
of elements of M.

Unfortunately, it is not possible to use Proposition 5.30 for checking, is an
element y € A a zero divisor, or not (A is an automata algebra). By embedding
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A into the matrix algebra, we can prove that y is not a zero divisor, if the corre-
sponding matrix is not a zero divisor. But in the case of the inverse statement,
it is not clear, has the left annihilator of the image of y a nonzero intersection
with the image of A, or not. Therefore, we have to use more complex reasoning.

5.4.1 An algorithm for checking, is an arbitrary element a zero di-
visor or not?

By ay,...,as let us denote generators of an automata algebra A. Let us fix an
element y € A. Our task is to check, is this element y a right zero divisor, i.e.,
does there exist an element x € A, such that zy = 07 Let degy = n, n will
be fixed in what follows. Let the minimal graph I'(A) has m verteces. Let us
remind that the verteces of I'(A) are in one to one relation with the equivalency
classes of nonzero words in A. Two words u and v are equivalent, if their sets
of nonzero extension coincide:

u~v <= Yw uw#0 < vw#0).

An algebra is automata, if |[['(4)| < oo, i.e., if there exist m nonzero words
dyi,...,dn, such that each nonzero word from A is equivalent to one of d;. Let
us note that, if v and v are equivalent, then the set of elements (not necessary
words) z, such that uz = 0, coincides with the set of elements z, such that
vz = 0. (This statement is a consequence of those fact that in a monomial
algebra different words cannot be cancelled.)

Let us prove at first the auxiliary lemma. We assume that A is an algebra
over the field K and 1 € A.

Lemma 5.31 Let there exists an element x € A, such that xy = 0. Then there
exist a word d and an element z', such that dz'y = 0 and the free term of ©' is
nonzero.

Proof. Let the free term of = equals zero. Then x = a1z, + - - - + asxs, where
a; are generators of A (i.e., letters) and the degree of elements z; is smaller, by
1, than the degree of x. As words, which begin with different letters, cannot
cancel, then a;z;y = 0, for all . Let us take i1, such that z;, # 0. If the free
term of z;, is nonzero, then we can take a;,, as d. Otherwise, we can perform
the same procedure with z;,, i.e., to find a letter a;,, such that a;, a;,2;, 4,y = 0,
and so on. This process will stop at some moment. |

Let us remind that our aim is to find x, such that xy = 0 (y is fixed and its
degree equals n). By d will be denoted the equivalency class of a nonzero word
d € A, i.e., the vertex of the minimal graph I'(A). In the algorithm construction
the main role will be played by the following linear subspaces in A:

Wir = A{rx:degz <k & dxy=0},
Vie = {x:idegz <k & deg(dry) < degd+n}.
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Commentary: to solve our problem it is enough either to find a nonzero
element z € Wy for some word d and degree k, or to prove that spaces Wy,
are zero, for all d and k. Tt is more convenient to work with spaces Vg ;. In their
definition the condition dzy = 0 is substituted for a slightly weaker one: in the
linear combination, which represents dzy, all terms with degrees > degd+degy
are canceled. Let us note that Wy, C Vg . Moreover, the subspace Wy, in Vg,
is defined by a finite number of linear conditions on conponents with degrees
<n.
The following lemma is a direct consequence of definitions.

Lemma 5.32 Subspaces V-, are embedded into each other and increase, when k
increases: Vi, CVgy CVzs C ... . Analogously, Wz, C Wi, CWi3 C
O

Let us consider the natural epimorphism 7, : A — A/A™Y of the algebra
A into its quotient algebra by the ideal, generated by all words of degree > n.
We shall study the images of W, and Vg, under this epimorphism:

Vi(n) =mn(Vak) 5
W =m0 (Way) -

The space Vdffl? is the projection of Vg, into the subspace, generated by all
words of degree < n. As this spaces are finite-dimensional and increase, when
k increases (Lemma 5.32), then, for some k = N, the stabilization begins: for
each k > N and for each d € I'(4), the equality Vdffl? = VJ(S\), holds. The base

of our algorithm is the following proposition.

Proposition 5.33 Let for some natural k and for all verteces d in the minimal
graph T'(A) of an algebra A, the equality y(n VJ(Z) holds. Then the equality

d,k—1
(n) _ y/(n) 7
Vd—7 Vd b1 holds, for all d.

This propositions states that, if stabilization occurs at some step k, then the

subspaces Vd-(rlz) will not increase.

Proof. Let us fix d € I'(4) (d is a word). Let Z € Vd( k)+1 We have to prove

that ¢ € Vd-(f;). By the definition, there exists an element = € Vg, such that
nn(m) = Z. Let us represent x, as £ = g + a1x1 + - - - + asxs, where xg is a free
term (i.e., an element of the ground field) and ay,...,as are A generators. The
fact that x € V; ;,, means that deg(dzy) < degd + n. We have

dxy = dzoy + Z da;z;y.

i=1
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Let us consider terms in the right hand part of the equality with degrees >
degd + n + 1. The degree of dxoy is < degd + n, hence, terms with degrees
> deg d+n cannot be canceled with terms in dzoy. Therefore, deg(} ", da;z;y) <
degd + n + 1. Terms, which begin with different subwords da;, cannot be
canceled, because the letters a; are different for different 4, hence deg(da;z;y; <
degd + n + 1. But, this exactly means that x; € Vde,k' Let us consider now
terms of degree exactly degd + n. They depend only on those terms of the
element x, which have degree < n. The fact that all of them are zero means

that deg(mdeg a+n(dzy)) < degd + n. So, we have

r€Vipy < Vi dawi€Vo;, &

deg(maeg a-+n(dzy)) < degd + n. )

By the equality VdT,— e = VdT,— x_1> we have that, for each i = 1,...,s, there
exists an element xj € Vg, |, such that m,(z}) = mp(2;). Let us construct

the element z’ from them:
S
' =z + Zaix; .
i=1

The degree of 2’ is < k. The condition deg(maegd+n(dz'y)) < degd + n is a
consequence of those fact that the terms of x and ' of degrees < n coincide.
Therefore, by the equality (5), where k is substituted by k& — 1, we have that

z' € Vg - By the construction of ', m,(2") = m,(z) and 7, (2') € VJ(’T;). Hence,

z = m(2) = mu(a’) € V. 0

Proposition 5.34 Let for some natural k and for all verteces d in the minimal
graph T'(A) of an algebra A the equalities vim = Vd—(z) hold. Then the equalities

dk+1
Wg;)ﬂ = Wg;) hold also, for all d.

Proof. Let z € deﬁc)_i_l, ie, T =m,(r) and ¥ € Wy, ;. The last condition
means that degz < k 4+ 1 and dry = 0. The equality dezy = 0 is equivalent to

the following conditions:

a) deg(dzy) < degd + n and
b) Tdegat+n(dzy) = 0, i.e, terms with degrees < (6)
degd + n are equal to zero.

The first condition means that d € Vg, the second is defined by a finite

number of linear equations on coefficients of terms with degrees < n. As
V;Z:_l = Vd{?c), then there exists an element ' € V., such that m, (2') = 7, (z).
Then a) (6) holds, by the definition of V; ;, and b) (6) holds, because terms with

degrees < n in z and z' coincide. Therefore, by (6), dz'y = 0. The degree of '
is < k, hence, z' € Wy, and m, (') € Wg;). So, T = mp(x) = ma(x') € Wg;).
The proposition is proved. O
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Lemma 5.35 If, for all verteces d; € T'(A) and for all k, the spaces denac are
zero, then y is not a right zero divisor.

Proof. Let the contrary is true, then, by Lemma 5.31, there exist a word d; and
an element x' with a nonzero free term, such that d;z'y = 0. By the definition
of Wi, ky ' € W, qegor- But m, () # 0, because z' has a nonzero free term.

Hence, Wa%ln:Zieg o = (W3, degar) # 0. We have a contradiction. i
The construction of the algorithm. For all verteces d;, i = 1,...,m, of the

minimal graph I'(A) of an algebra A we compute the spaces Vg, , (k=1,2,...).
For each k& we compute the projections Vd-(_"])C of these spaces in the quotient

algebra A/A(™+1) | by the ideal, generated by all words of degrees > n. These
projections are finite-dimensional and their dimensions are bounded from above
by some number, which is independent from & (i.e., by the maximal number of
all paths in I'(A) of length < n, which begins in same vertex). By Lemma 5.32,

the spaces Vb(anr)d ¢ increase, when k increases. Let for k& = N the stabilization

begins: for all d;, the equalities Vdf(_n])C = Vdf(_n])g_1 hold. By Proposition 5.33, the

growth of Vdgz) stops at that moment. By Proposition 5.35, the growth of de;c)
also stops at that moment. Let us find the spaces Wy, Ny, for all verteces dl
If one of them is nonzero, for example Wy, ny # 0, then there exists a nonzero
element z, such that djzy = 0, i.e, djx is the required zero divisor. Otherwise,
all spaces W (n)z, , are zero and, by Lemma 5.35, y is not a right zero divisor.

The complexity of the algorithm. The constructed above algorithm has “a
polynomial complexity modulo growth of algebra”, i.e., if the algebra growth
is polynomial, then our algorithm is also polynomial (with respect to the y
degree). If the algebra growth is exponential, then our algorithm is exponential
also. The algorithm has a quadratic dependence on the number of the graph
verteces.

Let n = degy, m = |T'(A)| and r(n) be the growth function of the algebra
(i.e., the number of words of length < n).

It is easy to obtain an estimation on the degree of the y annihilator. The
sum of dimensions of the spaces Vci(inl)c is not greater, than m - r(n), hence,
the stabilization will begin not later, ‘than after the defined above number of
steps. Let z be a nonzero element of the minimal degree in the y annihilator,
ie, zy = 0. Then z = dz, where x € Wy, ; and &k < m - r(n). We can
choose the element d in a way, such that its degree is not greater, than the
number of verteces in I'(A) (an element of such degree can be found in each
equivalency class of words in A). So, we have degd < m, degz < m - r(n).
Hence, degz < m - r(n) + m.
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5.5 The Noetherity

Proposition 5.36 An automata algebra is right Noetherian iff
1) its minimal determinate graph T'(A) doesn’t have any twice cyclic verteces
and
2) if T(A) contains cycles, then not one of them contains an outgoing edge.
O

Corollary 5.37 A Noetherian automata algebra is a Pl-algebra and either it
has a linear growth, or it is finite-dimensional. a

The proof is obvious. However, a more strong statement is valid.

Theorem 5.38 A monomial algebra A is right Noetherian, only when its graph
(tree) of right multiplications contains only a finite number of branchings.

The proof of this statement see in the book by J.Okninski [87].
The following statement is a consequence of this theorem and the periodicity
theorem.

Corollary 5.39 A right Noetherian monomial algebra is automata. a
And, by Corollaries 5.39 and 5.37, we have

Corollary 5.40 A right Noetherian monomial algebra is a Pl-algebra and ei-
ther has a linear growth, or is finite-dimensional. O

6 Representations of monomial algebras

This chapter is dedicated to representations of monomial algebras. We consider
“tame” and “wild” monomial algebras, i.e., algebras, which representations can
or cannot be classified. Only 1- and 2-generated algebras with zero multipli-
cation are tame. The description of irreducible representation of a monomial
algebra (if its definition is “good”) can be reduced to the description of represen-
tations of an algebra A,. All nonzero words in A, are subwords of the infinite
cyclic word u®°. If the minimal graph of an algebra contains linking cycles (i.e.,
the algebra has an exponential growth), then the classification problem about
its irreducible representations is wild.

The necessary condition of the representability is the validness of the height
theorem. In this case, there exists a number h, such that all words in the
algebra are of the form u ufk? ...uf’, where | < h and {u;} is some fixed set
of words. The necessary and sufficient condition of the representability can be
formulated as a condition on the set of power vectors k = (k1, ..., k;): the set of
(k1,-..,krangle, such that u’fl . uf’ = 0, is defined by a system of exponential
Diophantine equations.
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Then we study varieties, generated by monomial algebras: M, = Var(4,)
and the variety, generated by upper triangular matrices,for example. We shall
need these varieties for the combinatorial study of the identities complexity.

To study all these problems we need the technique, which is related to the
graph definition of representations, to representations of direct sums and tensor
products.

6.1 The classification of representations: wild and tame
problems

An algebra is called “tame”, if all its representations can be classified, otherwise,
it is called “wild”.

Theorem 6.1 The following algebras are tame:
1) 1-generated algebras,
2) 2-generated algebras with the zero multiplication.
All other algebras are wild.

Proof. The case 1) is obvious. Let V be a representation space of a 2-generated

algebra A with generators a and b and with the zero multiplication. Then to

an A representation corresponds the pair of operators A and B:V/(ker AN
a

ker B) — ker AnNker B. And to each pair of operators M —2 N can be

b

related a representation of such algebra. Hence, the problem of classification

of such algebra representations can be reduced to the classical problem of the
a

linear algebra — the classification of pairs of operators U —= V', which solution
b
is known [10].

Analogously, the classification of representations of a 3-generated monomial
algebra with the zero multiplication can be reduced to the problem of classifi-
cation of triples of operators U E:V, which is wild.

So, it remains to prove that the problem of classification of representations
of a 2-generated monomial algebra with a nonzero multiplication is wild. It is
enough to prove this fact in two following cases: the algebra A; with relations
a’® = b2 = ba = 0 and the algebra A, with relations a® = ab = ba = b = 0.

Let us consider the diagrams

VsV ViV
b a
a a
Vi—V Vi—V:
1V et
for the first algebra, for the second algebra.
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Let the arrows, which connect V; and V5, be isomorphisms, let V = V; & V5, &
V3 @V, and let us define operators A and B using the diagrams: A is the direct
sum of all operators, which correspond to arrows, marked by a.

We have: Vo = ImBNImA, Vi = A 1(Va) N B 1(V3). Honoxum N =
ImAB Let N = ImAB, in the first case, and N = Im A2, in the second,
then N C V5. So we come to the problem about the classification of pairs of
operators-isomorphisms, which connect two different spaces and a subspace NV
in the second space. If we identify these spaces by the action of one of those
operators, then we shall come to the problem about the classification of an
operator a 'b : Vo — V5 and a subspace N C V,. This problem is wild (see

[10)).

6.2 Irreducible representations of monomial algebras

So, the problem about the classification of representations is wild, if an algebra
is more or less interesting. Hence, we have to restrict the problem to the classi-
fication of irreducible representations. We shall assume in this section that the
ground field F' is algebraically closed.

Let us consider at first the case of an automata Pl-algebra. The problem
about the classification of irreducible representations can be reduced in usual
way (by the factoring by the radical and by the decomposition of an operator
algebra into a direct sum) to the prime case. Hence, we have to study irreducible
representations over F' of an algebra A,, such that all its nonzero words are
subwords in the infinite word u>°.

Proposition 6.2 Let t be a sum of words, which are cyclically conjugate to
u. Then t generates the center of A,: Z(Ay) = F[t]. The algebra A, is a free
module of dimension Va, (|u|)—1 over its center. (Let us remind that by Va, (n)
we denote the number of nonzero words of length < n in A,.)

Proof. Obviously, ¢ is central. The second part of the proposition is a conse-
quence of those fact that the beginning (the end) of length n of each subword
in 4™ uniquely defines this subword (Proposition 2.3). a

Let us consider a finite-dimensional representation ¢ of an algebra A,, i.e,
we consider a right module M over A,, which is finite-dimensional, as a linear
space over F. Let us denote by T' = ¢(t) the operator of right multiplication
by t. The following statement is obvious.

Proposition 6.3 For each A\ € F and n € N, the kernel and the image of
the operator (I' — AE)" (E is the identical operator) are invariant subspaces.
Hence, each representation decomposes into the direct sum of representations,
which correspond to eigenvalues of T. a

Corollary 6.4 If the representation ¢ is irreducible, then T is a dilation, T #
0.
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Proof. This corollary is a consequence of the previous proposition and Schur
lemma. O

Let us consider an irreducible representation ¢ of an algebra A,. The oper-
ator T' = ¢(t) is the operator of multiplication on some X\ # 0. Let us consider
the operator p(u). Obviously, ¢(u) # 0 (otherwise w(t)? = 0). Let us denote
by v an eigenvector of p(u). As ut = u?, then its eigenvalue equals \, vu = Av.
Let n = |u| and let us denote by (u)o, (¢)1,. .., (w),—1 the beginning subwords
of u of lengths 0,1,...,n — 1, respectively. By u(? will be denoted the word,
which is cyclically conjugate to u and which first letter has the i-the position in
w,i=0,1,...,n—1. Then (¥ =y and ¢t = E?:_ol w9, Obviously,

w(w)u® #£0, and u(w)u =0, if i # . (7)

Let us consider the vectors vg = v = v(u)o,v1 = v(u)1,v2 = v(U)2,...,Vp—1 =
v(u)p—1. It is easy to check that they are linearly independent and constitute a
base in an invariant subspace. The linear independence is a consequence of (7)
and of those fact that v; = (1/\)vu(u);. The invariancy is a consequence of the
equality vu = Au.

As our representation is irreducible, then the vectors v; constitute a base in
the representation space. It is easy to obtain matrices, which correspond to A
generators. Let us consider the cycle

Do

Un—1 U2

and let us mark the arrow v; — v;4; by the letter ag,, if the word (u);4+; ends
with this letter. The arrow v,,_1 — vy we shall mark by the last letter of u (let
us denote this letter by ay,_,). We have

ViQg; = Ujt1, i:O,...,n—2,
Up—1Gk, , = Ap.

So, we defined linear operators, which correspond to the generators of the alge-
bra A.

Remark 1. The represented above cycle corresponds to the graph of A, one
of which arrows is additionally marked by A. The choice of another arrow
corresponds to the dilation of base vectors by A and by A=1.

So, we have a description of irreducible representations of an algebra A,:
each irreducible representation is uniquely defined by a constant 0 # A € F.
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Remark 2. The problem about the classification of irreducible representations
of an automata algebra, which is not a Pl-algebra, is wild: it contains the
problem about the classification of representations of a free 2-generated algebra
or the problem about the classification of pairs of operators-isomorphisms.

6.3 Some constructions
6.3.1 Operations over monomial algebras. Direct sums

Proposition 6.5 Let A be a monomial algebra, a1, ..., 1k, 21, -, A2k, - -
as, be its generators. Let b; = Zf’zl aij, then

a) elements by, ...,bs generate a monomial algebra;

b) a word U(by,...,bs) =0, only when, for each substitution b; — a;; (dif-
ferent occurences of b; can be substituted by a;; with different indeces j), its
result (the value of U) is zero.

=

Proof. If we substitute b; by the sum ) ; @ij and remove the parentheses,
then terms, which correspond to different words don’t coincide. Therefore, the
elements b; generate a monomial algebra. The item b) is a consequence of those
fact that terms, which appear after the removing of parentheses, are different
and are in one to one relation with the defined above substitutions. O

The following statement is a direct consequence of this proposition.

Proposition 6.6 (on the diagonal embedding) Let A; = (a;1,...,a;s) be
monomial algebras and let A = ®A;. If a; = ), aji, then the elements

ai,...,as generate a monomial algebra A and the set of zero words in A is
the intersection of sets of nonzero words in A;. a
Corollary 6.7 Let A be a monomial algebra, I,,...,I, be monomial ideals.
Then, if the algebra A/I; is representable, for each j, then the algebra A/ N; I;
is also representable. O

Let ' be the graph of a monomial algebra A. Let us mark I' arrows by
different letters and let these letters be the generators of the new algebra Ar.
We can define an obvious multiplication in Ay: b1bs = 0, if the end of the arrow
by doesn’t coincide with the beginning of the arrow by, otherwise, we have a
nonsero monomial b;by. Then the correspondence a; — > b; (b; correspond to
arrows, marked by «a;) defines an embedding of the monomial algebra A into Ap
and Ar will be called a I'-cover of A.

Proposition 6.8 a) Let A be a monomial algebra, A be its D-cover. Then to
each word in A corresponds the sum of words in Ar, where terms in the sum
correspond to different positions of the given word in I.

b) If T'(A) is produced from ['(A") by sticking of letters, then A can be em-
bedded in A" and Var(A') C Var(A). O
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Proposition 6.9 a) If each nonzero word in A’ is also nonzero in A, then A’
is a quotient algebra of A and Var(A') C Var(A). The factorization corresponds
to the erasing of arrows in the graph.

b) Let T'; be connected components of I'. Then there ezxists a natural em-
bedding of Ar into the direct sum of Ar,. The variety Var(Ar) is the union of
Var(Api). O

(By a position of a word we call a path, which edges, in the order of their
passage, are marked by letters of the given word. If a word doesn’t have any
position, then this is a zero word. The same is true for superwords also.)

The next construction is related to tensor products. The tensor product is
not defined in the category of monomial algebras (for example, k(z) ® k(y) ~
k[z,y], but the ring of commutative polynomials from two variables is not a
monomial algebra). Hence, we have to choose an appropriate subalgebra in the
tensor product.

Proposition 6.10 Let A;, i = 1,in, be a family of monomial algebras with
generators a;j, j = 1,...,5. Let us consider the subalgebra A in the tensor
product ®;A;, which is generated by elements a1; ® az; @ -+~ @anj, j=1,...,s.
Then A is a monomial algebra. A word in A is a zero word, only when it equals
zero in one of A;. O

Hence, the ideal of words in A is the sum of ideals of words in algebras A;.
If all A; are representable, then, considering the tensor product of represen-
tations, we have

Proposition 6.11 a) Let as consider the algebra A and the family A; from the
previous proposition. Let A; are representable and let W; be the correspond-
ing spaces of representations. Then A is also representable and its space of
representation is QW;.

b) Let A be a monomial algebra, I, ..., I be monomial ideals (i.e., ideals,
generated by sets of monomials) and the algebras A/I; be representable, then
the algebra A/(I1 +--- + I;) is also representable. O

So, we can use operations of the intersection, of sum and of union, when we
work with sets of nonzero words, such that factors by them are representable.

Further we shall consider only those graphs, which don’t have any intersect-
ing cycles. As usual, to different arrows will correspond different generators of
a monomial algebra.

Proposition 6.12 Let to different arrows in the graph correspond different gen-
erators. Then to the erasing of an arrow corresponds the factorization by the
generator (by which this arrow was marked). O
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Definition 6.13 Two arrows in a graph are called parallel, if there doesn’t
exist a path, which contains both of these arrows.

The following proposition will be used in the reduction process.

Proposition 6.14 If I'(A) contains parallel arrows, then A can be embedded
in the direct sum of algebras A, where each A, is constructed by the erasing
of one of these arrows. The T-ideal of identities of A is the intersection of
T-ideals in A, and the variety, generated by A is the union of corresponding
varieties. Let I be a monomial ideal in A, such that the quotient algebra Ay /1
is representable, for each o. Then the algebra A/I is also representable. O

In what follows we shall consider graphs without parallel arrows (and without
linking cycles). Such graph is of the form

NN N

A graph of a nilpotent algebra without parallel words is a graph of the form
, and the algebra itself is an algebra of subwords of a finite word.

Let us remind that an oriented graph is called strongly connected, if, for
each two its verteces, there exist a path from the first vertex to the second.
Obviously, in the PI-case all strongly connected components of a graph without
parallel edges are cycles.

Proposition 6.15 If a graph doesn’t contain any parallel arrows, then each two
verteces can be connected by a path. The quotient graph by strongly connected
components is a linearly ordered set and the graph itself is of the form

where by black circles are denoted strongly connected components. O

Proposition 6.16. Let the set of all subwords of a superword W constitutes a
regular language. Then the graph of the algebra Ay, doesn’t have any parallel
edges and is of the form @—>——®. In the case of a right superword, the graph
is of the form ———®, in the case of a left superword — @—>——,

Proof. Each vertex has the next and the previous. Hence, there are no heads
and no tails. As there are a finite number of stronly connected components and
they are linearly ordered, then a begining of W (and an end of W) are in the
same component. O

Proposition 6.16 If W is prime, then there is only one component and the
graph is of the form @ . a

We shall consider quotient algebras of automata algebras, which are not
automata themselfs. However, we shall use the graph technique all the same.
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6.3.2 The semidirect product of monomial algebras

Definition 6.17 By the semidirect product of algebras A and B (denoted by
A x B) will be called the quotient algebra of the algebra A+ A x B + B, by the
ideal, generated by elements of the form bxa, b € B, a € A.

The following result, due to J.Levine [83], is well known.

Theorem 6.18 T(A x B) =T(A)-T(B), where T(A) is the ideal of identities
of A. O

Proposition 6.19 The free product and the semidirect product are defined in
the category of monomial algebras. O

Remark. We defined the semidirect product of algebras without unit. In the
case of monomial algebras with unit, the definition must be changed in the
obvious way.

We shall need the following proposition for the reduction process.

Proposition 6.20 Let a graph T' be of the form Ty = T's, The letter a is not
occured in 'y and each letter from I's is not occured in I'y. Let also there be a
path from each vertex in I'y to each vertex in I's. Then the algebra of the graph
I" is isomorphic to the semidirect product of the algebra of I'y and the algebra of
the graph &= T'5.

Proof. Let as be a letter, which marks some arrow in I's, and A;; be verteces
in 'y, in which arrows, marked by a;, begin. Let us consider verteces Ay, in I'y
(except those, in which begins the arrow, which connectes I'; and I'2) and all
paths v;j, from Ay to A;j. Let

’
a; = a; + E Vijk G -

Obviously, a} generate a monomial algebra, which is isomorphic to the algebra
of the graph e I'y, and the operation of the multiplication of the algebra of
I'; by this algebra, satisfies the properties of the semidirect product. Moreover,
the algebra of I'; and a) generate the algebra of I'. a

Corollary 6.21 If a graph T' doesn’t have any parallel edges and all its arrows
are marked by different letters, the the variety, generated by the algebra of T,
is a semidirect product of matriz varieties and varieties, defined by identities of
the form x1x2...x,, = 0. The corresponding T-ideal is a product of identity
ideals of these algebras. |

Hence, we have the classification of varieties, generated by graphs, such that
all their arrows are marked by different letters: the corresponding T-ideals can
be produced by the union and by the intersection from T-ideals of varieties,
defined by matrix algebras and the algebra with the identity ;x> = 0.
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6.3.3 Morphisms and representations of algebras A,

If a word u can be produced from a word v, by sticking the letters, then we
have an embedding A, — A,: a = >_ a;, where q; are the letters, which occupy
the same positions in u, as a occupies in v. This morphism corresponds to the
morphism from Proposition 6.8. We shall be interested in other morphisms also.

Proposition 6.22 Let u be a noncyclic word. Then all subwords in u> of
length k are lexicographically comparable and generate a monomial algebra. If
k > n = |u|, then this algebra is a direct sum of ged(k,n) subalgebras, each
of them is isomorphic to A,, where |v| = n/gced(k,n) and all letters in v are
different. (By gcd(k,n) we denote the greatest common divisor of k, n.)

Proof. Positions of words of length k in the cycle of length n correspond
to chords, which are equal to each other and which constitute ged(k,n) same
closed broken lines. These broken lines correspond to the mentioned above
subalgebras. If k£ > n, then each word of length &k has the unique position in the
cycle (see Proposition 2.3) and all letters, which mark segments of all broken
lines, are pairwise different. |

If k = n+1, then we get the embedding 4, — A,, where all letters in v are
differernt. Using the previous reasoning, we have

Proposition 6.23 Let u and v be arbitrary noncyclic words of the same length
n. Then there exists an embedding A, — Ay, such that to each generator of A,
corresponds the sum of words of length n+ 1 in A,. a

6.4 The criterion of the representability of a monomial
algebra

If a monomial algebra is representable, then it is PI and in it the height the-
orems holds. The inverse statement is wrong. (For example, an algebra with
a non-integral Gelfand-Kirillov dimension cannot be representable.) We shall
formulate and prove the representability criterion.

By the height theorem, words in an algebra are of the form vf* v} ...vl’”,
where | < H (H is the height of the algebra) and v; belong to a finite set
of words. Hence, each word in A is defined by its type — the oredered set
(v1,...,v;), and by the power vector k= (k1,,k1). The set of different types is
finite. The representability criterion is a set of conditions on types and power
vectors. The type (u1,...,ug) is called a subtype of the type (v1,...,v;), if the
sequence (v1,...,v;) is of the form (v1,...,Vm, U1, .., Uk, Vktrmt1,---, V1), 1.€.,
words of the type (u1, .. .,u;) are subwords of words of the type (vq,...,v;) (with
the indication of the power decomposition). The words v; will be considered
noncyclic (i.e., they are not powers). Also we suppose that any number of words,

. . kg - .
which occur in the type vke ...UBB) in succession, cannot be represented as a
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product of a smaller number of powers. (This condition is not only on v;, but
on k; also.)

Let us fix a sufficiently big number N. A component vf" will be called
essential, if k; > N. As the essential height is equal to Gelfand-Kirillov di-
mension (Theorem 2.110), then the number of essential components is equal to
Gelfand-Kirillov dimension also (if N is sufficiently big). Let us mark essential

components in all products. Then we can represent the word vfl .. .vl’“’ as

ks ki,
DO'UZ'IIDI - .’l}i; Ds:

where k;,,...,k;, > N and D, are products of nonessential components. If
N is sufficiently big, then s is not greater, than the essential height. The
representation in the above form can be made unique, if v; are correct words (in
the above defined sense). Let us note that powers cannot have big overlappings.

If a word can be represented in the form ngflil ... Dy in several ways, then we
shall choose those, which corresponds to the minimal in length Dy, then the
maximal in length vflil, then the minimal D; and so on. The obtained unique
representation (Dg, v, , D1, i, - - ., D) of a word is called the essential type (we
omit the power vector). Let us sum our observations and formulate some useful
remarks.

Proposition 6.24 If N is sufficiently big, then to each word uniquely corre-
sponds its essential type. There are only finite number of essential types. A
subtype of the essential type (Do, v1,...,vs, Ds) can have one of the follow-
ing forms: (v, D;, .. '7vj)’ (viy .- 7D;',)’ ( g—lavia cee 7Uj)a ( 2—17 - Vg D;");
where D), is an end of vfi‘llDi and DY is a beginning of Djv;-cfll. Each word
in a subtype is a subword of some word in the type. To each essential type cor-
responds a graph without parallel edges, such that all words in this type can be
positioned in the graph. Moreover, v; correspond to cycles and D; correspond
to paths, which connect them. O

Now we can formulate the representability criterion.

Theorem 6.25 A monomial algebra A is representable, only when A has a
bounded essential height and power vectors satisfy the following conditions.

1. For each essential type a finite system of exponential Diophantine equa-
tions on power values of essential components is defined. Moreover

Dyvf'*Dy...v* Dy =0
if and only if all these equations hold
Pa,t(kla- . .,ks) = 0

(by t the essential type (Do, v;,,...,v;,,Ds) is denoted).
2. If P, is the system of equations for a subtype, then to it corresponds the
system of equations for the type.
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Proof. Let us prove the necessity, at first (and also let us clarify the last
condition of the theorem). The last condition means that, if a word has a zero
subword, then it is a zero word itself. The necessity of the essential height
theorem was mentioned above.

To prove, why the validness of the system of exponential Diophantine equa-
tions is a consequence of the word equality to zero, we shall need the following
proposition.

Proposition 6.26 Let A be a square matriz. Then the (ij)-th component of
its power A" is of the form Zle AP P;(n), where \; is an element from a finite
algebraic extension K of the ground field and P; € K|z].

Proof. This statement is a direct consequence of the theorem about Jordan
cell. O

Hence, the equality to zero of a word of the given type means the equality
to zero of components of the corresponding operator, i.e., the necessity can be
proved by the removing of parentheses.

Let us come now to the sufficiency proving. Let the theorem condition holds.
Our algebra is a quotient algebra of the algebra, which graph consists of sev-
eral disjoint components, corresponding to different types. By the direct sum
reasoning, it is enough to study the case of one type graph (and the system,
which corresponds to this type). Proposition 6.8 reduces our problem to the
case, when all arrows of the graph are marked by different letters. And Propo-
sition 6.11 allows to restrict ourselfs to the case of one equation. So we can
reformulate the problem.

Let A be an algebra of the following graph

000, . O

where all arrows are marked by different letters. Let P(ky,...,ks) be an arbi-
trary exponential Diophantine polynomial from ki,...,ks. Let I be the ideal,
which is generated by words positioned in a way, such that the first cycle is
passed k; times, the second cycle — k2 times and so on, and P(ky,...,ks) = 0.
We have to prove that the quotient algebra A/I is representable.

At first we shall reduce the statement to the case of unit loops and unit
arrows, which connect loops. Let a representation, which corresponds to the
quotient algebra of the graph

a2 das Qan

000 . . O

be constructed. And let V' be the space of this representation. By W; C V' will
be denoted the image of the operator, which corresponds to the element a;. Let
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us consider the direct sum of the space V and spaces W}, ..., W}, isomorphic
to W;, and let us define operators a?,a%,...,aé: a{ is an isomorphism from
Wf to Win, if 1 < j < I, on other components this operator acts by zero.
The operator a? is the composition of a; and an isomorphism from W; to W}.
At last, the operator a! is an isomorphism from W/} to W;. Then the product
alal...al acts on V in the same way, as the operator a;, i.e., the passage of a
cycle corresponds to the action of a;.

With the help of an analogous procedure we can obtain the situation, when
cycles are connected by unit paths.

So, it remains to prove the following lemma.

Lemma 6.27 (on the representation) Let us consider a graph T' of the fol-
lowing form

a; az ag Gp
QOO ... 0
dy di do dy,

Let P(ki,...,k,) be an arbitrary exponential Diophantine polynomial
from wariables kyi,..., ky. If I is the ideal, generated by elements
doa’fldla§2 eoodp_1akrd,, such that P(ky, ..., k,) =0, then the algebra Ar/I is
representable.

In the proof the technique of generalized graphs will be used.

6.4.1 Generalized graphs

Generalized graphs will be used for constructing examples of representable (but
not automatal) monomial algebras with required properties.

Definition 6.28 1. By a generalized graph we understand an oriented graph
with edges, marked by letters a; and numbers \;.

2. The algebra of a generalized graph (and its representation) is constructed
in the following way:

(a) to verteces of the graph correspond base vectors of the representation space;

(b) to each letter a; corresponds its transcendental constant a;, which is the
same for all positions of a; in the graph;

(c) to the arrow, which connects i-th vertex with j-th vertex and marked by
the letter ay and the number A,, corresponds the operator aA; E;; (where
E;; is the matrix unit, i.e., the operator, which maps the i-th base vector
e; into j-th);
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(d) to each generator a; corresponds the sum of operators, where the summa-
tion is taken over all arrows, marked by a; (if there is no outgoing arrow,
marked by a;, from some vertex, then the action of the operator on the
corresponding base vector is zero, hence, if A = 0, and we can delete the
arrow);

(e) if an arrow is not marked by any number A, then we assume that A = 1.

Let us consider a Jordan cell A. How can we represent operators A and A*
by generalized graphs?

Proposition 6.29 Let us consider the following generalized graph

a

v

a a a a
LQO0 . _0O.
a a4 a "
.
n

Let us denote by A the operator, which corresponds to the generator a. Then to
A¥ corresponds the graph, such that its arrows, which connect verteces € and
€j, 1 < j, are marked by numbers (jfi)A’“, where A*¥ = @* is the corresponding

transcendental constant (we assume that (’8) = (,’:) =1, (fl) =0, ifn>k).

Proof. This statement is a translation to the graph language of the well known
fact about a power of a Jordan cell (which is easy to prove by the induction).
O

We shall be interested in the arrow, which connects the extreme verteces
€, and €,. It is marked by (nﬁl)(z’“. If all arrows will be marked additionally

by A, then this arrow will be marked by A\*(,* )a*. We need transcendental
constants to ensure the uniformity with respect to each variable.

The following proposition is a direct consequence of the previous.

Proposition 6.30 Let us consider the algebra, which is defined by the general-
ized graph

. )\10,1 )\1(11 )\2(12 )\20,2 )\sas )\sas N
o O, 00, 0O, . 0O, . 0O %
do |May |di [A2az | dy |Asas | d
~~ - ~~ -~ N————

Let operators D; correspond to generators d; and operators A; — to generators
a;, ©=0,1,.... Then

s
- ) k; ,
DOA,lelA§2---Ds—1AI§SDs:Eaﬁ'dOHAfz< l >a,'czdi )

n;—1/)"
i=1 v

where Eqp is a matriz unit. a
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Proposition 6.31 Polynomials of the form (nfil) ( k2 ) e (nfjl), for all sys-

le*l

tems nq,...,ns, constitute a base in the space of all polynomials Kk, ..., ks].
Polynomials with exponents )\’fl oAk (nfl_l) (nfs_l) constitute a base in the
space of all polynomials with exponents. O

Remark. Polynomials (nfl_l) ... (nfil) constitute a Z-base of polynomials
from variables ki, ..., ks, which have integral values in integral points.

Proposition 6.32 a) Let us consider the following generalized graph

Aiar 161 Als@s AsQs
Q... 0. ... 0O, ..
dido [ Mraq |dy |A1sas |
d
. 62d0 11 1s ds s )
e, Sady % &
6md0 Am1a1 Am16G1 Ams@s ds
Q... 0. .0, .. O
|>\m1 [45] | dy |>\msas |
N—_—— —— ————

Let operators A; correspond to generators a; and operators D; correspond to
generators d;. Then

_ E o m s ) k
DoAY DAY ARD, = Eas- | do [[ a7 d; | -0 [] A (n s 1) :
j=1 i=1 j=1 K

Therefore, DOAIlel . A¥Dg = 0, if and only if P(k,...,ks) =
ST A () = 0.

b) To each word, which has a position in the graph (except, maybe a finite
number of words, which connect the verteces €, and €3), corresponds a nonzero
operator. Nonzero operators, which correspond to different words, are linearly
independent. O

Proposition 6.32 allows to construct any linear combination of products of
binomial coefficients, and Proposition 6.31 demonstrates that it is possible to
construct any exponential Diophantine polynomial in this way. All this proves
the representability lemma, hence the representability criterion is also proved.

O

6.4.2 Applications of the representability criterion

We shall use the representability criterion for proving that each representable al-
gebra with Gelfand-Kirillov dimension 1 is automata. Also we shall use this cri-
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terion for constructing representable monomial algebras with patological prop-
erties.

Theorem 6.33 A representable monomial algebra over a field of zero charac-
teristic with Gelfand-Kirillov dimension 1 is automata and its Gilbert series is
rational.

Proof. This theorem is a consequence of the theorem about the coincidence
of the essential height and Gelfand-Kirillov dimension, of the representability
criterion and of the following theorem.

Theorem 6.34 The set of integral zeroes of an exponential-polynomial Dio-
phantine equation over a field of zero characteristic is a union of a finite number
of points and a finite number of arithmetic series.

Proof. We shall prove this theorem by Scolem method. Let us present at first
some auxiliary facts from algebra and number theory.

1. From a set {\;} of elements of a field (i.e., parameters, which are related
to the equation under study) we can select a maximal system of algebraically in-
dependent elements {1, ..., \x}, which is called the transcendental base. Each
A; is a root of an algebraic equation of the form P\ + - -+ F;;, = 0, where all
P;; are values of polynomials with integral coefficients from A, dots, A\;,. Each
map of a transcendental base into a system of algebraically independent ele-
ments of a field H can be extended to a homomorphism of the field Q({\;})
into some algebraic extension of H.

2. Let us take a sufficiently big prime p, such that for some set of remainders
{A1,-.., A} all polynomials Pj,, (A1, ..., Ax), Pio(Ar,-..,Ax) # 0. Let us take
algebraically independent, over Z, p-adic numbers {A],..., A} }, which remain-
ders modulo p are equal to {A1,...,\¢} respectively. Then the map \; — X,
can be extended to an embedding of Z[{\;}] into some algebraic extension H of
the ring of intergal p-adic numbers Z,. Moreover, the images of Pj,(\;) don’t
belong to the principal ideal H, of the ring H. Let m be the degree of H over
L.
3. If X isn’t contained in the ideal H,,, then \?"~* — 1 € H,,. In this case
the function ¢*, where t = A?" ~!, is analytical by z.

4. The set of integral p-adic numbers is compact.

5. An analytical function, which has infinite number of zeroes in H is iden-
tical zero.

Let us begin the proof. Let r = p™ — 1. Using steps 1-2, let us pass to the
ring H. We can decompose the set of powers N into r arithmetical series with a
step r. Each such progression corresponds to the equation with base of powers
Al (because the power changes with the step r), the left hand side of which
is analytical. Therefore, each such series either contains only finite number of
zeroes, or is identically zero.
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Now we can give an example of a monomial semigroup, which is repre-
sentable over a field of characteristic p and non-representable over a field of zero
characteristic. Let us consider the equation for z € N : (1 +¢)* —¢* — 1 =0,
where ¢ is a transcendental element. Bases of powers belong to a field of char-
acteristic p. Its solutions are z = p¥. Therefore, the semigroup with relations
AC =DA=DC =CD =0, CA"D =, for n = p*, is representable, by the rep-
resentability criterion, over a field of characteristic p, and is non-representable
over a field of zero characteristic, by the previous theorem.

Let us write matrix elements of its representation:

A: (]. + )\)aEu + )\(LEQQ + aE33,
C: c(Eor — Eoz — Eoz),
D : d(E14 + E24 + E34) .

The Gilbert series of the corresponding monomial algebra is transcendental. It
can be proved that this algebra is non-representable over each field of charac-
teristic # p.

Let us give an example of a monomial algebra, which is representable over
a field of zero characteristic and has Gelfand-Kirillov dimension 2. It is known
that all solution of the Pelle equation z? — dy? = 1, d # k?, are of the form
(T, Yn) @ Tp + Vdy, = (zo + \/Eyo)”, where (xo,yo) is the minimal solution.
The set of all solutions has a logarithmic density and the Gilbert series of the,
defined below algebra, is transcendental:

CA®*BYD =0, ifaz®—dy?=0,
C?=D?>=AC=BC=DC=DB=DA=0,
BA=AD=CB=CD=0.

(This is the algebra of subwords of words of the form CA* BY D, where x2 —dy? #
0.)

Hence, the problem about the representability of a monomial algebra can
be reduced to the following problem: is the given set a set of zeroes of some
exponential Diophantine polynomial from several variables? It is known that
this problem is algorithmically unsolvable. The problem about the existence
of a positive integral root of this polynomial is algorithmically unsolvable also.
Therefore, the following statement holds.

Theorem 6.35 The problem about the existence of isomorphism of two mono-
mial algebras and the problem about the equality of their Gilbert series are algo-
rithmically unsolvable.

We can restrict ourselfs to the set of 1000 x 1000 matrices over C[z1, ..., zg].
Remarks. The property of zeroes of an analytical nonzero function not to have

limit points is the specifics of the one variable case. It is known that, the solving
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of a system of Diophantine equations from two variables, is an algorithmically
solvable problem. If it is possible to generalize this result to the case of expo-
nential Diophantine equations, then we shall get the algorithmical solvability of
problems about representable monomial algebras with Gelfand-Kirillov dimen-
sion 2.

7 Varieties of monomial algebras

A variety of monomial algebras is a variety, which is generated by some set of
monomial algebras.

We shall prove that such variety is generated by one finitely defined algebra
with the graph without parallel edges and such that each arrow, which have a
common vertex with a cycle, is marked by the unique letter, i.e., all other edges
are marked by different letters. We shall get also a description of unitary closed
varieties of monomial algebras: this are varieties, which are generated by direct
sums of semidirect products of matrix algebras of arbitrary dimensions.

Varieties of monomial algebras constitute a “bridge” between structural
properties of identities and word conbinatorial analysis. A general scheme of
reasoning may be described in the following way: an identity f doesn’t hold in
a variety = f doesn’t hold in a monomial algebra A = a word in an arbitrary
algebra, which is graphically identical to a word in A, with the help of f can be
transformed into a linear combination of other words. The last step allows to
perform a reduction.

We shall apply this approach to matrix algebras and to algebras of upper
triangular matrices. Also we shall prove lemmas, to which we refered in Section
2.2. In what follows, when we shall speak about words in Wd(A), it means that
we speak about words, graphically identical to words in A.

Proposition 7.1 a) Let f be an identity, which doesn’t hold in a monomial
algebra A, and let B be an algebra with the same set of generators. Then there
exists a word u in WA(A) in B, which is linearly representable modulo T(f) by
words, nonequal to u.

b) Let f be a polylinear identity of the form ) ¢ 0sTo(1) .. To(p), 0o € F.
Then there exist words vy, ...,v, € Wd(A) and coefficients B,, such that

V =v1v2...up, € Wd(4),
Vi1V2 .. Vp = Dy 4y BeVe  (modT(f)), where (8)
Va’ = 'Ug(l)va(g) Ces 'U(T(p).

Proof. If we take the factor by words, which dont’t belong to Wd(A), then

we shall reduce the proof to the case of A itself. But this case is obvious.
O

Let us note that this construction often ensures the linear representability
of u, by words, which don’t belong to Wd(A).
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Proposition 7.2 Let MM be a unitary closed variety, f be an arbitrary identity
of degree p, v, v} be words, which don’t contain variables x;. Then the validness
of the identity f(x1,...,xp) in M is equivalent to the validness of the identity

fluizyvg, .. vpmp0y).

Proof. It is enough to substitute the unit instead of variables, which occur in
v; and v}. O

Corollary 7.3 Let Var(A) be a unitary closed variety. Then the words v; in
(8) can be simultaneously arbitrarily long.

We see that, “deletions and addings” (see Lemma 2.6) are a combinatorial
analog of the unitary closedness. Let us apply these results to a matrix algebra
and to an algebra of upper triangular matrices. The following proposition was
used in 2.2.

Proposition 7.4 Letu be a noncyclic word of length n and let f be a polylinear
identity of comlexity < n and degree p. Then there exists a subword t in the
superword u*°, representable in the form t = ty...tp41, where lengths of t;
satisfy the inequalities 2n < |t;| < 3n, and t is also representable as a linear
combination of words t, = toty(1) .- .te(p)tp+1, which are not subwords in u™.

Proof. By Theorem 5.18, Var(4,) = M,,. If we apply the previous corollary
to Ay, then, by Proposition 7.1, if ¢, # t, then ¢, ¢ Wd(A,). The satisfaction
of the inequalities 2n < |t;| < 3n can be achieved with the help of the deletions
and addings lemma. a

Remark. The reasoning in Proposition 7.1 is not constructible. The con-
structibility may be achieved with the help of deletions and addings lemma.

Definition 7.5 Let us consider a nonmatrix variety 9, which is generated by
a f.g. algebra. By the Latyshev complexity Lat(9M) of the variety 9 is called
the maximal n, such that the algebra of upper triangular matrices T,, belongs
to 9. The Latyshev complexity Lat(A) of a f.g. algebra A is the complexity of
the variety Var(A), generated by A (in the case, when Var(A) is nonmatrix).

Let an algebra A be of the form
n
A=F(z,c1,...,cp)/ (Z id(c;)? +id(cy, - .., cn)n> .
i=1
A is monomial and Var(A4) = Var(T,,). Using Corollary 7.3, we have

Proposition 7.6 If an identity f holds in an algebra A, and f doesn’t hold in
T,t1, then the weak algebraicity identity (and, by Proposition 2.95, the strong
algebraicity identity also) of order < n holds in A.
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This proposition allows to pump over n powers of the same word into a
smaller number of powers (see 2.2.3). The following proposition is useful in the
estimation of Gelfand-Kirillov dimension.

Proposition 7.7 a) GKdim(A) < S - Lat(A), where S is the minimal number
of elements in a s-base.
b) Let A be a f.g. algebra, which generates a nonmatriz variety. Then the

strong algebraicity identity of order Lat(A) holds in A and the strong algebraicity
identity of order Lat(A) — 1 doesn’t hold in A.

Proof. The item a) is a consequence of Proposition 7.6 and the pumping over
procedure: each element in A is linearly representable by words of the form
dovi! divg? ... dp—1v;"dp, where all words d; have a bounded degree, words v;;
belong to the s-base and for each element v from the s-base there can be not
more, than Lat(A) words v;;, equal to v. Hence, h < S - Lat(A).

The item b) is a consequence of Proposition 7.6 and those fact that the
strong algebraicity identity of order Lat(A) — 1 doesn’t hold in T,,. |

So, the Latyshev complexity and the ordinary complexity of varieties can be
defined in the terms of monomial algebras. It is interesting to note, that more
general “complexities” appeared in works, dedicated to the Specht problem.
These complexities correspond to semidirect products of matrix algebras, i.e.,
to varieties, generated by unitary closed monomial algebras.

7.1 The reduction to the finitely generated case

Proposition 7.8 Let a polylinear identity of degree m holds in a monomial
algebra A. Then

a) each word, which contains m different generators, is zero;

b) Var(A) is generated by (m — 1)-generated algebras and has base rank <
m— 1.

Corollary 7.9 The variety, which is defined by the identity x™ = 0, and also
the variety, generated by Grassmann algebra, cannot be generated by monomial
algebras. a

Passing to a direct sum of (m — 1)-generated algebras and using the diagonal
embedding (see Proposition 6.6), we have the following theorem.

Theorem 7.10 If an identity of degree m holds in a variety M of monomial
algebras, then there exists an (m — 1)-generated monomial algebra A, such that
M = Var(A). |
7.2 The reduction to the automata case

Our next aim is to construct an automata algebra with the same set of identities,
as an arbitrary f.g. monomial PI-algebra.
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7.2.1 Verbal subalgebras

A subalgebra of a semigroup algebra, which is generated by words, is called a
verbal subalgebra. A verbal subalgebra itself is a semigroup algebra.

Proposition 7.11 A verbal subalgebra with generators vy, ...,v; of a relatively
free algebra is relatively free itself, only when the set of words {v;} is a code (i.e.,
if viy .oovy, =0 L), then k= s and v;; = 'U;j, for all j).

A verbal subalgebra of a monomial algebra is monomial itself, only when its
set of generators has the following property: if W = vy, ...vy = vj, ...v; , then

either W =0, or k=5 and v;; = v;]_, for all j. |

In other words, a verbal subalgebra is monomial, if each nonzero word in it
has a unique representation, as a product of generators. Let us note that the
monomiality depends on the set of generators. The following proposition is a
direct consequence of the previous one.

Proposition 7.12 a) If the first letters in all v; are differernt, then the verbal
subalgebra with generators v; is monomial. (An analogous statement for last
letters also holds.)

b) If h; = ai-zj tij and a; # aj, if i # j, then the subalgebra with generators
h; is monomial. O

Remark. Algebras, generated by monomials in a ring of commutative polyno-
mials, studied by I.D.Gubeladze (see [19]). He proved that projective modules
over such algebras are free.

7.2.2 Combinatorial properties of a set of words of bounded height

We studied periodic, quasiperiodic, (weakly) pseudoperiodic words. Now we
need to study piecewise periodic words. This necessity is caused by the fol-
lowing reason. At first, by Shirshov height theorem, such words constitute a
normal base in a PI-algebra. Secondly, the notion of piecewise periodicity is a
natural generalization of the periodicity notion. Thirdly, to types of such words
correspond connected graphs without parallel edges, and the type language cor-
responds to the graph language. The study of the piecewise periodicity leads to
new notions and statements, which allow to give a description of representable
monomial algebras. All this constitute a technique, necessary to study varieties
of monomial algebras.

The definitions of a type, a subtype, an essential type and an essential height
see in Section 6.4.

Definition 7.13 A set of words R is called essentially connected with a given
type D, if
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a) each word from R has the essential type D:
YweR w=dywtd, .. v*d, ;
b)if s > 1, then VN3w € R: Vi k; > N. If s =0, then R = {D,}.

Let us note that R doesn’t necessary coincide with the set of all words in
the given type. The fact that R is essentially connected with D means that
R cannot be represented as a finite union of sets of words of smaller essential
height.

Proposition 7.14 Let a subset R in the set of words of the type D is not essen-
tially connected with D, then R can be represented as a finite union URy, where
each Ry has an essential type with a smaller essential height. (So, SH(R) < [.)

Proof. Let us suppose the contrary. Then some N satisfies the following
condition: for each w € R, there exists i, such that k; < N. Let D;; =
D,-foDiH, where 1 =0,...,s—1,7=0,...,N — 1. Let us consider the set of
types {(Do,...,vi, Dij, vit1,...,Ds)}. This set is finite and each w € R belong
to one of these types. a

The description by types means the isolation of powers vf" and “spans” D;.
However, it is useful to isolate not only powers, but complete quasiperiodic
segments.

Definition 7.15 By a shape will be called a sequence
D = (dy,v1,v],d1,v2,05, ..., vs, 0%, dy),

where v; and v} are cyclically conjugate. A word W is of the shape D, if
W =dytid; ... tsds, where t; C v{° and t; is a beginning of vfom and an end of
(v1)>°/2. (In the first case the right superwords are considered, in the secod —
the left.)

A shape is called convenient, if an end of dy doesn’t coincide with a beginning
of vg, a beginning of v} doesn’t coincide with a beginning of d; and an end of v;
doesn’t coincide with an end of d;_;. (Let us note that some d; can be empty
words.) A shape will be called completely convienient, if in the case, when
d; = A, the first letter of v; is different from the first letter of v}. The meaning
of the conveniency notion is in the maximality of quasiperiodic segments, related
to v;.

The notion of the essential connectivity is defined in the same way, as for
types. The definition of the correspondence between types and shapes is obvious.
The following proposition can be proved in the same way, as previous.
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Proposition 7.16 a) To each type the completely convenient shape is uniquely
corresponded.

b) A set of words of a bounded height over a finite set of words can be
represented as a finite union of sets, essentially connected with a completely
convenient shape. O

Corollary 7.17 Each set R of words of a bounded essential height over a finite
set Y can be represented as a finite union R = URy, where each set Ry is
essentially connected with some type. O

We are mainly interested in places, where a quasiperidic segment ends and
another quasiperiodic segment begins.

Definitions and constructions. A shape is called open to the left, if dy = A,
it is called open to the right, if d; = A, and it is called open, if it is open both to
the right and to the left. The openness of a type is defined by the openness of
the corresponding shape. The definition of the closedness (the right, the left, the
bilateral) is obvious. A left place in a shape D is the position of the first letter
of d; (and this letter itself), a right place — is the position of the last letter in d;
(and this letter itself), a bilateral place is the place, which is simulteneously the
right and the left, or a letter with its position, which can occur in both successive
quasiperiodic segments, which correspond to different ¢; in types. The identity
of places is defined by the coincidence of the corresponding letters and periods
and with the correspondence of the class of the cyclic conjugacy of the period,
which is next to the marked position. A substitution, corresponding to a left
place is of the form bv* — b, where v is the quasiperiod, which begins after
b. Substitutions, which correspond to a right place, are defined analogously. A
substitution of a bilateral place is of the form v¥bu! — b. We shall lengthen
words by substitutions in possible positions. Only those substitutions will be of
interest to us, which preserve the shape,

Proposition 7.18 A substitution, corresponding to some place, with suffi-
ciently big powers of pasting in periods, preserves the shape, only when the
position of this substitution is identical to the place of this substitution. O

An analogous statement is valid for a system of simultaneous substitutions.

7.2.3 On pastings in and substitutions

When we use substitutions, the question arises about the preservance of the
shape under the operation of the pasting in a segement.

Proposition 7.19 a) Let u be a noncyclic word, v be cyclically conjugate to u®
and a be a letter in a word s. Then the substitution av — a transforms s into
a subword in u™>, only when s C u®. In this case s can be positioned in u>
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in a way, such that after the letter a the period v begins. If |s| > |u|, then all
possible positions of the substitution av — a, which preserve the property “to be
a subword in u™”, are situated in s with the period |u|.

b) Let bu* be not a subword in u*>. If s is a beginning of buinftv/2 gnd
the substitution bu — b is performed in the first position, then this substitution
transforms s into a subword in bu®/?. An analogous statement holds for u°/2b.

¢) Let W = v>®/?cu®/? and W ¢ u>®. Then W ¢ v®. Let |v*| > 2|ul, |u®| >
2|v|, then the substitution vcu — ¢ transforms a word s into a subword in W,
only when s C W and s is of the form s = v'cu’, where v' is an end of v>°/?
and u' is a beginning of u™/?. If [v'| > |v| or |u'| > |u|, then the representation
of s in the above form is unique. a

Definition 7.20 Substitutions from a), b) and c) of this proposition will be
called inner substitutions, substitutions of the right (left) end, substitutions of
the bilateral end, respectively.

7.2.4 Formal power series

We consider N-graded algebras, which are direct sums of their homogeneous
components. As usual, A, A, C Apgn, A = ©2 Ar. We can define formal
power series in such algebras. A formal power series is an infinite sum ) v; of
homogeneous elements v;, such that the number of elements of each degree of
uniformity is finite. The set of all formal power series has a natural structure of
algebra, which is denoted by A. The algebra A has a natural embedding into
A.

Proposition 7.21 a) A/A™ = A\/A\”,Vn.

b) Var(A) = Var(A).

¢) The operator ": A — Aisa functor from the category of graded algebras
into the category of algebras. a

The following proposition is a consequence of Propositions 7.11, 7.21.

Proposition 7.22 Let a; be generators of a monomial algebra A, t; € f/l\, Ai €
F, where F is the ground field. Let a} = M\a; + a;t; and A' be the algebra,
generated by af,. Then A’ is monomial. If all \; # 0, then to each nonzero word
in A corresponds a nonzero word in A' and Var(A') = Var(A). i

This correspondence between a word v in A and a word v' in A’ will be
denoted by .

The idea of the construction of an automata algebra, which define the given
variety is as follows. Words of A are divided into sets of words, essentially
connected with types. For each type D we shall find ¢;, such that in A’ all words
of this type will be nonzero. The set of all subwords of this words constitute a
regular language, i.e., it is automata.
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The procedure of checking, that a word W' € Wd(A’) is nonzero, is as
follows: if we substitute formal power series and remove the parentheses, then
we shall have a nonzero word v in A. We also need to check (especially in
characteristic p) that we shall have v with a nonzero coefficient. For this we shall
prove the uniqueness of v construction with respect to a given set of simultaneous
substitutions.

Using properties of subwords of a periodic word (Proposition 2.3) and the
induction on the length of a word, we have

Proposition 7.23 Let ¢; = vf" b;, where k; > 2, v; doesn’t begin with the letter
b; and the inequality |v£c > |v]2| holds, for alli,j. Let W' = spc181 ... cp sy and,
for all sigma € Sy, let W, = 80Cq(1)81 -+ Co(k)Sk- Then, if W'o = W't (where
0,7 € Si), then coy = cr(4), for all i. O

Remark. The proposition is wrong, if words ¢; are generic (even, if they are not
weakly pseudoperiodic): usually we can choose in two ways “constant segments”
s; in W'. But, as usual, substitutions are controlled, hence, we can think about
a generalization.

We shall need a stronger result.

Proposition 7.24 a) If a given word W' is produced from W by simultaneous
substitutions c¢; — b;, then the positions of these substitution can be computed
from the known W'.

b) Let each letter from the set of letters {by,...,br} occurs only once in the
set of words {by,...,barb.} and, moreover, other letters don’t occur in words of
this set. By N., will be denoted the number of substitutions, equal to c; — b;,
and let A, be algebraically independent (over Q or Z,) elements of the ground
field F, which correspond to words c;. Let b} = bj + (Ebi:Bj bj. Then, after
simultaneous substitution b;- — l_)j and removing the parentheses, terms with the

coefficient Hc,— /\éV = Hle Ac; are all those terms, which are obtained by the
above defined substitutions. The right hand product is taken for all ¢, the left
had — for different ¢; (therefore, the multiplicities N., appeared).

Proof. The item b) is a direct consequence of a). Let us prove a) by the
induction on the length of W. If a left end of W' doesn’t coincide with some c;,
then there was no substitution in this position and we can delete the left symbol
from W and W'. Let v/"b; and vlb; be the ends of W and W' respectively and
powers m and [ are as big, as possible. If m > [ — 2, then there was no
substitution in the last position, and we can make the descent. If I > m + 2,
then there was no substitution inside v[™ (see Proposition 7.23). Therefore, the
substitution vﬁ_mb,- — b; was performed in the last position, i.e., ¢; is defined
ci = vﬁ_mbi. So, we can delete the last symbol from W and the end ¢; from W’
and make the descent. a
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By summing the results of Propositions 7.24 and 7.22, we have

Proposition 7.25 Let elements o;; € F, i = 1,...,s, j = 0,1,...,00, be
algebraically independent and let Wd(A) = {w;}72, be the set of all words in A,
Let a} = a; +a; - Z;io ajjw;. If Wd(A) contains a subset R of words, which is
essentially connected with the essential type D = ([;,Coo, [0, .-+, Ey, [1), then
all words of the type CalD in A’ are zero. a

Remark. Let Wd(A") is the union of Wd(A) and the set of all subwords of
words of the type D. Then Var(A4') O Var(A") O Var(A), hence, Var(4") =
Var(A).

Now we are ready to prove the following theorem.

Theorem 7.26 Each variety M of monomial algebras is generated by an au-
tomata algebra.

Proof. There exists a finitely generated monomial algebra A, such that 9% =
Var(4). By Corollary 7.17, Wd(A) is a finite union of sets Ry and each R, is
essentially connected with a type Dy. A can be embedded into the finite direct
sum of quotient algebras A; (the diagonal embedding), which correspond to
sets of subwords of words from Ry. But a finite union of regular languages is
regular. Therefore, the proof is reduced to the case when Wd(A) is the set of
all subwords of words from one Rj.
By the previous remark, we can assume that Wd(A) consists of all subwords
of words of the type D). But this set is a regular language, hence A is automata.
O

7.3 The description of varieties of automata algebras in
graph terms

Definition 7.27 A graph is called remarkable, if it is finite, connected, if it
doesn’t have parallel edges, ingoing and outgoing verteces of its cycles coincide
and each arrow, which has a common vertex with a cycle, is marked by a
letter, such that no other arrow is marked by this letter. A graph is called
piecewise remarkable, if it is finite, each its connected component is remarkable
and arrows from different components are marked by different letters. In such
graph all cycles are irreducible.

Proposition 7.28 FEach piecewise remarkable graph defines a finitely defined
algebra. O

Our next aim is to prove the following theorem.
Theorem 7.29 Each variety 9 of monomial algebras is generated by an alge-

bra of some piecewise remarkable graph.
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In other words, 91 is a finite union of varieties, defined by algebras of re-
markable graphs.

Corollary 7.30 Each variety of monomial algebras is generated by a finitely
defined algebra. |

For proving the theorem we shall need some auxiliary statements.

7.3.1 On graphs without parallel edges, which generate PI-algebras

The description of varieties, generated by automata algebras, can be reduced
to the case of automata algebras, which are defined by graphs without parallel
edges. (An arbitrary variety is a union of such varieties.) In the PI-case there
are no linking cycles and each graph I' without parallel edges is an ordered chain
of cycles, with cross connections. There is a correspondence between graphs —
“chains of cycles” and shapes of words. In the description of piecewise periodic
words the language of such graphs is parallel to the language of shapes, therefore,
it deserves the study. Let us note, that the statement about the decomposition
of the set of piecewise periodic words into a finite number of shapes correspond
to the statement about the representation of a language, as a finite disjoint union
of graphs without parallel edges. The study of such graph can be reduced to
the “local” study of passage of paths inside its fragment. A fragment is a cycle
(or a pair of cycles) with fixed initial (ingoing) and final (outgoing) verteces.

Merged cycles. Two cycles are called merged, if some superword ©*° can be
positioned on both of them. In opposite case, these two cycles are called sepa-
rated. Two cycles are called adjacent, if there exist a cross connection, connected
them, i.e., the shortest path, which connect them, doesn’t contain any verteces
from other cycles. If the length of the cross connection is 1, then this cycles are
called neighboring.

Proposition 7.31 a) Let C; and Cy be merged cycles and T' be their union
with the cross connection. Then Cy and Cy have common small period u and
all words of length |u|, which have a position in T', are cyclically conjugate to .
The inverse statement also holds.

b) Two words of the same length, which have positions with the same initial
arrow, coincide. A determinate graph doesn’t have any merged cycles. O

As each language is defined by a determinate graph and, the deleting of
arrows and the passage to a disjoint union of graphs without parallel edges,
preserve the determination, then each graph can be reduced to a graph without
parallel edges and merged cycles.

For further reduction we shall need to study operations over graphs, which
are defined in following propositions.
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Proposition 7.32 Let a graph I is produced from a graph T by the lengthening
of a cycle C, i.e., by pasting in a power of its big period (the small period remains
the same). Then Wd(T") D Wd(T"). O

Remark. If we paste in the small period, then the proposition is wrong.

Proposition 7.33 With the help of the pasting in operation, we can move off
ingoing verteces from outgoing on an arbitrary big distance. If I’ doesn’t have any
adjacent merged cycled, then, by the moving off ingoing verteces from outgoing,
we can liquidate merged cycles. O

Proposition 7.34 a) Let T be of the form

P a

*——

a

Q

(verteces P and @) don’t belong to other cycles, Q) is not an outgoing vertex, the
arrow PS and QS are marked by the same letter). Let the graph T is the result
of pasting of P, Q and arrows, then Wd(T') = Wd(T").
b) The dual statement, which can be obtained from a), by changing the direc-
tion of arrows, is also valid. (In the determinate case such pasting is impossible.)
¢) If in the item a) we delete the condition “Q is not an outgoing vertex”
(respectively, in b) — “Q is not an ingoing vertex”), then Wd(I') C Wd(L").
O

Definition 7.35 A graph without parallel edges is called not bad, if it doesn’t
have any adjacent merged cycles and, if any two arrows, which go into the same
ingoing vertex of some cycle, are marked by different letters (except, may be,
the case, when one of these arrow connect two cycles). The same is true for
outgoing arrows. A not bad graph is called good, when it is determinate.

Proposition 7.36 a) With the help of the operations, defined in items a) and
b) of the previous proposition, and also using the pasting in cycles, each graph
I’ can be transformed into a not bad graph T'. If T is determinate, then T
will be good. If I' is not determinate, then we shall need operations, inverse
to operations from items a) and b), to obtain a good graph. Also we have that
Wd(T') € Wd(T).

b) If, instead of pasting in cycles, will be used the operation from the item
¢) of the previous proposition, then T' can be transformed into a not bad graph
I, If T is determinate, then I'"" will be good. And Wd(I'"") O Wd(T").

¢) These graphs T',T', T have the same small periods and graphs T',T"" have
isomorphic fragments of cross sections, which don’t have common verteces with
cycles. a
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We can represent cycles, as “drums”, and cross sections, as threads, which
wind around “drums”. Those verteces, where ingoing and outgoing arrows are
marked by letters, different from letters of the corresponding cycle, constitute
“knots”, which don’t allow “drums” to move. The previous proposition simply
allows to rotate drums up to knots.

Remark 1. We have: Var(Ar») D Var(Ar) D Var(Ar/). We shall prove that
Var(Ar») = Var(Ar+), hence, Var(Ap») = Var(Ar) = Var(Ar/).

Remark 2. The inversion of operations from a) and b) of Proposition 7.34 is
not needed, if I' is determinate. To reduce a graph to a good form, we use
the determination, but it is possible to describe explicitly the transformation
of a graph with merged cycles. Words, which are positioned along a chain of
adjoint merged cycles with small period u and multiplicities n;, are of the form

u2=*imiy. And this set of words corresponds to the graph with parallel edges and
the cycle of multiplicity ged(n;). This graph can be transformed into a disjoint
union of graphs without parallel edges. The operations from Proposition 7.34
transform each component into graphs, such that only ingoing and outgoing
arrows are different in them. We shall see that corresponding algebras define
equal varieties.

So, it is enough to study only good graphs. Our aim is to prove that
Var(Ar») = Var(Ar/). As Var(Ar») D Var(Ar/), we have to check that
Var(Ar») C Var(Ar/). To prove this, we shall obtain equal varieties, by not
diminishing Var(Ap») and not increasing Var(Arp/).

By the quasiperiodicity of solutions of the word equation Az = zB (see
Proposition 2.7), we have

Proposition 7.37 Let {v;} be a set of words with undounded quasiperiods and

let t =5 a;v; € A. Then the element t and generators of A generate a mono-
mial algebra. O

Let b be not a beginning of u. If we take the set u"b instead of {v;}, then
we have the following proposition.

Proposition 7.38 Let I' be a graph without parallel edges and linking cycles,
let C' be its cycle and v be an outgoing from C arrow, marked by b, and b is
different from those letter, which marks an arrow in C' with the same beginning
vertex, as the beginning vertex of v. Let I be the result of the following sticking
letters operation in [': v is marked by a letter, which is not occured anywhere
else, and there are no other changes in I'. Then Var(Ar/) = Var(Ar). The
analogous statement about an ingoing arrow also holds. |

Using this proposition, we can reduce the variety, generated by an algebra
of a good graph, to the very good case.
Let us study now positions of words.
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Proposition 7.39 Let " be a good graph, such that ingoing and outgoing verte-
ces of cycles are separated from each other by a sufficiently big number of small
periods. Let u be a noncyclic word, v be a cross section between adjoint cycles
C1 and Cy with small periods wy and us, respectively. Let the word uyvus has
the following position: v is in cross section and each u; on its cycle. Then the
following statement hold, for k sufficiently big:

a) for any position of the word u’flvu§2, the word v is in the cross section
and u; are small periods of the corresponding cycles;

b) if b is not an end of u, then bu® can be positioned only in the following
way: b is in an ingoing segment of a cycle and u completely in this cycle;

¢) a word u* can have not more, than two positions with a fived end. Each
position of uf is either in a cycle C with the small period wu, or it begins in
an ingoing cross section or in previous cycle C'. Moreover, the ingoing vertex
of C' cannot belong to the position of u* (here we use the condition that the
distance between ingoing and outgoing verteces of a graph is greater, than the
small period);

d) if b is not a beginning of u, then, in a position of u*b, b is in the outgoing,
from the cycle, part of the cross section (and the position of u* is the same, as
in the item c)). O

Let us translate this proposition to the language of representations. Let us
consider, at first, the case of a cyclic graph with n verteces. All its verteces
(and, hence, base vectors of the canonical representation) are marked by Z,.
The following statement (which is a consequence of Proposition 2.3) is about
positions of words in the cycle.

Proposition 7.40 a) Let the cycle C be irreducible and u be its period, n =
lul, v C u™, [v] > n, v =vfs, |s| < n, |[vg] =n. Then v has the unique
position in the cycle and in the canonical representation the operator tkE-Ei7i+|s‘
corresponds to v. Here i is the beginning vertex of v position, i + |s| =i+ |v]| is
the last vertex, t is the product of constant, written on arrows along C, s is the
product of constants, written on arrows along the position of s with beginning
in i-th vertez.

b) Let the cycle C is reducible, u be its small period, u' be its big period. Let
v Cu®, |v| > |ul, v =v§ls, |s| < |ul|, |vo| = |u|, ¢ < 1. Then all positions
of s differs from each other by rotations by |u|. To v corresponds the following
operator in the canonical representation

"> SkEap, a=i+klu|, 8=1i+klu|+qlul+]s],
k

where t is the product of constants, written on arrows along C and 5j is the
product of constants, written on arrows along the position of vis with the number
of the beginning vertex oo = i + klul. a
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Proposition 7.41 a) Let C be a cycle and u be its small period. Then
each central extension of the canonical representation of Ac contains all
operators of the form ), Ei pju|itrlu) and also operators of the form
Dok Sitk|ul j+k|u| Bitklul,j+klu|, where 3i; is the product of constants along the
shortest path, which connects i-th and j-th verteces.

b) Let T be a disjoint union of cycles. Then some central extension of algebra
of operators of canonical representation, contains all operators of the defined
above form for each cycle in T (the sum is taken for verteces of only one cycle).

c) Let Y be a subset in the set of generators of an algebra A, and let arrows
of the graph ', marked by letters from Y, constitute a disjoint union of cycles
C; and lines. Then the statement of the item b) holds for T' and cycles C;.

Proof. The item c) is a direct consequence of the item b). The item a) is
a consequence of the previous proposition. The item b) also is a consequence
of the previous proposition and the algebraic independence of constants of the
canonical representation, which correspond to different cycles. O

7.3.2 Very good graphs

A graph T is called very good, if each arrow, ingoing into a cycle or outgoing
from it, is marked by a letter, which doesn’t occur in any other position. When
we work with such graphs, then there are no difficulties with positions of words
in different cycles, The following proposition is useful in the reduction to the
case of the coincidence of ingoing and outgoing verteces of cycles.

Proposition 7.42 a) Let T be a very good graph, C be its cycle with B, as the
ingoing vertexr, E, as the outgoing vertex, and an arbitrary vertex F. Let the
ingoing into C arrow be marked by t, and the outgoing arrow — by to. Let the
word s corresponds to the path from B to F, t| = t1s. Let A’ be a subsalgebra
in Ar, generated by all generators of Ap, different from t1, and the element t.
Then A" is monomial, automata and is defined by a very good graph T, which
differs from T only in the position of one arrow, marked by t|. The end of this
arrow is in the vertex F'.

The analogous statement holds for the outgoing vertex and the substitution
rty = t’2 — 5.

b) All algebras of very good graphs, which differ from each other only in
positions of ingoing and outgoing verteces of cycles, can be embedded into each
other and, therefore, generate identical varieties. |

The following proposition is a consequence of Proposition 7.38.

Proposition 7.43 a) Let I can be produced from a graph T, by sticking the
letters, such that the equlity of letters inside cycles and in the set of all cross
sections is preserved and letters in different cycles or in cycles and cross sec-
tions become different. Then the algebras Ar and Arp: have isomorphic central
extensions. Therefore, Var(Ar) = Var(Ar).
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b) Let T can be produced from T by sticking the letters inside small periods
(i.e., we don’t change letters in cross sections, and inside cycles only those
letters can coincide, which positions differ by a small period multiple). Then

the algebras A+ and Apn have isomorphic central extensions and Var(Ap/) =
Var(AFn).

Let us now reduce the problem to the case, when all cycles are irreducible.

Proposition 7.44 Let I' = C be a cycle, n be the length of its small period, nl
be the length of the big period, let letters x1,...,x, be different and z1x5...x,
be the small period of T, let 2!, = xp(v122...2,) L. Then xy,...,2, 1,7,
generate a monomial algebra, isomorphic to Ap. If we mark positions of gener-
ators of this algebra in T, then we shall obtain the graph T, which consists of
l identical nonintersecting cycles, such that in each cycle arrows, marked by x;,
i <mn, are the same, as in I', and arrows, marked by x},, correspond to passage
from the end of each small period to its beginning. a

Proposition 7.45 Let a graph T satisfies the condition of Proposition 7.43
and, moreover, ingoing and outgoing verteces in cycles coincide. Let T be pro-
duced from T by replacing cycles by irreducible cycles with the same small
periods. Then

a) Wd(I'") D Wd(I'"");

b) the algebra Ar: can be embedded into Ar:;

¢) Var(Ar') = Var(Ap»).

Proof. The item c) is a direct consequence of a) and b). The item b) is obvious.
Let us prove a). The set Wd(I") is the set of subwords of words of the form

coulrer .. u)l ey, 9)

where ¢; correspond to cross sections and wu; to small periods of cycles. (If
the first cycle doesn’t have any ingoing verteces, then cg = A, if the last cycle
doesn’t have any outgoing verteces, then ¢; = A.) The set Wd(I'"") is the set of
subwords of words of the form

couFrey o uMe, (10)

where n; are multiplicities of small periods in cycles of I'. But each word of
the form (10) is of the form (9) also. Hence Wd(I'") O Wd(I'""). i

Let us sum the obtained above results.

Proposition 7.46 Let I' be a very good graph and let T can be produced from
I' by the following operations.

1. The translation of ingoing verteces of cycles to obtain the coincidence of
ingoing and outgoing verteces.
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2. The replacement of all cycles by irreducible cycles with the same small
periods.

3. The sticking of letters: marks in cross sections are not changed; marks
inside cycles are changed so, that each arrow inside each cycle is marked by a

unique letter,
Then Var(Ap/) = Var(Ar). O

7.3.3 The proof of the main theorem

Let us come to the proof of Theorem 7.29. It consists of several steps. At
first, a variety 9t of monomial algebras is generated by an automata algebra A.
By the closedness of varieties with respect to the direct sum operation and by
Proposition 6.6 about the diagonal embedding, the graph I' 4 can be assumed to
be a connected graph without parallel edges. In Proposition 7.36 a good graph
I and not bad graph I'" were constructed, such that

1) Wd(I") D Wd(T'4) 2 Wd(I");

2) big periods in cycles of I'" coincide with small;

3) there exists the correspondence between I and I'"': cycles correspond to
cycles in the same order and with the same small periods; subgraphs, which
don’t have common verteces with cycles, are isomorphic (in the category of
marked graphs). The position of a cross section between cycles is preserved
(i.e., the corresponding cross section is positioned between the corresponding
cycles) and lengths of cross sectiones are preserved also.

In other words, I and I' can differ only in big periods, in positions of
ingoing and outgoing verteces and in marks on ingoing and outgoing arrows.

The theorem will be proved, if we shall transform I'" and I' into one re-
markable graph I, by not diminishing the variety Var(I'"'), in the first case, and
by not increasing Var(I'), in the second.

Let us start with the simplest transformation. By the sticking of letters in
I, let us achieve the situation, when each arrow, which has a common vertex
with a cycle, is marked by a unique letter. It remains to achieve the coincidence
of ingoing and outgoing verteces in cycles. But this can be done with Proposition
7.42.

Let us turn now to I''. By Proposition 7.38, we can, by sticking of letters
in arrows (and not chaging the variety), transform I into a very good form.
Proposition 7.46 allows to transform I' into a remarkable form (by translating
ingoings to outgoings, by replacing cycles by irreducible cycles, by sticking of
letters inside cycles). It is easy to see that thus obtained graphs I' and I
coincide. Theorem is proved. O

Remark. The coincidence of varieties, generated by algebras, can be proved in
many ways. We can study canonical representations and prove isomorphisms
of suitable central extensions of operator algebras. We can use the fact that
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an algebra and its Zariski closure generate the same varieties. Instead of trans-
forming graphs, we can study positions of words, which “strongly participate” in
minimal possible number of cycles (there only finite number of such positions),
and then use central extensions or Zariski closure.

Let us use the proved above theorem for the classification of unitary closed
varieties of monomial algebras.

Theorem 7.47 Let M be a variety of algebras, defined by a piecewise remark-
able graph T'. Then the mazimal unitary closed variety M C M is defined by
the graph T, which is produced from I' by contracting each cross section into an
edge. The variety MM’ is generated by a direct sum of semidirect products of ma-
triz algebras. Summands correspond to connected components of the graph and
factors, inside summands, — to cycles. The dimension of a matriz correspond
to the length of the corresponding cycle.

Proof. It is enough to prove the theorem for a remarkable graph. Let I' is
produced from I' by the contraction of edges, which don’t have common verteces
with cycles. We shall use the following lemmas, which are consequences of those
facts: the ideal of identities of an automata algebra, defined by an irreducible
cycle of order n, coincides with the ideal of identities of the matrix algebra
of order n (Theorem 5.18); the ideal of identities of a semidirect product of
algebras coincides with the product of their ideals of identities (Theorem 6.18,
see also [83]). O

Lemma 7.48 The T-ideal of identities of the algebra Ap: is generated by ele-
ments of the form

20T (M) a1 T (M) . .. T(My, )y, (11)

r

where x; are either empty words, if the corresponding cycles are neighbor, or
letters, otherwise, and by T'(My,) is denoted the ideal of identities of the matriz
algebra M,,, of order n;. my (x,) is empty, if there is no ingoing (outgoing)
arrow in the first (last) cycle. ad

Lemma 7.49 If we substitute variables in (11) by arbitrary words, with lengths
not greater, than the mazimum of cross section lengths of I', then we shall have
an identity in Ap. O

The theorem is a consequence of these two lemmas. O
Let us give another formulation of the theorem.

Theorem 7.50 FEach unitary closed variety of monomial algebras can be rep-
resented as a finite union of varieties of the form

My, M, ... My, .
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Here by M, is denoted the variety, generated by the matriz algebra of dimen-
sion n;. The product of varieties is defined by the product of T-ideals (to it
corresponds the semidirect product of algebras). |

Remark. Essentially, in works, dedicated to Specht problem, the generalized
complexity was defined by varieties of the form M, , M, ... M, . If all n; =1,
then we have Latyshev complexity, if £ = 1, then we have the usual complexity.

All remaining difficulties in study of varieties of monomial algebras are con-
nected with cross sections. The following problems seem interesting.

1. To perform an analogous study of reperesentations of monomial algebras
with arbitrary graphs (including graphs with linking cycles). Which properties
has Zariski closure of a representation? How can we transform a graph I' into
a more suitable form I, so that algebras of canonical representations of I" and
I have isomorphic central extensions?

2. To construct a variety of monomial algebras, which cannot be produced
by intersections, unions and products of T-ideals from nilpotent and matrix
varieties.

3. To reduce the description of varieties of monomial algebras to the descrip-
tion of generalized varieties of monomial algebras (a part of variables, which cor-
respond to cycles, are coefficients of generalized identities) and thus to simplify
the proof of the main theorem.

4. To study the variety, generated by nilpotent monomial algebras of a
bounded index, in particular, the variety, generated by a finite subword of the
superword u°.

5. To construct an algorithm for checking the coincidence of two varieties,
generated by two automata algebras.

8 Lie nilpotency: recognition and the word
problem

In this chapter we study associative algebras with the Lie nilpotency identity.
Algorithms, which are studied here, are related to the general theory of Groebner
bases.

Let K(X) be, as above, a free associative algebra with free generators
X = {x1,...,zn} over a field K. The set X also generates the free Lie al-
gebra Ko(X)() over K with respect to the commutation [y, y2] = y1y2 — Y2v1.
We assume that the empty word 1 belong to (X). A “long” commutator (right-
normed product) is defined by the induction: [y1,...,y:] = [[Y1,--->Yr—1],¥s]- A
long commutator can be considered, as a “nonassociative monomial”. Elements
of the Lie algebra Ko(X)(=) will be called Lie elements of the free associative
algebra K(X). Elements, which can be represented as linear combinations of
long commutators, are called eigen elements. All Lie elements, for example, are
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eigen. It is well known that each totally characteristic ideal (T-ideal) is gener-
ated by eigen elements. (We assume that the characteristic of the ground field
is zero.) We also assume that the reader is aquainted with the basics of the
Groebner bases theory. All necessary material can be found in standart books
on the computer algebra. An algebra A is called a s.f.p. (standart finitely pre-
sented) algebra, if its ideal of defining relations is generated by a Groebner base
with a finite number of elements. Obviously, the solvability of the word problem
in A is a consequence of this property. A property P of an algebra is called rec-
ognizable, if there exists an algorithm for checking whether an arbitrary s.f.p.
algebra A has this property or not. The property of the Lie nilpotency of an
algebra A means that for some r the polynomial identity [y1,...,¥,] = 0 holds
in A. The commutator ideal of such algebra is nilpotent of index g < ¢(r,n),
where n is the number of A generators and the function ¢(r, n) is algorithmically
computable.

Theorem 8.1 The Lie nilpotency of a fixed index r is an algorithmically rec-
ognizable property.

Proof. Let us consider the following types of eigen elements, which belong to
the T-ideal T(" <K (X), generated by the long commutator [y, ..., ¥,] (as above,
by ¢ is denoted the nilpotency index of the ideal, generated by commutators in
the algebra K (X)/T"):

(@) [irs - i ];
(“) [$i17"'7$i31]"'[$j17"‘7$j3q];

D) {fi,..., fi} — a base of the linear subspace in T("),
generated by eigen elements of degree < D =

max{q(r — 1),7}.

(12)

It is easy to check, that these elements generate 7", as an ideal. Hence,

the algebra A = K({ai,...,a,) with n generators a; satisfies the polynomial

property [y1,...,yr] = 0, only when eigen polynomials (12) are zero under all

substitutions a; — x;. This is exactly the required recognition algorithm.
O

A variety V(") of Lie nilpotent algebras of index r is finitely approximable,
therefore the word problem is solvable in it. But we want to prove that this
problem is solvable by an algorithm, which uses Groebner bases.

Of course, this problem is equivalent to the membership (to an ideal) problem
in the free algebra of the variety V'("). This free algebra is the quotient algebra
A= K(X)/T™), ie., it is finitely presented and noncommutative polynomials
(12) are its defining relations. Let ¢ : K(X) — K(X)/T(") be the natural
epimorphism. The image L = p(Ky(X)(~) of the free Lie algebra is finite-
dimensional in A, because all homogeneous Lie elements of degree > r belong
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to the T-ideal T("). If & = p(g1),...,&m = @(gm) € L is a base in the Lie
algebra L, g; € Ko(X)(7), m = dim L, then elements g; can be chosen in
a way such that ¢1 = z1,...,9, = x, and gp41,--.,9gm are homogeneous Lie
elements of degree < r. As T(") is uniform, then g; can be found by “linear
procedures”. At the same time we represented all &; as some (Lie) polynomials
from &1, ...,&, and computed structural constants of L in this base.

Let U, be the enveloping algebra of L and e, . . ., e, be the copies of elements
&1,...,&, in Ug, then e; generate Ur. There are two canonical epimorphisms,
associated with Up. At first, the epimorphism of algebras ¢ : K(X) — Uy,
which extends the map of sets ¥ : X — Up, ¥(z;) =e;, i =1,...,n. Secondly,
the epimorphism of algebras 8 : U, — A, 0(e;) =&, i =1,...,n. The diagram
of epimorphisms

k(X) N

N,
A= E(X)/T)

is commutative, hence, the ideal kerf < Up is generated by elements
hj(ei,...,en), where hj(ei,...,e,) is a polynomial of the form (12). There-
fore, we have the following isomorphisms

A (X)/T" = UL )/1.

Theorem 8.2 There exists an algorithm, based on the Groebner base notion,
which solves the membership to an ideal problem in the variety of Lie nilpotent
algebras of a fized index.

Proof. We shall use the above introduced technique. Let us consider the
membership to an ideal B < A problem, where the ideal B is generated by a
finite number of elements b;(&;,...,&) = @bi(z1,-..,xn)), bi(z1,...,2,) €
K(X). This problem can be reformulated as the membership to the ideal
J < Uy, problem, where the ideal J is generated by elements b;(eq,...,e,) =
Y(bi(z1,-..,xy)) and hi(er,...,ey), I C J. To solve the last problem, it is
enough to construct a Groebner base of J and then use the reduction process
with respect to this base. (]

Appendix

A. On rings, asimptotically close to associative
It is known that results, valid for associative Pl-algebras, in many cases were

found to be valid in other cases also, for alternate or Jordan rings, for example.
The method of generalization uses the passage to an associative algebra of (left)

144



multiplications. We shall formulate criterions of the asimptotic closedness to
associative rings and shall present some base notions and constructions.

Definitions. An algebra A has a bounded L-length, if for some k its algebra
L(A) of left multiplications is linearly representable by elements of the form
L(p1)...L(pg), where ¢ < k and L(z) is the operator of the left multiplication
by x. A variety 9 is called not bad, if the algebra of left multiplications of each
f.g. algebra from 90 is 1) finitely generated, 2) has a bounded L-length, 3) each
1-generated algebra from 90 is associative, i.e., 9 is a variety with associative
powers. A variety 9 is called good, if it is not bad and 4) the algebra of left
multiplications of each f.g. algebra from 91 is a PIl-algebra. An algebra is called
representable; if it can be embedded into a finite dimensional algebra over an
associative-commutative ring.
The following statement is well known.

Proposition A.1 a) In the category of n-dimensional representations there ex-
ists the univesal repulsing object.

b) An algebra C is representable only when there exists a family of ideals
{hher and a number n € N, such that 1) Vx € C Ji € I : v ¢ Jy; 2)
dim C/Jy <\.

Proof. . The item b) is a direct consequence of a). Let us present the construc-
tion of the universal representation, which is n-dimensional over the center. Let
{&:}7_, be base vectors. The multiplication is defined by structural coefficients
Ck : eie; = Ckép. To each i-th generator of C' we correspond the element
> j Aijé;. Let the coefficients Cikj and \;; satisfy conditions, which are conse-
quences of defining relation of C'. The coefficients themselfs belong to the factor

of a polynomial ring with respect to relations. O

Notations. By Mon, will be denoted the set of nonassociative monomials of
degree r. M) is the ideal, generated by k-th powers of elements from M.
If Jis an ideal in C, then I; is the ideal in L[C], generated by operators of
multiplication on elements from J. Let D C C, then by Ip s will be denoted
the ideal in L[C], generated by operators of left multiplication on elements of
the form W (ty,...,tx), where W € Mony, k < s and 3i : ¢; € D. If I is an ideal
in L[C], then J7z = {§ € C : V[ € )[(§) L([]) € Z}. By g(r) will be denoted
the number of generators in the algebra of left multiplications of the free r-
generated algebra from 91, by {(r) will be denoted its length. As an algebra of
left multiplications is finitely generated, then there exists a function G(r), such
that Ip s O Iqp), where D belongs to an r-generated algebra C' from 9 and
s > G(r).

Proposition A.2 IfI is an ideal in L|C] of codimension k, then the codimen-
sion of Jr is < k- N, where N is the number of nonassociative monomials of
degree < G(r 4+ 1) (r is the number of generators in C').
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Proof. As the algebra of left multiplications is finitely generated, then x € J7z,
if for each nonassociative monomial d of degree < G(r + 1) and, such that x
occurs in d, we have that L(d) € I. Therefore, the codimension of J7 is not
greater, than the product of codimension of I on the number of such monomials.

O

Theorem A.3 a) Let MM be a not bad variety and C € M be a f.g. algebra.
Then the representability of C is equivalent to the representability of L[C].

b) If M is good and C € M is prime, then C is representable.

¢) If M is good and C € M is simple, then C is finite-dimensional.

d) If M is good and C € M doesn’t have any ideals with non-nilpotet factors,
then C is simple.

e) If M is good and each simple algebra in I doesn’t have a base, which
elements are nilpotent, then the Kurosh problem has the positive solution in 9T.
Moreover, if C is uniform and f.g., then there exists M C C, such that for each
k the algebra C/M ™) is nilpotent.

Proof. The item a) is a consequence of the previous reasoning. Items c) and d)
are consequences of b). The item e) is a consequence of previous propositions.
Let us prove b). There exists a sequence {I,} of ideals in L[C], such that
their intersection belongs to the radical R(L[C]) and each factor L[C]/I, can
be embedded into the algebra of m x m matrices (m is the same for all «).
The corresponding sequence of ideals Jz_, in C has the following property: each
factor C'/Jz, can be embedded into an algebra, which dimension over the center
is not greater, than some m/. If z € NJz_, then L(z) € R(L[C]) and z € R(C).
But, as C' is prime, then R(C) = 0. It remains to use Proposition A.1. a

Let g(n) be the degree of nilpotency of C/M( and s be the number of C
generators. By I'(M,n) will be denoted the ideal in L[A], generated by elements
of the form I(t;)...I(t,), such that Im € M : Vi t; = m*. The following
statement is a direct consequence of the definition of a not bad variety.

Proposition A.4 a) L[A]/I;o is nilpotent of degree < q(k) - g(s +1).
b) Id(D) D Ip,, and, if v is sufficiently big, then I1d(D) C Ip ., for all D.
c) If k is sufficiently big, then In;x) , 2 I(M,n) (k> K(|M|,n,r)). O

Let now n will be greater, than the degree the identity, which holds in
L[A]. Using the previous proposition and the pumping over lemma, we have
the following statement.

Lemma A.5 Let C be a f.g. graded Pl-algebra from a good variety and M C C
be a finite set of uniform elements, such that the quotient algebra C’/M(k) is
nilpotent, for each k. Then there exist a number H and a finite set D(M),
such that the algebra L[C] is linearly representable by elements of the form
tity...tx, where k < H and either t; € D, or I3m; € M, such that t; =
L(zi)L(x2) - . - L(wi;), where all x;o are powers of m;. O

146



By the boundedness of the L-length, we have

Proposition A.6 Let all z, are powers of an element m. Then the prod-
uct L(z1)L(x2)...L(x;) is linearly representable by elements of the form
L(y1)L(y2) ... L(yy), where A < (1) and all y, are powers of m. a

Definition A.7 An algebra C has an essential height H over a set M, which
is called an s-base of C, if there exist a finite set D(M) and a number N, such
that C is linearly representable by elements of the form Q(t1,...,%), where
Q € Mony, |l < H, and, for all i either t; € D, or dm; € M, k; e N : t; = mf
and the number of ¢; ¢ D is not greater, than H. If for some H we can take
the empty set, as D, then M is a Shirshiv base of C. This is equivalent to the
additional condition: M generates C, as an algebra.

Remark. The notions of the algebraicity, of the strong algebraicity and of the
sparse identity can be defined analogously.

The following theorem is a consequence of Lemma A.5 and Proposition A.6.

Theorem A.8 (A.Ya.Belov) Let C be a f.g. graded Pl-algebra from a good
variety and M C C be a finite set of uniform elements. Then, if C’/M(k) is
nilpotent, for all k, then C' has a bounded height over M. If M generates C, as
an algebra, then M is a Shirshov base in C'. a

(We can reject the condition of the associativity of 1-generated algebras.)

Corollary A.9 Let C be a f.g. graded Pl-algebra from a good variety and

M C C be a finite set of uniform elements. Then M is an s-base, only when

each simple factor of C' contains a non-nilpotent image of an element from M.
O

As simple algebras from good varieties are finite-dimensional, then we have

Corollary A.10 Let 9 be a good variety, such that each simple algebra in M

doesn’t have a base, which consists of nilpotent elements. Let C be a uniform

f.9. algebra from M. Then C has a bounded height over some finite set M.
O

In several works there was proved the asimptotic closedness of some classes of
algebras to associative. But, as a matter of the fact, it was proved the property
of some variety to be good. In [48] the boundedness of I-length of f.g. Jordan
algebras was proved, in [60] the same was proved for alternate algebras. In [60]
it was proved that the algebra of left multiplications of an alternate or special
Jordan f.g. Pl-algebra is Pl-algebra also. In the same work it was proved that
the condition of the theorem holds for a f.g. alternate Pl-algebra of degree m,
if we take the set of words of degree < m? for M. In [38] it was proved that the
condition (4) holds for f.g. Jordan Pl-algebras. In [21] it was proved the local
finiteness of a Jordan Pl-algebra of degree m, such that all its words of degree
< m? are algebraic. So, the following statement holds.
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Corollary A.11 a) Let A be a f.g. graded associative (alternate, Jordan) PI-
algebra, M C A be a finite set of uniform elements, which generate A, as an
algebra, M®) be the ideal, generated by k-th powers of elements from M. Then,
if the quotient algebra A/M*) is nilpotent, for each k, then A has a bounded
height over M.

b) Let B be an alternate (or Jordan) f.g. Pl-algebra of degree m. Then B
has a bounded height over the set of words of degree < m?. |

The following statement holds.

Proposition A.12 Let B be a Cayley-Dikson algebra over an arbitrary field.
Then there exists a non-nilpotent word of length < 2 (from B generators).
O

The following proposition is a consequence of Theorems A.8 and A.3.

Theorem A.13 Let B be a relatively free alternate algebra and M be a set
of (nonassociative) words from its generators. Then M is a Shirshov base (s-
base) in B, if and only if M is a Shirshov base (s-base) of the B factor by an
associative ideal. a

Combinatorial-asimptotic notions and results can be translated to the case
of good varieties. The complexity of a variety 91 can be defined as the class of
simple algebras, which belong to 91.

Theorem A.14 Let 9 be a good variety. Then

a) the essential height of representable algebra (in the case it exists) is equal
to its Gelfand-Kirillov dimension and is also equal to the essential height and
Gelfand-Kirillov dimension of its algebra of left multiplications;

b) for each f.g. algebra in M the property of the strong algebraicity holds
and also holds the natural analog of the Capelli identity. Therefore, its algebra
of right multiplications is also PI;

¢) analogs of Amizur and Braun theorems hold;

d) if each simple algebra in M has a center, then complete analog of the
theory of Razmyslov polynomials holds. In particular, the localization of a prime
algebra with respect to its center is finite-dimensional over the center and a
prime algebra can be embedded into an algebra, which is finite-dimensional over
the center. Gelfand-Kirillov dimension is the transcendence degree of the center.

O

We don’t present a proof of this theorem and definitions of some notions,

used in this theorem formulation, because all this is completely analogous to
the associative case.
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A.1 Problems and remarks

It will be interesting to obtain a description of Shirshov bases in Lie and Jordan
cases. It is known that a simple Jordan algebra is either an algebra of a quadratic
form, or a nonspecial algebra HC3, or a matrix algebra with the operation
Ao B = AB + BA. In the first case, generators can be nilpotent, but all words
of length 2 — not. In the last case (see Corollary 2.85) a set of monomials
with following properties is a Shirshov base: for each regular word u of length
not greater, than the dimension of matrices n, there exists a monomial from
this set, such that the leading term of the element, produced after removing
of parentheses, is equal to u. Hence, to improve the estimations in Zelmanov
result [21], it is enough to perform computations in the algebra HC3. In each
case the estimation on degree of words will be of order m/2 + const. Let us
note that the above condition on a set of Jordan (Lie) monomials is sufficient,
but not necessary. Therefore, the problem arises about the description of sets
of monomials, which are Shirshov bases. Here it is enough to check only the
condition of Theorem A.13.

It is known that all simple PI(]), §)-algebras are associative. So, the problem
arises: is the variety of PI(\, §)-algebras good?

Obviously, a f.g. Engel Lie algebra generates a not bad variety. Is it possible
to give a direct proof that it is good? Then we shall have another proof of its
nilpotency (a well known result by E.I.Zelmanov).

Is an algebra, which good from the left, good from the right also? Is it true
in the case of zero characteristic?

Is the class of not bad (good) varieties in the f.g. case closed with respect
to tensor products? And in general case?

One of conditions of our proof of Kurosh problem is the absence of a nil-base
in a simple algebra, This condition holds in associative, Jordan and alternate
cases. On the other hand, a finite Lie algebra generates a good variety with a
nil-base. It will be interesting to obtain general criterions of the absence of a
nil-base. Is it possible to change the condition in Corollary A.10 to a more weak
one: the absence of simple nil-algebras?

B. On Nagata-Higman theorem for semirings

By a semiring will be called a set with two operations: the addition and the
multiplication. The addition is commutative and is connected with the multipli-
cation by the distributive low. The semiring specific character is in the absence
of subtraction and in the existence of the kernel of the addition. We can also
consider semirings — algebras over an associative-commutative semiring ®. Each
semiring is an algebra over N. We shall study only associative semirings with
Zero.
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If an identity of the form

T ... Ty = Z QoTo(1) ---To(m), Where a, € @, (13)
o#id

holds in a semiring, then the height theorem also holds in it. However, unlike
the ring case, here the validity of even the polylinear identity doesn’t imply
the validity of an identity of the form (13). Let us consider, as an example, a
semiring, generated by generators of a relatively free algebra. Then we have

Proposition B.1 Let A be a relatively free non-nilpotent algebra, M = Var(A),
ai,---,as be generators of A and R be the semiring, generated by a;. Then a
word v in R is a linear combination of other words, only when v = w, where w
is a different word, and then this linear combination consists of one term w.

Proof. In a relatively free algebra each relation is an identity and, by the

non-nilpotency of A, the sum of coefficients of all terms in identity is zero. On

the other hand, all coefficients of a linear combination are positive integers.
O

If we take several generic matrices of dimension 2 x 2 or bigger, then they
generate an absolutely free semigroup, therefore the above equality is impossible,
if 91 has the complexity > 1 and A is considered over an infinite field (i.e., 9
has the complexity > 1, in the sense of Section 2.2.8). We have the following
proposition.

Corollary B.2 If A satisfies the conditions of the previous proposition and
Pldeg(9M) > 1 (in the sense of the definition from Section 2.2.8), then words in
R cannot be represented by a linear combinations of other words. In particular,
the height theorem doesn’t hold in R. O

Let an identity of the form f = 0 holds in a semiring S. The “partial
linearization” of f doesn’t hold in R. (For example, in the variety, generated
by the identity 23 = 0, the identity %y + zyx + xy? = 0 doesn’t hold.) But the
complete linearization of f with respect to each variable holds.

Proposition B.3 Let the identity f(t,x) = 0 holds in a semiring S. (Here by
t is denoted a system of variables, which are different from x.) Let f has degree
m with respect to x. Then f holds in S, where f 1s the complete linearization
of f with respect to x.

Proof. In the ring case we can write the equality in the following way

f:f(taxl+"'+$m)_Zf(t,ﬂ?1+"'+53\i+---+$m)+

+Y flbm A B T o) — e (D) f(E ).
i<j k
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(The sign ™ means, that the corresponding term is deleted.)
But there are no subtraction in semirings, therefore we have to write the
equality in the following way

FAY ftm+-+Zi+ - +am)+
i

+ ) flba AT AT o) =
i<j<k

=flter+ o)+ Y flo o+ Bt T )+
i<j
It remains to notice that, if f is an identity, then all terms in this equality,
except, maybe f, are zero, hence f is zero too. a

Corollary B.4 The identity ), Ty(1) - To(m) = 0 in semirings is a conse-
quence of the identity x™ = 0. a

Remark. a) Let us note that in the proof of the above proposition we didn’t
use the associativity.

b) As there are no subtraction, then in the semiring case we work with the
left hand part and the right hand part of an equality separately. The equality
x =y, for example, can be proved in the following way: we prove the equality
x + z =y +t and then prove that z =t = 0 (the equality to zero is essentiall).

Now we are ready to prove Nagata-Higman theorem for semirings.

Theorem B.5 Let A be an [-generated semiring with the identity =™ = 0.
Then A is nilpotent of degree < 21™t1m3.

Proof. Let us prove that all words of this length are zero. Let us suppose
the contrary and let v be the lexicographically minimal nonzero word of length
20+t 1m3. By results of Section 2, each such word is either m-divided, or contains
an m-th power of a subword. Hence, v is m-divided and v = vgv1vs . . . vy, Where
v1 = V2 > -+ = Up. Then, for each o € Sy, \ id, the word v, = VoUg(1) - - - Vo(m)
is lexicographically smaller, than v, and, by the v minimality, is equal to zero.

So

V= VU102 - . - Uy = Uo(V10U2 . .. Uy + Z Vo(1) - - Vo (m)) =
o#id

= UO(Z Vs(1) - - - Vo(m)) = Vo + 0 = 0.
g
We have a contradiction to the choice of v. Nagata-Higman theorem for semir-
ings is proved. O

Remark. It will be interesting to generalize this theorem on a suitable class of
nonassociative semirings (Jordan or alternate, for example).
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The case of semirings with a noncommutative addition If R is a ring,
then, by the distributivity, (z + y — z — y)z = (¢ + y)(z — z) = 0. Hence,
(z+y)z = (y+ )z and the noncommutativity of the addition is not interesting.
But, we cannot perform such computations in semirings. Moreover, in the
case of a noncommutative addition there is no linearization. The following
proposition allows to bypass this difficulty.

Proposition B.6 Let z+y = y+x' =0, then, for all a and b, ax+bx = br+azx
and za + zb = xb + za.

Proof. 0 = (a + b)(z +y) = ax + bz + ay + by. On the other hand, bz + az +
ay+by =bx +a(z +y)+ by =b(z +y) =0. Therefore, bz + ax + (a + b)y =
ax + bz + (a + b)y. By adding (a + b)z' to the righthand side, we have the
required equality. The equality xa + b = b 4+ xa can be proved analogously.
O

In the case of a commutative addition, by this proposition and Nagata-
Higman theorem, we have

Corollary B.7 If W is a word of length 2I™'m3 and x +y = y+2' =0, then
Wx=aW =Wuz' =2'W =0. |

Let the identity ™ = 0 holds. Let us consider the expressions (z; + --- +
ZTy)™ and (x,, + - -+ z1)™. If we remove the parentheses (at first, in the first

factor, then in the second, and so on), then we shall get two sums > ., v;
and > v}, each of ™ terms — all possible products of ;, and v} = vym_;.
(If we rewrite all terms in one sum in the reverse order, then we shall get the
N 1o om™ ’ _ Nm™
another sum.) Let sy = > ;71 vi, S = Dol m_(5_1) V5> Tk = Do © = kv,
™ (k-1
=D ( )vg. Then sy +ri, =7}, + 8}, =0, S + Vi = Sp1, Vg1 + Tk =
[ ! — a5l
Tk—1, Uk + S = 819, T + Vk—1 = Tp_q-

Lemma B.8 Let the length of a word W is > k- 2™ 'm3. Then Ws, =
Wuoy = Wry = Wsj, = Wrj, = 0. the same is true for the right multiplication
of W by sk, 1k, s}, 1, and vy.

Proof. By the symmetry, it is enough to check the equalities Ws = Wry, =
Wwop = 0. Let us use the induction on k. Corollary B.7 proves the statement
for k = 1. By sg + rr = 0, it is enough to check the equality Wry, = 0. Let
W = uW', where |u| = 21" tm3, |[W'| > (k — 1) - 21 m?. By the inductive
supposition, W'sy_1 = W'op_1 = W'ry—1y = W's},_; = W'r,,_, = 0. Hence,
W's, = W’S% = W', and W'op + Wiry = W'sp + Wiy = W’(Sk + T'k) =0.
Analogously, W'r), + W's), = W'r, + W'v, = W'rj, + W's;, = 0. It remains
to set x = W'ry,y = W'sg, 2’ = W'r}, and to use the previous proposition.
O
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Corollary B.9 (Nagata-Higman theorem for general semirings.) If
the identity ™ = 0 holds in an [-generated semiring, then each word with
length > m™ - 20 m3 +m is zero.

Proof. The index k changes from 1 to m™. So, the product of a word of length
m™ - 21" 'm? on any term of any sum .., v; is zero. O

Remark. a) Using powers of partial sums and symmetry considerations, it is
easy to improve the estimation up to m!-I™'m3 4+ m. It will be interesting to
get an exponential (with respect to m) estimation.

b) We used the existence of zero. Otherwise, the addition has the kernel and
our reasoning fails. There exists a non-locally finite semiring with the identity
2? = 23 (it can be constructed with the help of a squarefree superword from
three letters).

c) We used the bilateral distributivity. Otherwise, even in the case of a
commutative addition, a product of sums cannot be transformed into a sum of
products, and our reasoning fails. Probably, in the case of near-rings (rings with
the one-sided distributivity) Nagata-Higman theorem is wrong.
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