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We study the algorithmical problems in the monomial algebras theory, rep-resentations of such algebras, varieties, generated by them, their structurialtheory. With the help of monomial algebras we prove and generalize Gelfand-Kirillov height and dimension theorems for arbitrary PI-algebras. The specialcase is the case of automata algebras, i.e., monomial algebras, which set ofnonzero words are regular languages. A regular language can be de�ned as a setof words, which can be read when moving along some graph edges, which aremarked by the letters of the �xed alphabet. The letters of the alphabet corre-sponds to the generators of the monomial algebra. The graph, which representsa �nite automaton, is called the Ufnarovski graph of an automata algebra.The notion of an automata algebra generalizes the notion of a �nitely gener-ated monomial algebra. In proving all results about �nitely generated monomialalgebras, we in fact use exactly the regularity of the nonzero words language,i.e., the possibility to de�ne it by an oriented graph. Therefore, there is nosense in the study of �nitely generated algebras as an individual class, the moreso, as there exist automata algebras, wich are not �nitely generated. For ex-ample, the algebra with generators a; b; c and relations a2 = c2 = ca = ba = 0,ab2n+1c = 0; n = 0; 1; 2; : : :, is not �nitely generated, but is automata. Itsgraph is s -a s����b s b-c sFor automata algebras hold many statements, which are wrong for arbi-trary (non-monomial) �nitely generated algebras. Fore example, the growthalternative { polynomial or exponential, or the implication \the existence of apolynomial identity =) the representability by matrices". The greater part ofalgorithmic problems have a positive solution for automata algebras. For ex-ample, such problems, as the growth computing, the existence of a polynomialidentity, the representability, the semisimplicity, the primarity, the existence ofNoetherian structure, are algorithmically solvable for automata algebras. Inaddition, the algebraic properties of automata algebras can be described \ge-ometrically", using the graph language. For individual elements there exist achecking algotithm for nilpotency and a zero divisibility.At last, the word combinatorial analysis can be used in study of arbitrary(not necessary monomial) algebras. Combinatorial lemmas help in study of thecanonical bases, of the normal form of elements. It mainly concerns the heighttheorems and the independency theorems. The combinatorial reasoning helpsto get simple and constructive proofs of such well-known theorems, as Shirshovheight theorem, V.A.Ufnarovski and G.P.Chekanu independency theorem, toget a positive solution of Shestakov hypothesis about the local nilpotency ofan algebra of the (polynomial) complexity n, in which all words (consisting ofgenerators) of degree n are nilpotent, to get a proof of Razmyslov-Kemer-Brauntheorem about the nilpotency of the radical of a �nitely generated PI-algebra,4



and so on.Which ideas are mainly used here?At �rst, it is the idea of lexicographic ordering, the consideration of minimal(maximal) words and nondecreasing objects. It works not only in word study,but also in the consideration of degree vectors (the pump-over lemma) and incomparing word systems.Then, one of the main instruments here is the study of in�nite words, whichwe call superwords, for shortness. Superwords allow to carry out the noncon-structive combinatorial reasoning with the help of the compactness notion (wecan construct an in�nite word from the in�nite number of �nite words).An exceptionally important is the notion of a uniformly recurrent in�niteword W : for each positive integer k there exists N = N(k), such that a �nitepart of the superword W of length k belongs to each its part of length N .Uniformly recurrent (u.r.) words help, for example, to describe all almost simplemonomial algebras (i.e., algebras with nilpotent factors): these algebras are ofthe type AW , where A is an u.r. superword (by AW we denote a monomialalgebra, such that all its nonzero words are subwords of the superword W ).The proof of this fact is based on the following lemma, which is an analog ofthe density theorem: for each two subwords u 6= v of the non-periodic u.r.superword W there exist subwords r; t �W , such that rut �W , rvt 6�W .This result is also used in proving the theorem about the coincidence of thenilradical of a monomial algebra and its Jacobson radical. The nilradical of amonomial algebra is turned out to be equal to the intersection of ideals withmonomially almost simple factors (a monomial algebra is called monomiallyalmost simple, if each its factor in respect to ideal, generated by a monomial, isnilpotent). A monomially almost simple algebra is an algebra of the type AW ,where W is an arbitrary u.r. superword.Superwords also help in describing the weakly Noetherian monomial alge-bras, in getting short proofs of the theorems about independency and the localnilpotency af Lie algebras, generated by sandwiches. In the superword termsthe Ufnarovski ordering can be naturally de�ned: right superwords constitutea linearly ordered set.The study of superwords leads to questions, related to the symbolical dy-namics. Thus, uniformly recurrent words have a dynamical sense: they areexactly those words, which appear during the investigation of minimal closedinvariant (in respect to a shift operator) sets in the superword space with theHemming metric. It turns out to be that, if the algebra growth function V (n)(i.e., the dimension of the space, generated by words of degree not greater, thann) satis�es the inequality V (n) < n(n+ 3)=2 for some n, then the algebra hasa linear growth. Algebras with a \limit" growth function n(n+3)=2 can be de-scribed in terms of the circle rotations. Namely, all of them, except a countableset, can be constructed as algebras AW , whereW = fwig is a sequence of 0 and1, which is de�ned by irrational numbers �; � 2 (0; 1) : wi = f(i + 1) � f(i),f(i) = [�i+ �]. Dynamical properties of u.r. words (the minimality in respect5



to the inclusion of a subword system of an u.r. word) are also used in proof ofthe weak Noetherability criterion.Thirdly, we often use combinatorial lemmas about periodic words, periodicsequences and the arrangement of periodic parts inside a word. The whole sec-tion is dedicated to these small, but useful statements. The pseudoperiodicity {the linear ordering alternative in respect to lexicographic order is studied withspecial attention. This alternative is based on properties of the shift invariancyof periodic words and on the quasiperiodicity of the word equation uW = Wssolutions. This alternative also clari�es the proofs of the height theorem, ofthe independency theorem and of the theorem about coincidence of the nilrad-ical and Jacobson radical in monomial algebras. All section 2.1 considers thequasiperiodicity notion.Forthly, we use, the already mentioned above, automata technique. Theusing of graphs demonstrates the categorial approach. The objects of the cor-responding category are the graph verteces and the morphisms are arrows. Toeach additive category, such that all its morphisms are denoted by letters of somealphabet, corresponds a subalgebra of the endomorphism algebra of the directsum of all its objects. If there are no di�erently denoted paths, which connecttwo objects (for example, when all morphisms have di�erent denotations), thenwe get a monomial algebra. There are natural relations between morphismsof marked categories and morphisms of corresponding algebras. All theory ofmonomial algebras representations is based on this fact. Representations of al-gebras were studied by many authors, see the survay [7]. If a graph is \good",i.e., it has no \linking" cycles (cycles with a mutual vertex), then the collectionof passed arrows uniquely de�nes the order of passage and the commutativityof morphisms is of no importance here. The algebra, which corresponds to a\good" �nite graph, is a PI-algebra. Under the natural constraints, the conversestatement is also true.At last, a simple, but very useful combinatorial statement is the pump overlemma: let A be a PI-algebra, which satis�es a polynomial identity f of degreem. Then each word w = c0v1c1 : : : vmcm+1, where ci are letters, which don'tbelong to words vj , can be represented as a linear combination of words w0 =ci0v01ci1 : : : v0mcim+1 , where ci don't belong to words v0j and not more, then m�1words v0j have length greater, than m� 1 (almost all words v0j are short). Thepumping over is a combinatorial analog of the algebraicity reasoning. Thisprocedure helps to get an easy proof of the Capelli identity, to get constructibleestimations of Capelli identity degree and PI-algebra height. It also helps tosimplify the proof of Razmyslov-Kemer-Braun theorem about the nilpotencyof the radical and A.Chanyshev result about the global nilpotency of a gradedPI-algebra, with nilpotent n-th power of homogeneous elements.An important methodological aspect of the monomial algebras theory is itsconnection with the canonical form technique. The study of monomial alge-bras is in essence the \pure" study of a normal form. Therefore the theory ofthis algebras has applications in the word combinatorial theory, in symbolical6



computations, in the coding theory, in the ring combinatorial theory and so on.The practice demonstrates that even in those cases, when study don't concernmonomial algebras, actually all computations are performed with elements, con-sidered as generators products, i.e., with monomials. The good support of thisthesis presents the notion of Groebner base, which is one of the most importantmethods in the theory of symbolical computations (see also Theorem 1.3).The theory of monomial algebras helps to study the normal forms. It alsocan be used in solving problems of the Burnside type (for one of the authorsexactly this was the reason to study monomial algebras). Let, for example, Abe a monomial algebra with generators a and b and relations a2 = b2 = 0. Itgenerates the same variety as the algebra of 2� 2 matrices. Each nonzero wordin A is a subword of the superword (ab)1. If in some algebra B an identity fis valid, which is not valid in the algebra of 2� 2 matrices, then f is not validin A. It means that with the help of f we can destroy each period of lengthgreater, than 1. In particular, if n is su�ciently big, then the word (a0b0)n islinearly representable by words, which contain a02 and b02. So, we created thesquares! Let c = a02. If we created a word with a su�ciently great occurance ofc, then, by using the height theorem (see the circulation lemma 2.79), we shallcreate the power (cu)k, and then, using f , the square c2, i.e., a04. This method,explained in Chapter 2, leads to the proof of the boundedness of a PI-algebraheight over a set of words with degrees not greater, than the algebra complexity.The obtaining of the exponential estimation for the height clari�es the anal-ogy between the structural and the combinatorial reasoning. Therefore, theconcluding part of Chapter 2 is organized, as the proof of this estimation.The structural theory, which helped to obtain basic results in the assotia-tive ring theory, by the reason of its e�ectivity, decelerated the developing ofthe combinatorial methods, maybe more laborious, but constructive. For thisreason, several fundamental results in the ring theory (the radical nilpotencytheorem for PI-rings, for example) don't have direct proofs. It causes addi-tional di�culties in translating results to a di�erent situation and often make itimpossible to obtain reasonable estimations. In obtaining combinatorial proofsone must understand, which combinatorial objects correspond to the structruraltheory and how the word combinatorial theory re
ects the structural properties.In creating the structural theory the Burnside type problems played a specialrole. This problems are important in the combinatorial theory also. They helpto clarify the correspondence between structural and combinatorial reasoning.The main aspect of the structural reasoning is the consideration of thesemisimple (semiprime) part and the reduction of the problem to it by thefactorization with respect to the radical. It turns out to be that the prime partis a monomial algebra, which corresponds to a periodic word. It generates amatrix variety Var(M n), where n is the period length. If the word has a periodicpart of a superword u1 of a period, greater, than n, and an identity f is valid,which is not valid for n� n matrices, then we can destroy the period with the7



help of f . By this procedure, we can produce a word, lexicographically smaller,than u. Then we can use the technique of selected sets of words, which allows tomake constuctive \the reasoning in the semisimple part". (A word collection iscalled selected, if the quotient algebra by the ideal, generated by this collection,is nilpotent. The property of being selected is independent with the respect tothe radical). It helps to create a periodic part with a period smaller, than n. Atlast, the pumping over is the property similar to the algebraicity. To the unitarycompleteness of the variety, generated by the matrix algebra, corresponds thedeletion and addition lemma. The consideration of irreducible modules corre-sponds to the consideration of a superword, which is linearly non-representableby smaller words. Let us demonstrate all this on the example.Theorem. The set of lexicographically non-diminishable words in the PI-algebra A has a bounded height over the set of words with degrees not greater,than the A complexity.Proof. Let m be the minimal degree of A identities and n = PIdeg(A) bethe A complexity. As A has a bounded height over the set of words of degreenot greater, than m, then it is enough to prove that, if juj is a noncyclic wordof length not greater, than n, then the word uk is a linear combination oflexicographically smaller words, if k is su�ciently big.1. Let us consider the right A-module M , which is de�ned by the generatorv and by relations vW = 0, where W � u1=2 (i.e., W is smaller, than somepower of u). (By u1=2 is denoted the in�nite to the right word with u asthe period, by \�" is denoted the relation of the lexicographic ordering). Thecorrespondence t : vs ! vus correctly de�nes the endomorphism of M , henceM can be considered, as an A[t]-module. Our aim is to prove that Mtk = 0 forsome k.2. If Mtk 2 M � J(AnnM), where J(AnnM) is the Jacobson radical ofthe annihilator, then Mtlk 2M � J(AnnM)l and, by Braun theorem about theradical nilpotency,Mtlk = 0, for l su�ciently big. (Using t centrality in A[t], wecan get along with Amitzure theorem about the local nilpotency of the radical).Hence, passing to the moduleM over the quotient algebra B = A[t]=J(AnnM),we can assume that J(AnnM) = 0.3. Using the primary factorization, we can reduce the proof to the case,when M is an exact module over a semiprime ring B.4. Elements from the center Z(B) don't have annihilators, hence we canlocalize, with respect to them, and, by considering an algebraic extension ofZ(B), come to the case, whenM is the matrix algebra over a �eld. The matricesdimension here is not greater, than n.5. By applying the construction 2 from 1.4, we get a minimal nonzeroright superword vu1=2 and, hence, get a contradiction to Corollary 2.39 of theindependency theorem (see 2.1.4). 28



Let us make some remarks. The module M is very similar to an irreduciblemodule. There is a parallelism of reasonings, which are related to the consid-eration of such modules and to the consideration of words, linearly nonrepre-sentable by smaller ones. The module M can be de�ned by left superwords,which have the period u in in�nity; t is a shift operator here. A periodic wordis an eigenvector for the operator t with the eigenvalue u. The belonging tothe Jacobson radical means, besides all other things, in addition, the absenceof nonzero eigenvalues. The consideration of left superwords allows to provethe nilpotency of J(A[t]). Let us note that the analogy between the structuraland the combinatorial reasonings is not clear enough and is of need of furtherclarifying.Let us describe in a short form the situation with bases af algebras. Theheight theorem means that each word is representable as a linear combinationof piecewise periodic words, i.e., words of the typevk11 vk22 : : : vkhh ; where h � H , H is a constantThe local �niteness of PI-algebras and the boundedness of Gelfand-Kirillov di-mension are consequences of this result, because the number of representationsof N , as a sum k1jv1j+ � � �+ khjvhj, where h � H , has the order NH�1.The further problems are as follows: which words can be taken as vi andwhat is the structure of the power vector? As vi we can take the set words, whichdegrees are not greater, than the complexity (also we can take any collectionof alements, for which the Kurosh problem holds). Now, let us consider thepower vector (k1; : : : ; kh). The essential height, i.e., the number of positions,such that ki can be simultaneously unbounded, equals to the Gelfand-Kirillovdimension for representable (and, by the A.R.Kemer [24] result, for relativelyfree) algebras. Nevertheless, even in the representable case, the set of powervectors can have a bad structure, i.e., it can be the complement to the set ofsolutions of an exponent-polynomial system of Diophantine equations.Let us present an approximate contents of chapters. Chapter 1 is essentiallydedicated to in�nite words and u.r. words. Lemmas, proved here, are repeat-edely used in what follows. We also consider here growth problems in wordsand algebras. In particular, we construct a patological algebra, which growthfunction sometimes is smaller, than '(n) = n(n+ 3)=2 + �(n), where �(n) is afunction, converging (with an arbitrary slowness) to in�nity, ln(n) for example,and sometimes is greater, than  (n) = eo(n),  (n) = epn, for example. Also, wepresent the description of algebras with the \limiting" slow growth n(n+ 3)=2.In Chapter 2 we apply the word combinatorial analysis to problems of theBurnside type and to normal bases. The aim here is the obtaining the purelycombinatorial (hence, constructive) proofs of already known results and alsothe obtaining explicit estimations. We give much attention to periodic wordsproperties. Of several theorems, proved here, we must mention the Ufnarovski-Chekanu independency theorem and Chirshov height boundedness theorem.9



The relation between radicals and superwords is used here for proving the nonex-istence of algebras, which growth functions are between linear ones and thefunction n(n+ 3)=2. In 2.3 we consider regular words and their applications toLie algebras: we prove the nilpotency of a subalgebra, generated by sandwiches,and prove the height theorem for Lie algebras with a sparse identity.In Chapter 3 we prove the theorem about the coincidence of the nilradicaland Jacobson radical in a monomial algebra. Jacobson radical is described interms of u.r. words.In Chapter 4 it is proved that, if two �nitely generated monomial algebraswithout units are isomorphic, as algebras, then they are isomorphic, as mono-mial algebras, i.e., there exists an isomorphisms, which maps generators intogenerators. Also here we study Baire radical of monomial algebras. We provethat the Baire order (i.e., the ordinal that marks the stabilization beginning inthe Baire radical construction) can be equal to any ordinal �. For 2-generatedmonomial algebral � is countable and can be any countable ordinal.In Chapter 5 we study automata algebras. The main attention here we giveto algorithms and to the dependence of algebraic properties of an automataalgebra from the \geometric" properties of its graph. Almost all structuralproperties of an automata algebra (semisimplicity, semiprimarity, growth func-tion, Noetherability and so on) are algorithmically recognizable. Also we presentalgorithms for checking the nilpotency and the zero divisionability of individualelements.In Chapter 6 we study �nite-dimensional representations of monomial alge-bras. We consider \tame" and \wild" algebras, i.e., algebras, which represen-tations can or cannot be described. Tame monomial algebras are 1-generatedand 2-generated algebras with zero multiplication only. The description of allirreducible representations of an automata PI-algebra can be reduced to thesame problem for the algebra Au1 . If an automata algebra is not a PI-algebra,then it is wild.The necessary condition of the representability is the validity of the heighttheorem. In this case, there exists h, such that any word in the algebra canbe written as uk11 uk22 : : : ukll , where l � h and fuig is the set of words of �xedlength. The necessary and su�cient condition of the representability can beformulated, as a condition on the set of vectors �k = hk1; : : : ; kli. It means thatthe set of hk1; : : : ; kli, such that uk11 : : : ukll = 0, must be de�ned by a systemof exponential Diophantine equations. We have the following theorem, as acorollary.Theorem. If a monomial algebra is representable over a �eld of zero character-ictic and has Gelpand-Kirillov dimension 1, then it is automata and its Hilbertseries is rational.Moreover, we construct an example of a monomial algebra (or a semigroup),which is representable over a �eld of positive characteristic, but is not rep-resentable over a �eld of zero characteristic. Also we construct a monomial10



algebra, which is representable over a �eld of zero characteristic and has a tran-scendental Hilbert series.In Chapter 7 we study varieties, generated by an arbitrary set of monomialalgebras. Such varieties constitute a rather extensive class: for example, thevarieties, generated by the matrix algebra and by the algebra of upper triangularmatrices, can also be generated by automata algebras. But not all varietiescan be realized in such way, for example, the variety, de�ned by the identityxn = 0, and the variety, generated by Grassmann algebra, cannot be generatedby monomial algebras. The main result of this chapter is the following theorem.Theorem. Each variety, generated by an arbitrary set of monomial (not neces-sary automata or �nitely generated) algebras, can be generated by one automataalgebra.For proving this theorem, the technique of formal power series is used. Thenwe give in graph terms the classi�cation of varieties, generated by automataalgebras. Such variety is a �nite union of varieties of automata algebras, de�nedby graphs of the following type- r����q q q- q - r����q q q- q - r����q q q- : : : - r����q q q-(stright paths between loops and loops themselfs have arbitrary length), whichsatisfy the following condition: each arrow, which has a common vertex with aloop, is marked by the letter, which is not used in other places.Corollary. Each variety of monomial algebras is generated by a �nitely de�nedalgebra.Therefore, letters can coincide only on inner arrows of stright paths, whichconnect the loops. For proving this theorem, a rather cumbersome graph tech-nique is used, which allows, by the means of \elementary" operations, to simplifygraph without changing the generated by it variety (or consecutive varieties areincluded in one another).As a consequence of this theorem and also, as a consequence of that fact thateach variety, generated by an automata algebra with a cyclic graph, coincideswith a variety, generated by the matrix algebra, we get the classi�cation ofunitary closed varieties of monomial algebras.Theorem. Each unitary closed variety, generated by monomial algebras, coin-cides with a �nite union of varieties, which identity ideals are �nite products ofidentity ideals of matrix algebras.Roughly speaking, in the case of algebras with unit, there are no othervarieties of monomial algebras, except varieties of matrix algebras and of theirsemidirect products. 11



In the concluding part of this work we study varieties of associative algebraswith Lie nilpotency identity of a �xed index. We concentrate on problems ofalgorithmical solvability in these varieties. We demonstrate the algorithmicalsolvability of the problem about the realizability of the Lie nilpotency identityof a �xed index in a �nitely generated algebra, in which the word problem issolvable. Also we prove that in the variety of Lie nilpotent algebras the wordproblem can be solved by the algorithm, which use Groebner bases technique.In Appendix A we study nonassociative rings (in particular, alternative andJordan rings). The main attention here is given to the representability prob-lems, to the height boundedness and to Kurosh problems. Many results in thetheory of associative rings can be transfered to the nonassociative case. Thepossibility of such transfere and the formulation of the \asimptotical nearnessto the associativity" criterion clarify the associative theory itself.At last, Appendix B is dedicated to problems of Burnside type for semir-ings (in semirings the subtraction operation is not de�ned). We prove here ageneralization of Nagata-Higman theorem for semirings with a noncommutativeaddition.Our exposition demands only minimal preliminary knowledge, mainly re-lated to the theory of PI-algebras. Several important combinatorial topics isnot considered here. Our work with identities has the qualitive, mainly asimp-totical character, we don't work with actual identities. We don't examine thetheory of central (Razmyslov) polynomials (there is a good exposition of thistheory in I.V.L'vov preprint [35]) and also the Young diagram theory, related tothe symmetrical group representations. We don't even mention the supertech-nique, invented by A.R.Kemer, which allows to reduce the study the in�nitelygenerated algebras identities to the case of �nitely generated superalgebras. Wedon't examine the homological technique and the diamond lemma. The 2-wordmethod is not considered, and the Lie case and the case of algebras near toassociative, are examined only in brief.The big part of this survey is dedicated to well known results, which eitherwere published before, or are the mathematical folklore with unclear authorship.In any case we beg a pardon from those authors, whom we didn't mention inthis text.In preparation of this work, we used the V.A.Ufnarovski survey [55] andJ.Okninski book [87]. The idea of using the uniformly recurrent words appearedas a result of discussions with M.V.Sapir. The representability criterion formonomial algebras is a variant of D.Anick ideas. T.Gateva-Ivanova gave the def-inition of the primary superword, and our exposition of the theory of the mono-mial algebra radical is based on the results of the joint work. To our regret, wecouldn't have her as a co-author, because of the time shortness and the organi-zational problems. We hope, however, for further collaboration. S.V.Pchelincevparticipated in discussions of problems about the height theorem and about thenonassociative case. We are grateful to E.I.Zelmanov and A.V.Mihalev for pos-ing some problems and the moral support. Authors are grateful to L.A.Bokut',12



A.A.Mihalev, V.A.Ufnarovski, V.T.Markov and V.M.Petrogradski for useful dis-cussions.1 The word combinatorial theory and its appli-cationsIn the combinatorial reasoning in the ring theory we mainly work with words,i.e., with the representation of elements via generators. The word techniqueuses monomial algebras, in which the de�ning relations constitute the set ofword equal to zero. Several problems in the ring theory, the investigation ofHilbert series for example, can be reduced to the monomial case. Let us givesome de�nitions.1.1 De�nitions and notationAll algebras, unless otherwise stipulated, are considered to be �nitely generated(f.g.) with a �xed set of generators. Let � 3 1 be an associative and com-mutative ring. By �hx1; : : : ; xsi will be denoted a free associative �-algebrawith generators x1; : : : ; xs. By Aha1; : : : ; asi will be denoted an arbitrary �-algebra with a �xed set of generators a1; : : : ; as. A word or a monomial fromthe set of generators M is an arbitrary product of elements in M. The setof all words constitutes a semigroup, which will be denoted by WdhMi. Theorder a1 � � � � � as generates the lexicographic order on the set of words: oftwo words those is greater, which �rst symbol is greater, if the �rst symbolscoincide, then the seconds are compared, then thirds and so on. Two wordsare incomparable, only if one of them is the beginning of another. Let us notethat a family of the pairwise incomparable words constitutes a linearly orderedset. By a word in an algebra we understand a nonzero word from its generatorsfaig. An algebra A is called monomial, if it has a base of de�ning relationsof the type c = 0, where c is a word from a1; : : : ; as. Obviously, a monomialalgebra is a semigroup algebra. More precisely, it coincides with the semigroupalgebra over the semigroup of its words.By jvj will be denoted the length of a word v. By kxk will be denoted thehomogeneity degree of an element x. By u � v will be denoted the occurence ofa word u in a word v. By (W )k will be denoted the beginning subword of theword W of length k. By hMi will be denoted the �-module, generated by a setM . An element x is called linearly representable by a set M , if x 2 hMi. Theset of words, which are linearly nonrepresentable by smaller words, is linearlyindependent and constitutes a normal base of the algebra. By id(M) will bedenoted the bilateral ideal, generated by a set M .A word w is called n-encountered in a word W , if W has n nonoverlappingoccurrences of the word w. A set of words U is called k-encountered in a wordW , if each word u 2 U has k nonoverlapping occurrences in W .13



A word is called nonimprovable, if it cannot be represented as a linear com-bination of lexicographically smaller words.A word u is called cyclic, if for some k > 1, u = vk, otherwise it is callednoncyclic or nonperiodic. Words u and v are called cyclically conjugate, iffor some words c and d u = cd, v = dc. The cyclic conjugacy relation is anequivalency relation.Let us enumerate the usual notations: m be the minimal degree of identity,which holds in A; n = PIdeg(A) be the complexity of A, i.e., the maximalpositive integer k, such that all identities in A hold in the matrix algebra oforder k; p be the minimal degree of an identity of the complexity n, which holdsin A; by s or l we shall denote the number of generators. By M (k) will bedenoted the ideal idfmk;m 2Mg. � is the empty word, j�j = k�k = 0.Let us note the following useful statement, which is proved with the wordcombinatorial technique.Proposition 1.1 Let A be a f.g. graded algebra, M be a �nite set of homoge-neous elements, such that, for all k, the quotient algebra A=M (k) is nilpotent.Then each quotient algebra A0 = A=I, in which all projections of elements fromM are algebraic, is �nite-dimensional.Proof. Let k be the maximum of degrees of those polynomials, which annihilateelements in theM projection. Let A=M (k) is nilpotent of index l. It means thatall words in A of the length not smaller, than l, are linearly representable bywords from A generators and those elements m 2 M , which has mk, as itssubword. Hence, projections of words of length l are linearly representable byprojections of words of smaller length. 21.2 The basic properties of PI-algebrasAn identity in algebra is a noncommutative polynomial, which is identicallyzero on the set of algebra elements. An algebra with an identity is called aPI-algebra. If an identity holds, then all identities, which can be produced fromit by substitutions and also by left and right products by arbitrary polynomi-als, hold also. In the case of zero characteristic, each system of identities is�nitely based (unlike the case of relations). This was proved by A.R.Kemer.A.V.Grishin proved that we can manage by substitutions only. Examples ofidentities are: the commutativity identity [x; y] = xy�yx, the standart identityof degree n Stn =X� (�1)�x�(1)x�(2) : : : x�(n);the Capelli identity X� (�1)�y0x�(1)y1 : : : x�(n)yn;14



which holds in any (n�1)-dimensional algebra. It is more di�cult to prove thatSt2n holds in each matrix algebra of order n (Levitski-Amizur theorem). TheHall identity [[x; y]2; z] holds in the algebra of 2 � 2 matrices (the square of amatrix with zero trace is a scalar matrix). The identity [[x; y]; z] = 0 holds inGrassmann algebra (an even element belongs to the center and the commutatorof two odd elements is even). The class of algebras, which satisfy some setof identities, is called a variety; the variety, which corresponds to the set ofidentities, which hold in the algebra A, is denoted by Var(A).If the number of elements in the ground �eld is greater, than the degree ofan identity f , then with f hold all its homogeneous, in respect to each variable,components. If a variable x occurs in an identity f in degree n, then f islinearizable. Let t be the set of variables, distinct from x. Then the polynomial~f = f(t; x1 + � � �+ xn)�Xi f(t; x1 + � � �+ bxi + � � �+ xn)++Xi<j f(t; x1 + � � �+ bxi + � � �+ bxj + � � �+ xn)� � � �+ (�1)n�1Xk f(t; xk)is polylinear and symmetric for x1; : : : ; xn. It is called a linearization of f . (Thesymbolbmeans, as usual, that the corresponding term is omited.) The completelinearization is a polylinear polynomial. If the ground �eld characteristic is zeroor is greater, than f degree, then f is equivalent to its complete linearization.Example: the complete linearization of the identity [[x; y]2; z] is the identity[[x1; y1]�[x2; y2]; z]+[[x1; y2]�[x2; y1]; z]+[[x2; y1]�[x1; y1]; z]+[[x2; y2]�[x1; y2]; z].A variety is called unitary closed, if the operation of unit adding preservesthe membership in this variety. A matrix algebra generates an unitary closedvariety and a nilpotent algebra doesn't.The set of all identities of some algebra constitutes a fully characteristicideal, or T -ideal, in the free algebra KhXi (here K is the ground �eld and hXiis the countable set of generators). The quotient algebra KhXi=T , in respect toa T -ideal T , is called a relatively free algebra, or a free algebra of the varietyM,de�ned by the identities ideal T . The Jacobson radical of this algebra coincideswith the set of identities in the matrix algebra of order n. The number n iscalled a complexity or a polynomial degree of the variety (or the T -ideal) Mand is denoted by PIdeg(M). Varieties of complexity 1 are called non-matric.In each non-matric variety the identity [x; y]k holds. In a variety of complexityn some power of the standart identity of order 2n holds. If an algebra is �nitelygenerated, then in it hold a standart identity of some order and Capelli identity(this statement is consequence of Razmyslov-Kemer-Braun theorem about theradical nilpotency in a �nitely generated PI-algebra).Let f be a polylinear identity of degree n. Then the symmetric group Snacts from the left, by permuting the variables, on f consequences of degreen, hence, they constitute a left module over its group algebra. Irreduciblesubmodules correspond to Young diagrams. The standart identity corresponds15



to the diagram-column, the symmetic identity corresponds to the diagram-row.The connection between identities and diagrams is enigmatic. It is known that,if an identity f holds, then all identities, which Young diagrams has a su�cientlybig square, hold also. Each type of irreducible modules occures with multiplicity,which equals its dimension. One-dimensional modules correspond to diagram-rows and diagram-columns.Let � 2 Sn, then we can relate to the identity f = P� a�x�(1) : : : x�(n)the identity f� = P� a�x�(�(1)) : : : x�(�(n)). If f is not the symmetric or thestandart identity, then f� is not equivalent to f for some � . In other words, if weidentify polylinear polynomials of degree n and elements in the group algebraof the symmetric group, then the set of all polylinear identities of degree nalways constitute a left ideal in this group algebra (but not always a rightideal). (Under a permutation of positions in all monomials in the identity wenot always get a consequence of this identity). The same is true for sparseidentities. Nevertheless, for su�cienly big n the set of all polylinear identitiesof degree n contains a bilateral ideal of the group algebra of Sn. The proofof this statement uses Regev theorem (the growth of codimension of a T -idealis not greater, than exponental) and the dimension formula for an irreduciblerepresentation of a symmetric group, which corresponds to a rectangular Youngdiagram. It turns out to be that the growth of the dimension of a representationis greater, than the growth of a T -ideal codimension. Hence, the bilateral ideal,which corresponds to this Young diagram, belongs to the T -ideal.The above reasoning holds for sparse identities also, i.e., for identities of thetype X�2Sn ��y0x�(1)y1 : : : x�(n)yn = 0:(only xi are permuted and yj are stationary).As a positions permutation (i.e., the right action of the symmetric group)realizes an isomorphism of left modules and doesn't change Young diagrams,then we have the following proposition.Proposition 1.2 Let T be an arbitrary T -ideal. Then there exists the set of co-e�cients f�ig, such that for each permutation � 2 Sn and all xi; yi the followingequality holds modulo TX�2Sn ��y0x�(�(1))y1 : : : x�(�(n))yn = 0:Let M be an algebra variety. Al be a relatively free l-generated algebra inM. For Al some additional identities can be valid (if l = 1, for example, thenAl is commutative). l is called the base rank of M, if M = Al. For example,the base rank of M n equals 1, if n = 1, and equals 2, if n > 1. The base rank ofa Grassmann variety G , generated by the identity [[x; y]; z] = 0, equals in�nity.(This identity doesn't hold in the algebra of 2 � 2 matrices, and all primary16



algebras in G are commutative. Hence, the commutator ideal belongs to thenilradical, i.e., to the intersection of all primary ideals. In the �nitely generatedcase, by Braun theorem, the radical is nilpotent of a bounded index. For anin�nitely generated Grassmann algebra it is not so).If l1 > l2, then Var(Al1) � Var(Al2). For which l there is the strict inclusionVar(Al) � Var(Al+1)? The set of such l is called the transition set. Ourknowledge about such sets is poor. In the �nitely based case (if the ground �eldis of zero characteristic) we can prove the countability of the set of all transitionsets (which correspond to all possible varieties). Hence, not each set P � Ncan be a transition set. (We can construct a non-transition set in the followingway: it is known that the standart identity holds in each f.g. algebra, and analgebra, in which the standart identity holds, has a �nite base rank. Therefore,if the set P is too sparse (i.e., it has too big segments of the rank constancy),then one of these segments (in dependence on the variety degree) will give thevalidity of the standart identity and the �niteness of the base rank).1.3 Some constructions1.3.1 The representation of monomial algebrasLet M � Wd < fxig >. By cM will be denoted the set of all subwords in M.Then WdhfxigincM is an ideal in the semigroup Wdhfxigi. It generates theideal IM in the algebra �hfxigi. The corresponding quotient algebra is denotedby AM. Let W be an ininite word. Then AW is the algebra, such that all itsrelations are of the type v = 0, where v is a word, which is not a subword in W .If fWig is a set of words, then AWi is an algebra, such that all its relations areof the type v = 0, where v is a word, which is not a subword in any fWig.1.3.2 The construction of a monomial algebra with the same growthfunction, as the given algebraTheorem 1.3 For each algebra A there exists a monomial algebra bA with thesame growth function.Proof. Let put in order the generators x1 � � � � � xs, a1 � � � � � as. Then letus put in order the set of words from fxig and faig: at �rst, by the length, andthen lexicographically. Let us consider the epimorphism � : �hx1; : : : ; xsi !Aha1; : : : ; asi, xi ! ai. The subset in Wdhfxigi, generated by words, whichprojections can be represented as linear combinations of projections of smallerwords, is an ideal in the semigroup Wdhfxigi. It generates the ideal IA in thealgebra �hfxigi. Let us denote by bA the corresponding quotient algebra. It isa monomial algebra with the same growth function, as the growth function ofA. Therefore, the study of growth functions, can be reduced to the monomialcase. However, let us note that bA can be not �nitely de�ned, even, if A is17



�nitely de�ned. V.A.Ufnarovski, for example, constructed a �nitely de�nedalgebra of the intermediate growth [49]. The corresponding monomial algebrahas the intermediate growth also, but cannot be �nitely de�ned, because theGilbert series of a �nitely de�ned monomial algebra is rational and its growthfunction satis�es a recurrent relation and has a polynomial or an exponentalgrowth. Therefore, in the �nitely de�ned situation there is no reduction of thegrowth function description to the monomial case. 21.4 Superwords in algebrasThe main part of combinatorial results in this chapter is based on the consider-ation of in�nite words or superwords. In this subsection are gathered the basictechnical facts and constructions, related to superwords in algebras.De�nition 1.4 A superword is a word, which is in�nite in both directions. Aword, which is in�nite to the left, is called a left superword, a word, which isin�nite to the right, is called a right superword.De�nition 1.5 By u1 will be denoted a superword with the period u, byu1=2 will be denoted a right (left) superword, which begins (terminates) withthe word u.It will clear from the context, which superword is under the consideration,left or right, therefore we don't introduce a special notations. The writingu1=2 � s � v1=2 means, for example, that u1=2 is a left superword and v1=2 is aright one.Right superwords (unlike �nite words, where exist incoparable elements)constitute a linear ordered set in respect to the left lexicographic ordering, thesame is true for left superwords in respect to the right lexicographic ordering.We shall mainly deal with superwords and right superwords.We cannot speak about the value of a superword in an algebra, but canspeak about its equality or nonequality to zero, and, in some cases, about itslinear dependence.De�nition 1.6 a) A superwordW is called zero superword, if it has a �nite zerosubword, and it is called nonzero superword, if it has no �nite zero subwords.b) A �nite set of right subwords fWig is called linear dependable, if thereexist f�ig, not all of them equal to zero, such that the following relation holdsfor k su�ciently big: X�i(Wi)k = 0(by (W )k is denoted a beginning segment of W of length k).c) Let M be a right A-module, W be a right superword in A and m 2 M .We say that mW 6= 0, if 8k m(W )k 6= 0. Otherwise, mW = 0.18



d) Let M be a right A-module, fWig be a �nite set of right superwordsin A and fmig � M . We say that PmiWi = 0, if for all su�ciently big k,Pmi(Wi)k = 0.The analogous de�nitions can be formulated for left superwords and leftmodules.Unless otherwise stated, we consider the case of algebras with a �nite alpha-bet A. In this case the set of superwords (left, right, bilateral) overA constitutesa compact space A1 in the Tihonov product topology, which is induced by thediscrete topology in A. Right superwords, in respect to the left lexicographicordering (and left superwords, in respect to the right lexicographic ordering)constitute a linear ordered set and each subset in this set has an in�mum anda supremum.By the lemma about the existence of a superword, such that each subwordin it is a subword of a word in the given family of �nite words of unboundedlength, we have the following statement.Proposition 1.7 a) In each �nitely generated nonnilpotent algebra A there ex-ist nonzero superwords.b) Let M be a f.g. right A-module and A be a f.g. algebra. Then, if8k MAk 6= 0, then there exist m 2 M and a right superword W , such thatmW 6= 0. 2By the de�nition of a zero superword, we have that the set of zero superwordsis open in Tihonov topology and the set of nonzero superwords is closed. Afterthe existence of the in�mum and the supremum for each set of right superwords,we have the following statement.Proposition 1.8 a) Let W be a superword, then the set of all right superwords,such that all their subwords are contained in W , has the maximal and the min-imal elements.b) Let mAk 6= 0, 8k. Then the set of all right superwords W , such thatmW 6= 0, has the maximal an the minimal superword.c) If A is not nilpotent, then the set of all nonzero right superwords has themaximal and the minimal elements. 2De�nition 1.9 a) A set of words fwig is called distinguished, if the quotientalgebra A= Id(fwig) is nilpotent.b) A set of superwords fWig is called distinguished, if a set of words fwigis distiguished, where each wi is a �nite subword in Wi.Let u be a word in A, which is maximal in the set of all nonzero words oflength � n. It is possible, that u cannot be extended to a word with greaterlength. Hence, to use the superword technique, we shall apply the followingconstruction. 19



Construction 1. Let A be an algebra with generators as � � � � � a1. Leta1 � x and let us consider a free product A0 = A � F hxi.Then each word u in A is a beginning of some superword in A0. If u is themaximal word in A in the set of all words of length � juj, then the maximalsuperword in A0, which begins with u, is a superword in A. If u is a superword inA and each its beginning subword has the above property, then u is a maximalsuperword in A0.The following construction is useful for work with modules.Construction 2. Let A be an algebra with generators as � � � � � a1, M be af.g. right A-module with generators mk � � � � � m1. Let m1 � as, a1 � x. Let~A = A�M , 8i; j 0 = mimj = aimj ; �� (� 2M;� 2 A) is the result of theaction of � on �, �� (�; � 2 A) is de�ned as the product in A. Let us denoteby A00 the factor of the free product ~A � F hxi=I , where the ideal I is generatedby elements xmi.In A00 a maximal right superword begins with mk. Each word in ~A can beextended to a superword in A00. If MAk 6= 0, 8k, then a maximal superwordin ~A begins with some mi. If u is the maximal word in A in the set of allwords with length � juj and with a nonzero action on mi, then, after a suitableenumeration of mi, a maximal superword in A00 is a superword in ~A. If u isa superword in ~A and each its beginning has the above property, then u is amaximal superword in A00.In the study of the nilpotency problem, the following statement is helpful.Proposition 1.10 If in an algebra (a semigroup) there is no nonzero periodicsuperword, then all its words are nilpotent. 2Let us note that the algebra AW has this property, where W is a u.r. non-periodic word (see De�nition 1.30).1.5 The growth in words and algebrasThe notion of the growth can be applied to measure the number of relations in analgebraic system and its \in�nity" degree. It is, in particular, a generalization ofthe dimension notion, to the in�nite dimensional case. The problem about thebehaviour of the growth function in groups, in semigroups and in algebras wasstudied by many authors. Rather ordinary is the polynomial (in the commuta-tive case, for example) and the exponental (in free algebras) growth. J.Milnorposed the problem about the existence of groups of an intermediate growth.This problem was solved by R.I.Grigorchuk [16]. The growth of a �nitely de-�ned monomial algebra is either polynomial, or exponental. V.A.Ufnarovski [49]constructed an example of a �nitely de�ned algebra of an intermediate growth:it is the enveloping algebra of an in�nite-dimensional Lie algebra. A.A.Kirillov20



and M.L.Koncevich [26] constructed a relatively free Lie algebra of an interme-diate growth: the Lie algebra of generic vector �elds on a variety. The problemabout the behaviour of the growth function for algebras is, therefore, of theinterest.De�nitions. Let A be an algebra with the �xed set of generators. By hxi willbe denoted the ideal, generatedby the element x, by (�) will be denoted theideal, generated by the set �. The growth function VA(n) of an algebra A isthe dimension of the space, generated by all words with length � n. VA(0) = 0,VA(1) is the number of generators. Let TA(n) = VA(n) � VA(n � 1). If A isa homogeneous algebra and all Ai has the homogeneous degree 1, then TA(n)is the dimension of the space, generated by all words of length exactly n. TheGilbert series HA(x) is the generating function PVA(n) � xn. It is easy to seethat PTA(n) � xn = (1 � x) �HA(x). The growth function of an in�nite wordW can be de�ned in an analogous way: VW (n) is the number of its di�erentsubwords of length � n, TW (n) = VW (n) � VW (n � 1) is the number of itsdi�erent subwords of length exactly n. It can be proved that for each algebrawith the �xed set of generators there exists a monomial algebra with the samegrowth function. In what follows, we shall consider only the monomial case.Then TA(n) is the number of nonzero words in A of length exactly n.Let us note that the growth of a free k-generated algebra Ak and of a freegroup Gk is exponental: TAk(n) = kn, TGk(n) = k(k � 1)n. If Lk is a freek-generated Lie algebra, then TLk(n) is the number of correct words of lengthn (see subsection 2.3.1) and TLk(n) > kn=n. On the other hand, the growth ofsolvable groups and of PI-algebras is polynomial.The following theorem describes a possible \anomalous" behaviour of growthfunctions.Theorem 1.11 a) Let  (n) = eo(n), i.e., limn!1 ln (n)=n = 0. Let '(n) =n(n + 3)=2 + 1=o(1), i.e., limn!1('(n) � n(n + 3)=2) = 1. Then there existan algebra A and two in�nite subsets K and L in N , such that1) VA(n) >  (n), for all n 2 K:2) VA(n) < '(n), for all n 2 L.If  (n) is a polynomial, then A can be chosen, as a PI-algebra.b) Let  (n) < Cnk. Then there exists a PI-algebra, which satis�es theconditions of a) for  and '.Let, for example,  (n) = epn, '(n) = n(n+ 3)=2+ ln(n). Then the growthfunction of A sometimes has a slow growth and lags behind ', then begins togrow very fast and outstrips  , and all this occurs in�nitely many times.Proof. We have to consider two auxiliary algebras.1. The algebra A1 = �ha; bi=(b)2. Words in this algebra are those words,which don't have more then one occurence of the letter b. Then TA1(n) = n+1,hence VA1(n) = n(n+ 3)=2. Obviously, we have the following proposition.21



Proposition 1.12 For each constant C there exists K(C;'), such thatVA1(n) + C < '(n), for n > K(C;'). 22. The algebra An = �ha; bi=Inb , where Inb is the ideal, such that its wordsdon't contain subwords of the form bakb, k < n. Obviously, TAn(k) = TA1(k) =k + 1, if k < n. Also, obviously, TAn(k) � 2[k=n]. To prove this, it is enough toconsider the set of words, such that in positions with the number, non-divisibleby n, they have a. The number of such words is 2[k=n]. Therefore, the followingstatement is valid.Proposition 1.13 There exists N (n), such that, if k > N (n), then the fol-lowing inequalities hold VAn(k) > TAn(k) �  (k): 2Hence, the algebra An has an exponental growth. The set of words of thealgebra, under the construction, is similar to the same set of A1, for words ofsome length, and is similar to the same set of the algebra Ali , for other length.The main construction. Let � : l1 < k1 < l2 < k2 < : : : < li < ki <li+1 < : : : be a sequence of positive integers. By I(�) will be denoted the idealgenerated by the following sets W1 and W2:W1 = fW j li < jW j < ki & 9k < li : bakb �Wg;W2 = fW j ki < jW j < li+1 & 9k < li+1 : bakb �Wg:Let W (�) = Wd(a; b)nI(�), A(�) = �(a; b)=I(�).Obviously, if li � n < ki, then TA(�)(n) = TAli (n), and, if ki � n < li+1,then TA(�)(n) = TA1(n) = n+ 1. Proposition 1.13 allows to choose ki so, thatthe inequality VA(�)(ki�1) > TA(�)(ki�1) = TAli (ki�1) >  (ki�1) holds, andProposition 1.12 allows to choose li+1 so, that the inequality VA(�)(li+1 � 1) <'(li+1�1) holds. In this case the algebraA(�) satis�es the theorem's conditions.The �rst part of the theorem is proved.The proof of b) is analogous. It is enough to mention that the algebraF ha; bi= id(b)k is a PI-algebra and the number of words with k occurences ofthe letter b, such that the distance between each two occurences of b is greaterthan R, has the nk growth. 2Remark. On the set of all growth functions can be de�ned the followingrelations: the relation of the nonstrict order: f � g, if for some c and kcf(kn) � g(n), for all n; the equivalency relation: f � g, if f � g and g � f .The equivalency class of a growth function of an algebra (or a group, a semi-group, a Lie algebra) doesn't depend on the generators choice.22



In the case of Lie algebras the following theorem holds.Theorem 1.14 Let  (n) = eo(n), i.e., limn!1 ln( (n))=n = 0. Let '(n) =n+ o(1)=n, i.e., limn!1('(n)� n) =1. Then there exist a Lie algebra L andtwo in�nite subsets K and L of positive integers, such thata) VL(n) >  (n), for all n 2 K;b) VL(n) < '(n), for all n 2 L.Let, for example,  (n) = epn, '(n) = n+ln(n). Then there exists an algebrawith the growth function, which is sometimes smaller, than ', and sometimesis greater, than  .The idea of proof. To each algebra A with the �xed set of generators we cancorrespond the algebra A(�), which is a subalgebra in A� and is generated bygenerators of A. Obviously, T (�)A1 (k) = 1, if k > 1, and that T (�)An (k) has anexponental growth. Therefore, a Lie algebra L, which satis�es the theoremconditions, can be constructed as an algebra of the type A(�)(�). 2We can formulate the following statement about the number of subwords inan in�nite word.Theorem 1.15 Let  = eo(n), '(n) = n+1=o(n). Then there exists an in�niteword W and two in�nite sets of positive integers K and L, such thata) TW (n) >  (n), for all n 2 K (by TW (n) is denoted the number of di�erentsubwords in W of the length exactly n);b) VW (n) < '(n), for all n 2 L.Moreover, we can take W as an u.r. word.(The de�nition of a uniformly recurrent word see further in 1.6.)As each subword in W of length n can be extended to a subword of lengthn+1, then TW (n+1) � TW (n). In the case of the equality, each part of lengthn in W uniquely de�nes the following symbol, hence, W is periodic. In this caseTW (n) = const = k, where k is the period length and n > k. Therefore, thecondition on ' cannot be improved.The idea of proof. We shall constructW step by step. On the k-th step of the�rst kind we shall construct words ak = blk�1ak�1blk�1 and bk = bl+1k�1ak�1bl+1k�1.On the k-th step of the second kind we shall construct words ak = uk(ak�1; bk�1)and bk = vk(ak�1; bk�1), where words uk and vk are di�erent, are not powers,contain all subwords of length mk and the length mk on each step is su�cientlybig. The word ak contains ak�1, therefore all words ak can be united in thein�nite word W .The following statement holds. 23



Proposition 1.16 a) The number of subwords of length n in the wordb1k�1ak�1b1k�1 is not greater, than n + jbk�1j + jak�1j, i.e., has the growthn+ const.b) The number of subwords of length n in an in�nite word, which containsall subwords from ak�1 and bk�1, is not less, than 2n=max(jak�1j;bk�1j). 2By this proposition it follows that, if l is su�cienly big, then the number ofsubwords of length n in ak = blk�1ak�1blk�1 and in bk = bl+1k�1ak�1bl+1k�1 and alsoin their products has the growth n+ const in big intervals.On the other hand, if for the second kind step we choose mk su�cienly big,then the number of subwords in ak = uk(ak�1; bk�1) has an exponental growthin big intervals.Therefore, using the reasoning, similar to the same in the proof of Theorem1.11, we, by constructing on each step substitutions of the �rst and the secondkind, shall obtain the required word. It will be uniformly recurrent, becauseeach word, constructed by this system of substitutions, when ak�1 and bk�1occur in ak and bk, will be uniformly recurrent.On the other hand, the conditions of these theorems cannot be improved.Indeed, both for functions TA, VA and for TW , VW the following statementholds.Theorem 1.17 There exist the following limits:a) � = limn!1 ln(T (n))=n;b) limn!1(T (n)� n) and, therefore, limn!1(V (n)� n(n+ 3)=2);c) if L is a Lie algebra, then there exist the limit limn!1(VL(n)� n).Let us prove at �rst the case c). If VL(n+1) = VL(n), then the algebra L is�nite dimensional and the above limit is �1. The same is true for associativealgebras also (if VG(n+ 1) = VG(n), then the semigroup G is �nite). Hence, inthe in�nite case, T (n) � 1.As for each superword W there exists a monomial algebra with the samegrowth function, then the general case can be reduced to the monomial one.The case b) of Theorem 1.17 will be proved in 2.4. Let us prove the case a). Ifm + k � n, then the beginning part of length m and the end part of lenght kuniquely de�ne the word. Therefore, we have the following proposition.Proposition 1.18 If m+ k � n, then T (m) � T (k) � T (n). 2Let �(n) = ln(t(n)). Then �(k) � �(m) + �(n), if m+ n � k. So, it remainsto use the following well known analytic fact.Proposition 1.19 If �(n) � 0 and �(m+ n) � �(m) + �(n), then there existsthe limit limn!1 �(n)=n. 224



Remark. The condition of Theorem 1.17 a) means that the in�mum in theconditions of Theorems 1.11 and 1.15 cannot be increased. The conditionsof Theorem 1.17 b) and c) mean that the supremum in the conditiones ofTheorems 1.11, 1.14 and 1.15 cannot be diminished. So, can be stated theproblem about the validity of a) for Lie algebras. We suppose that the an-swer here is negative. The technique of the work [49] allows to prove that, iflimn!1 ln(VL(n))=n = 0, then limn!1 ln(VU(L)(n))=n = 0. But, if only the in-�mum equals zero limn!1 ln(VL(n))=n = 0, then this technique doesn't work.So, the problem can be formulated in the following way: let L be a Lie algebraand limn!1 ln(VL(n))=n = 0, is that true that limn!1 ln(VL(n))=n = 0?Theorem 1.17 is a motivation of the following de�nition.De�nition 1.20 An algebra (a semigroup) A has a slow growth, if TA(n) � C(hence, VA(n) = O(n)).Theorem 1.21 Let d = limT (n), e = limT (n). Then e2 � d. 2If A has a relation or contains a word u, which is not a subword in W , then� is strictly less, than k { the number of letters in the alphabet.We know that each u.r. word is a word, which is minimal in respect to theset of its subwords (Theorem 1.17). But, how big can be this subset? Theanswer is unexpected: almost as big as possible. The following statements hold.Theorem 1.22 For each � < k there exists a u.r. word W , such that TW (n) >�n, for all n.The idea of proof. Let us use the following argument (which is related to theidea of the Golod-Shafarevich counterexample): the long word prohibition canhave as small in
uence on �, as possible. We shall construct the u.r. word Wstep by step. We allow u to be a subword in W , but prohibite all su�cientlylong words without the u occurence. But such words constitute a negligible set,if length of these words is su�ciently big. On each step we make the permis-sion of the word of the minimal length and the, related to it, prohibition, andafter this we come to another word. The proof uses the techique of Ufnarovskigraphs: let us consider the graph, which verteces are the permited words withthe length smaller, than the maximal length of the prohibition. Verteces u andv are connected with the arrow, marked by ai, if uai = ajv. In the beginningthe graph is connected and the connectivity on each step is preserved by con-struction. The set of su�ciently long paths, which don't contain the vertex u,becomes negligible by its relative cardinality and by its in
uence, so we canprohibite them. And we get new relations and new graph.
25



1.5.1 The Gelfand-Kirillov dimension. The superdimensionDe�nition 1.23 If the following limit exists, then its value is called theGelfand-Kirillov dimension of an algebra A and it is denoted by GKdim(A)or GK (A): GKdim(A) = limn!1 ln(VA(n))= ln(n):It means that VA(n) � nGKdim(A). GKdim(A) can be zero (then dim(A) <1),can be 1, can be any number � 2 and can be 1.The Gelfand-Kirillov dimension doesn't depend on the generators choice.If A is �nite-dimensional over its center (in particular, commutative), thenGKdim(A) equals to the transcendence degree of the center. A.V.Grishin provedthe same statement for M(n; s) { the s-generated algebra of generic matrices.He proved that GKdim(M(n; s)) = n2 + ns (see [18]). The Gelfand-Kirillovdimension of a PI-algebra is not greater, than its Shirshov height and, hence, isbounded. The contrary is also true. In the representable case GKdim(A) equalsto the essential height (see further). I.M.Gelfand and A.A.Kirillov introducedthis dimension in the work [11] and proved there that the enveloping algebraU(L) of an n-dimensional Lie algebra L has dimension n.In [49] V.A.Ufnarovski introduced the notion of the superdimension.De�nition 1.24 If the following limit exists, then its value is called the su-perdimension of an algebra A and is denoted by DIM(A):DIM(A) = limn!1 ln(ln(VA(n)))= ln(n)It means that VA(n) � enDIM(A) .DIM(A) doesn't depend on the choice of A generators and can take valuesfrom the segment [0; 1]. If A is free, then DIM(A) = 1, if A has a polynomialgrowth, then DIM(A) = 0. V.A.Ufnarovski proved the following theorem [49].Theorem 1.25 Let L be an in�nite dimensional Lie algebra and DIM(L) ex-ists. Let us denote by U(L) its enveloping algebra. Then DIM(U(L)) =(1 + DIM(L))=2.Remark. Usually the superdimension is de�ned, as the supremumDIM(A) = lim(ln lnVA(n)= lnn):If we take the in�mum instead of the supremum, then we get the de�nitionof DIM(A). For in�nite dimensional Lie algebras V.A.Ufnarovski proved theinequality DIM(U(L)) � (1 + DIM(L))=2. V.M.Petrogradski noted [41] thatthis inequality may be strict. 26



V.A.Ufnarovski considered the following example. Let L1 be an in�nitedimensional Lie algebra with the base fei; i = 1; 2; : : :g and the product [ei; ej ] =(i� j)ei+j . Obviously, L1 is �nitely de�ned. For this algebraDIML1 = 0; DIMU(L1) = 1=2:Therefore, a �nitely de�ned associative algebra A = U(L1) with an intermediategrowth VA(n) � epn is constructed.In the end of this subsection let us mention the V.N.Gerasimov result [12].Theorem 1.26 A graded algebra with the unique homogeneous de�ning relationhas a rational Gilbert series. 21.6 Finite subwords and uniformly recurrent words. Thecompactness considerationsNotations and de�nitions. A segment or a subword v of a word W is calleda set of symbols, which occurs in W in succession. The place in W , where thissegment occurs is called the occurence of v in W . By jW j will be denoted theset of all �nite subwords of an in�nite word W . The notation W1 =W2 meansthat jW1j � jW2j and W1 w W2 means that jW1j � jW2j. In the �rst case, wesay thatW1 is richer in segments, thanW2, in the second case, we say thatW1isnot poorer in segments. Two words U and V are called equivalent U � V , ifjU j = jV j. The notions \not richer in segments" and \poorer in segments" areobvious.De�nition 1.27 An (in�nite) word U is a sequence fungn2Z of symbols. Theshift operator � is the operator U ! �(U), which is de�ned in the component-wise way: �(fungn2Z) = fvngn2Z, vn = un+1.De�nition 1.28 The distance between words W1 and W2 is the numberd(W1;W2) = Pn2Z�n2�jnj, where �n = 0, if symbols in the n-th positionof W1 and W2 coincide, and �n = 1, otherwise. (This distance is called theHemming distance).The following statements hold.1. The set W of all words is a compact metric space.2. The shift operators � and ��1 are continuous, i.e., � : W ! W is ahomeomorphism. Moreoverd(�(W1); �(W2)) � 2d(W1;W2); d(��1(W1); ��1(W2)) � 2d(W1;W2):3. For each word W by cW will be denoted the set of all words, such that ashift of W is in�nitely close to each of them, i.e., U 2 cW , 8" > 0 9n 2 Z :d(U; TnW ) < ", i.e., cW is the closure of the set fTnW;n 2 Zg.27



The following properties of a word U are equivalent:a) U 2 cW ,b) U belongs to a closed orbit of W ,c) jU j � jW j (i.e., U <W ).Let U < V , if bU � bV , and let U ` V , if bU = bV .Proposition 1.29 U < V , jU j � jV j (each �nite segment of U occures inV ). 2Example. Let us consider the sequence 123 : : :, which is obtained, when wewrite all positive integers in the decimal notation in succession. Each combina-tion of numbers occurs in it, hence its closed orbit coincides with the set of allwords.De�nition 1.30 A word U is called uniformly recurrent, if 8k 9n(k), suchthat each segment of length k in U is contained in each segment of length n(k).The equivalent de�nition is: 8u � U 9n(u) : 8v � U jvj � n(u)) u � v.Theorem 1.31 The following two properties of an in�nite word W are equiv-alent:a) for each k there exists N(k), such that each segment in W of length k iscontained in each segment of length N(k);b) if each �nite segment of a word V is also a segment in W , then each �nitesegment in W is a segment in V .Proof. Let us prove at �rst the simpler implication a))b).Let s be an arbitrary segment in W , jsj = k be its length, and let eachsegment in V is also a segment in W . We have to prove, that s occurs in V .Let us consider an arbitrary segment C in V of length N(k). Then C occurs inW , hence, s occurs in C. But C occurs in V , therefore s occurs in V .Let us now prove the implication b)) a). Let us suppose that a) doesn'thold. Then there exists a subword s in W and segments in W of arbitrary biglength, which don't contain s. We shall prove that there exists a word V , suchthat each its segment is also a segment in W , but which doesn't contain s. Thiscontradicts b). The above statement is a consequence of the following lemma,which will be also useful for us in what follows.Lemma 1.32 (the compactness lemma) Let M be a set of words of un-bounded length over a �nite alphabet A. Then there exists an in�nite word V ,such that each its subword is also a subword of some word in M. 2Corollary 1.33 If u is a subword in W an W contains subwords of arbitrarybig length, which don't contain u, then there exists a word W 0, which is poorer insegments, than W . Moreover, we can choose W 0 so, that W 0 doesn't contain u.228



Corollary 1.34 Each descending, in respect to w relation, chain of superwordshas its in�mum.Proof. Let us correspond to each superword the set of its subwords of length n.All such sets, corresponding to words in the chain, are ordered by the inclusion.The set of all words of a given length is �nite, hence, there exists a word wnof length n, which is a subword in each word in the chain. Now we can applyLemma 1.32 for words wn. 2Corollary 1.35 For each word W there exists a word W 0, such that W 0 ispoorer in segments, than W , W wW 0.Proof. It is enough to apply the Zorn lemma. 2We have the following theorem, which states that we can construct an u.r.word from the segments of an arbitrary word.Theorem 1.36 Let W be an in�nite word. Then there exists a u.r. word cW ,such that all its subwords are also subwords in W . 2This theorem is exceptionally important in the word combinatorial analysis,because it often allows to reduce the study of arbitrary words to the study ofu.r. words.1.6.1 Superwords and dynamicsLet us consider the action of the shift operator � on the set of all superwords.An invariant subset is a subset in the set of all superwords, which is invariantin respect to � action. A minimal closed invariant subset (m.c.i.s.) is a closed(in respect to the introduced above metric) invariant subset, which is nonemptyand doesn't contain any closed invariant subsets, except empty set and itself.Usually a m.c.i.s. will be denoted by N .Properties of closed invariant subsets. a) A m.c.i.s. N is a closed orbit ofeach of its elements.b) Each two m.c.i.s either coincide, or have the empty intersection. In thelast case the distance between them have the upper and the lower bound.c) The following properties of W are equivalent: 1) W is u.r.; 2) jW j is aminimal in respect to the inclusion in the class of sets of the form jV j (for eachU , if W v U , then U v W , i.e., U � W ); 3) the closed orbit of W is minimaland is a m.c.i.s.The property a) means the almost returning to any point x: N is a closedorbit of each of its points, i.e., the point y = f(x) also. It means, that theorbit of y can be in�nitely close to any point in N , i.e., to x also! However, amore strong and interesting statement holds: N has the property of the uniformalmost returnability. 29



Theorem 1.37 Let U be an open set, such that U \M 6= ;. Then there existsn = n(U) 2 N , such that for all y 2 N an iteration f (k)(y) 2 U for some k,1 � k � n. 2Theorem 1.38 Let L be a closed invariant set. Then there exists a m.c.i.s.N � L.Proof. The intersection of each chain of closed nonempty sets is nonemptybecause of their compactness. The intersection of invariant sets in also invariant.Now we can use the Zorn lemma for a set of closed inveriant sets, oredered bythe inclusion. 2Remark. We obtained one more proof of the existence of an u.r. word, whichis constructed from the given word U segments (Theorem 1.36): let N be am.c.i.s., which is contained in the closed orbit U of the word U . Let W 2 N ,then W is a required u.r. word.The notion of a u.r. word has a dynamical sense. If on the k-th positionof the sequence W is 0 or 1, depending on the belonging f (k)(y0) 2 U , then,in the generic case (when f (k)(y0) doesn't belong to U border for all k) W isu.r. and each u.r. word can be obtained in the similar way. We can take theshift operator for f and for N a m.c.i.s. in the set of all superwords with theTihonov topology.We shall see (Theorem 2.175) that monomial algebras has either lineargrowth, or their growth is not less, than n(n + 3)=2, and the equality casecorresponds to the case, when T (n) = n + 1. All such algebras are de�ned bythose words, which are described in the section c) of the following theorem.A.T.Kolotov studied algebras of the slow growth. He constructed a semi-group, which satis�es the identity x3 = 0, and the number of words of length nin it equals n+1. For the growth < n+1 such example is impossible: all wordsturn out to be weakly pseudoperiodic of the bounded order.Theorem 1.39 The following classes of sequences from 0 and 1 are almostequivalent in those sense, that there exist only countable number of sequencesfrom one class, which don't belong to another:a) let f(n) = [�n+ �], �; � 2 [0; 1]. Elements of the sequence are de�ned bythe equality an = f(n+ 1)� f(n);b) for each k and for each two segments of length k, the number of occurenciesof 1 in each segment di�ers by not more, than 1;c) for each k the number of di�erent subwords of length k equals k+1 (it canbe proved that it is the minimal possible number of subwords in a nonperiodicword).All exceptional sequences are as follows: in the case a), when � 2 Q ; inthe case c) it is the sequence : : : 111000 : : : and all sequences, which can beproduced from it by means of a �nite number of substitutions of the type 1! 0k1,0! 0k+11 or of the type 0! 1k0, 1! 1k+10.30



A sketch of the proof. Let us consider a sequence, which satisfy the condi-tion b) or c). For each its unit let us count the number of zeroes, which separateit from the next unit. We shall get either in�nity (the special case), or the se-quence of nonnegative integers. There are not more, than two di�erent numbersin this sequence. If we substitute the smaller by 0 and the greater by 1, thenwe shall obtain a uniform sequence. The contrary is also true. 2A sequence from a) corresponds to the following dynamical system. Let ustake a segment in the circle of length �. If the operator f is the rotation by theangle �, then the hit into this segment corresponds to 1 and the miss to 0.Let us note that to the sequence from the A.T.Kolotov example corresponds� = (p5� 1)=2.2 Apllications of the word analysis to the prob-lems of Burnside typeCombinatorial e�ects, related to the periodicity, play an important role in theproblems of Burnside type. The notions of almost periodicity and the uniformrecurrency will be the base of our reasoning. An application of these notionsallows to obtain simple proofs of such well known theorems in the ring theory, asShirshov theorem about the boundedness of heights in a PI-algebra, Ufnarovskiindependency theorem, Razmyslov-Kemer-Braun theorem about the nilpotencyof the radical in a �nitely generated PI-algebra and so on.2.1 The periodicity in wordsThe positive solution of problems of the Burnside type means the appearence ofthe periodicity. Here we study periodic sequences, which are the combinatoriallymost \pure" case.2.1.1 The properties of the sequence u1Let us de�ne the operator �, which acts on words. If a word u is a productu = u0b, where b is a letter, then let �(u) = bu0. Let m = juj.Proposition 2.1 The set f�k(u)g is the set of words, which are cyclically con-jugate to the word u. Let u = vq, where the word v is not a power, then�k(u) = u, q divides k. 2The following proposition connects shifts of a word u1 and the cyclic con-jugation operator �. By u will be denoted a word, which is not a power.Proposition 2.2 a) Let jvj = N juj = jv0j and let the �rst letter in v0 occurs inv on distance 1 to the right of the v �rst letter. Then v0 = �(v).31



b) If the �rst letter in v0 occurs in v on distance k to the right of the v �rstletter, then v0 = �k(v).c) Each two subwords in u1 of length N juj are cyclically conjugate andthey coincide, only when the distance between their �rst letter is divisible by theperiod.Proof. As jvj = N juj, then the distance between the last letter in v0 and the�rst letter in v is divisible by juj and, hence, they coincide. Therefore, v0 = �(v).The property b) is a consequence of the property a), and the property c) is aconsequnce of the property b). 2The following useful statement is a consequence of the above proposition.Proposition 2.3 a) The beginning subword of length m uniquely de�nes theword from Au1 . If beginning subwords of length juj in two subwords v and v0coincide (v and v0 are subwords in the superword u1), then one of them is asubword in another. If jcj � juj and d1 and d2 are lexicographically comparable,then at least one of words cd1; cd2 is not a subword in u1.b) Positions of the occurences of a word v of length � juj in u1 di�ers by aperiod multiple.c) Let jvj � juj, v2 � u1, then v is cyclically conjugate to a power of u.Therefore, nonnilpotent words in Auinfty are exactly those words, which arecyclically conjugate to words of the form uk. 2A.A.Mihalev proved the following statement.Proposition 2.4 If the square of a regular word v2 � u1, then either v is aperiod (i.e., v is cyclically conjugate to u), or jv2j � juj. 2In the general case this statement is wrong: let v = aba, v2 = aba2ba,u = aba2b, v2 � u1, but v2 6� u.Proposition 2.5 If all subwords in a word W of length juj are also subwordsin u1, i.e., are cyclically conjugate to u, then W � u1. In other words, thealgebra AFu is de�ned by the set of relations of length � juj. 2Lemma 2.6 (about deletions and addings) Let t = t1vt2 � u1 and v iscyclically conjugate to u. Then, for all k � 0, t1vkt2 � u1. In particular,t1t2 � u1 and t1v2t2 � u1. 2The periodicity of an in�nite word means its invariancy in respect to a shift.In the one-side in�nity case there appears a pre-period, in the �nite case thereappear e�ects, related to the cutting o�. Exactly this is the kernel of a greatnumber of combinatorial reasonings. Proofs of Shestakov hypothesis, of theindependency theorem, of Shirshov height theorem, of the theorem about thecoincidence of the nilradical and the Jacobson radical in a monomial algebra,are examples. Below are often used combinatorial lemmas of this type.32



Proposition 2.7 Let uW = Ws, then uW is a subword in u1 and W = unr,where r is a beginning segment in u.Proof. If W is a beginning segment in uW , then, for all k, ukW is a beginningsegment in uk+1W , hence, uW is a beginning of u1=2. 2Proposition 2.8 a) Let W be an in�nite to the right word, W = vuW 0 = vW 0.Then W is periodic with the period u and with the pre-period v.b) Let W be a �nite word, W = vuW 0 and vW 0 is a beginning of W . ThenW = vukr, where r is a beginning segment in u. In other words, if a wordsut and vt are incomparable, then both of them are pseudoperiodic of order notgreater, than max(juj; jvj).c) Let ei be proper beginnings of a non-cyclic word u, and fi are its properends. Then, if f1u2 is comparable with f2u2, then f1 = f2; if u2e1 is an end ofu2e2, then e1 = e2. 2De�nitions. A word W = uk, where k > 1, is called cyclic or periodic. IfW = ukr, where r is a beginning segment in u, thenW is called quasiperiodic. IfW = vukr, where r is a beginning segment in u, thenW is called pseudoperiodic,v is called its pre-period and u is called its period. The order of W is theminimal possible value of jvj+ juj. If W = vuk, then W is called a pre-periodicword. Let us note that, if a word is pre-periodic of orderm, then there exists anautomaton with m states, which can type this word, and the opposite statementis also valid.The following proposition is useful in a realisation of the inductive descentmethod.Proposition 2.9 If a pseudoperiodic word is not quasiperiodic, then, afterdeleting its �rst letter, its order diminishes by 1. 2There is no sense in considering the left or the right quasiperiodicity, becausequasiperiodic words of order m are exactly subwords in periodic words of theperiod m, and, if W = ukr, where r is a beginning in u, then W = svk, wherev is cyclically conjugate to u and s is an end in v. Then v = �jsj(u). In thecase of the pseudoperidicity, the situation is di�erent. Actually, we de�ned(and shall mainly use) the left pseudoperiodicity. It can be proved that, ifjW j � 2m, then the quasiperiodicity of W is a consequence of its left and rightpseudoperiodicity of orders, not greater, than m. However, we shall need evenmore weak \periodicity".De�nition 2.10 A word W is called weakly pseudoperiodic of order m, if itcan be represented as aukrb, where r is a beginning of u and jaj+ jbj+ juj � m.We shall prove further that all words in algebras of the slow growth areweakly pseudoperiodic of a bounded order. A word is weakly pseudoperiodic oforder m+ 1, if each its beginning segment is pseudoperiodic of order m.33



De�nition 2.11 A word is called m-proper, if each its beginning is pseudope-riodic of order � m and the word itself doesn't have this property. An m-properword is called minimal, if each its end is also pseudoperiodic of order � m.Proposition 2.12 Each m-proper word contains the unique minimal m-properword, which is its end. If an m-proper word, contains another m-proper word,then both of them contain the common minimal m-proper word, which is an endof both of them. 2Proposition 2.13 Let l be the number of letters in the alphabet, X(R) be thenumber of all m-proper words of length R, Xk(m) be the number of all m-properwords, which don't contain the k-th power of a word of length � m and T (m;R)be the number of m-proper words of length � m. Thena) X(m) < lm+1m, T (m;R) < Rmlm+1;b) Xk(m) < lm(l � 1)m � km = lm(l � 1)m2k.Proof. The beginning segment of length m can be chosen in lm ways. Thereare m ways to divide it on a period and a pre-period. The last letter can bechosen in l � 1 ways. At last, an m-proper word, which doesn't contain a k-thpower, has a length � mk. 2Proposition 2.14 a) A minimal m-proper word u has the length not less, thanm+ 1, and not more, than 2m.b) The number Y (m) of such words is not more, than lm(l � 1)m.Proof. By the inductive supposition and by Proposition 2.9, we can assumethat the beginning of u or its end of length juj � 1 is quasiperiodic of orderexactly m. It remains to use the overlappings lemma. The item b) is a directconsequence of a).Remark. It will be interesting to obtain the exact number of m-proper andminimal m-proper words.2.1.2 Overlappings of wordsLet us study an arrangement of subwords inside of a word. We are mainlyinterested in overlappings.Lemma 2.15 (on overlappings) If a subword of length m+n�1 occurs in theboth two periodic words of periods m and n, then they are composed of identicalsubwords. 2Proposition 2.16 Let us consider two periodic sequences of periods m and n,m � n. If there exists a word of length 2m, which is the segment in the both ofthem, then these two sequences coincide. 234



The following proposition is a consequence of the overlappings lemma.Proposition 2.17 a) If two pseudoperiodic words of orders � n and � m,respectively, have the same segment of length m+ n� 1, then the join of thesetwo words is a pseudoperiodic word of order � max(m;n).b) Two m-proper subwords cannot have a common segment of length 2m.Proof. The item b) is a direct consequence of a). Using Proposition 2.9 and theinductive descent, we can assume that both these subwords are quasiperiodic.Now a) is a consequence of the ovelappings lemma.An overlapping of minimal m-typesProposition 2.18 a) If two equal quasiperiodic subwords of order m have acommon segment of length m, then their join is also quasiperiodic of the sameorder.b) If two equal pseudoperiodic subwords of order m have a common segmentof length m, then their join is also pseudoperiodic of the same order.c) Two equal m-proper subwords cannot have a common segment of length� m+ 1.d) There cannot exist a triple of m-proper subwords with a common symbol.2We are interested in quasiperiodic segments of a word. An m-proper word uwill be called an m-end, if each its beginning segment is quasiperiodic of order� m. If u is a minimal m-proper word with the same property, then u will becalled a minimal m-end.Proposition 2.19 a) Two di�erent m-ends cannot have a common segment oflength m+ 1. In particular, one of these m-ends cannot contain another.b) The number of all minimal m-ends is not greater, than lm(l � 1).Proof. The item a) is a consequence of the above reasoning; an m-end isuniquely de�ned by the last symbol and the last period. 2The solution of problems of the Burnside type in associative algebras is basedon the reduction of words to the piecewise periodic form. Therefore, we studyproperties of periodic sequences.De�nition 2.20 Let Y = fuig be a set of words. The height of a set of wordsW in respect to Y is called the minimal h, such that each word w 2 W can berepresented as a product w = uk1i1 uk2i2 : : : ukrir , where r � h. An algebra A hasthe height h over Y , if A is linearly representable by a set of words, which hasheight h over Y . In this case Y is called the Shirshov base of the algebra A.35



Shirshov height theorem. Let A be a �nitely generated PI-algebra of degreem and Y be a set of words of degree � m. Then A has a bounded height overY . 2This theorem allows the reducing to the piecewise periodic form. The local�niteness of algebraic PI-algebras and, in particular, the local nilpotency of nil-algebras of a �nite index is its direct consequence. Also the boundedness ofGelfand-Kirillov dimension is a consequence of the height theorem.In connection with Shirshov theorem there can be raised the problem aboutthe description of those sets Y , over which A has a bounded height. Thisproblem is a particular case of the problem about bases in PI-algebras.The following theorem holds.Theorem 2.21 (A.Ya.Belov) A set of words Y is a Shirshov base in an al-gebra A, only when for each word u of length not greater, than the complexitym of A, m = PIdeg(a), the set Y contains a word, which is cyclically conjugateto some power of u.Proof. Let us note that (uv)n = u(vu)n�1v and, if Y contains two cyclicallyconjugate words v1 and v2, then one of them can be deleted from the base.Therefore, the su�ciency condition is a consequence of Theorem 2.121 (seebelow). Let us prove the necessity. Let juj � n and u is non-cyclic. ByTheorem 5.18, Au 2 Var(A) and, hence, Au is a quotient algebra of A. By theAu nilpotency, the projection of Y must contain a nonnilpotent element. ByProposition 2.3, the set of nonnilpotent elements in Au is the set of those words,which are cyclically conjugate to powers of u. Therefore, Y contains a word ofthe required type. 2Remark. The boundedness of the height of a PI-algebra over the set of wordswith degrees not greater, than the algebra complexity, was announced also byG.P.Chekanu [58].We shall be interested also in estimations on the height h. The idea hereis that, if the height is big, than a word can be linearly represented by smallerwords.De�nition 2.22 A word W is called m-divided, if it can be divided on mlexicographically decreasing segmentsW = w1w2 : : : wm; where w1 � w2 � � � � � wm:The following proposition explains the importance of the m-divisibility no-tion.Proposition 2.23 (A.I.Shirshov) a) Let a word W be m-divided, then eachword, which can be produced from W by a nonidentical permutation of wi, islexicographically smaller, than W . 36



b) If the following identity of degree mx1 : : : xm = X� 6=id��x�(1) : : : x�(m)holds in an algebra A, then the word W is representable as a linear combinationof lexicographically smaller words. 2Therefore, a word, which cannot be represented as a linear combination ofsmaller words in a PI-algebra of degree m, cannot be m-divided.Remark. If t = t1 : : : tn, then the condition t � t�, 8� 6= id, is equivalent tothe condition t1 � � � � � tn (where � is the Ufnarovski ordering, see 2.3).In the work [80], in connection with the height theorem, there was introducedthe notion of a permutable semigroup: for each product t = t1 : : : tn, the equalityt = t� holds for some � 2 Sn n id (let us note that the permutation � depends onthe set ftig). The weak permutability means that t� = t� , for some n and � 6= � .Also in this work was introduced the notion of an !-permutable semigroup: foreach in�nite product t = t1 : : : tn : : :, the equality t1 : : : tn = t�(1) : : : t�(n) holdsfor some n and � 2 Snnid. Analogously can be de�ned the weak !-permutabilityand the !-permutability for bilateral products. In the same work it was provedthat a non-diminishable u.r. word in a !-permutable semigroup is periodic. If �is independent from ftig, then the height is bounded over generators (see 2.1.3).Another (equivalent) de�nition of the m-divisibility A wordW is calledm-divided, if it is of the form s0v1s1v2 : : : sm�1vmsm, where v1 � v2 � � � � � vm.Proposition 2.24 If a word W is of a form W = s0vs1v : : : sm�1vsm and vcontains m pairwise lexicographically comparable words (possible, with overlap-pings), then W is m-divided.Proof. Let us choose the highest subword in the v �rst occurence, the secondhighest in the v second occurence and so on. I.e., we found in W a decreasingchain of non-overlapping subwords. 2Therefore, a word, which contains n lexicographically comparable subwordscan be n-encountered only in an n-divided word.Corollary 2.25 If a word is not m-divided, then it cannot contain m non-overlapping subwords of the same m-type and, also, of the minimal m-type.2De�nition 2.26 By the m-type of a wordW will be called its m-proper begin-ning and in the case, whenW is pseudoperiodic of order m, by the m-type ofWwill be called W itself. The minimal m-type is the minimal m-proper subwordin a proper m-beginning. 37



Our problem now is to �nd m pairwise lexicographically comparable sub-words in the given word. The following lemma is exceptionally important. Itestablishes the alternative the pseudoperiodicity { the lexicographic compara-bility. This alternative is the base of the height estimations obtaining, of theindependency theorem proof, of the proof of the theorem about the coincidenceof the nilradical and Jacobson radical in a monomial algebra and so on.Lemma 2.27 a) Let u0 =W , W = v1u1 = v2u2 = � � � = vmum, jvij = i. Thenone of the following two statements holds:1) the words ui are lexicographically comparable and constitute a chain;2) the word W is pseudoperiodic with the pre-period vi for some i and withthe period s, vis = vj ; the order of W is � m.b) Let u be a noncyclic word, u(i) be its proper ends. Then the words u(i)uuconstitute a chain.Proof. The item a) is a direct consequence of previous proposition. The itemb) is a consequence of the following fact: if a quasiperiodic word contains thesquare of a subword, which length is greater, than the period, then this word isa power of the period. 2Corollary 2.28 a) Let jvij � m, for all i, and vi 6= vj , if i 6= j. Then, eitherthe set of words fvitg is linear ordered in respect to the lexicographic ordering,or t is quasiperiodic of order � m.b) Let us de�ne (zv)(i) with the help of the equality (zv)i(zv)(i) = zv. Letjzvj > R > m, then either (zv)R is pseudoperiodic of order � m, or words((zv)(i))R constitute a linearly ordered set. 2Let us note that W can be a right superword also. If it is not pre-periodic,then all its ends are pairwise di�erent. This case will be considered in the proofof the independency theorem.The pseudo- and the quasiperiodicity naturally appears in problems of theBurnside type. The following lemma is a direct consequence of the above propo-sitions.Lemma 2.29 a) Let jzj = R and let z be pseudoperiodic of order � m. Thenz contains the [R=m]-th power of a word of length � m.b) In the conditions of the previous lemma, let W be in�nite, K be the setof indeces i, such that (u)(i) = V , where V is an end of the superword W , andk0 be the minimal number in K, v = vk0 . Then there exists a word s, such thatvk = vsnk , for all k 2 K, where nk = (k � k0)=jsj. 2Corollary 2.30 If jtj � mk, then t contains either k-th power of a word withlength � m, or m subwords, which constitute a chain. 238



This subwords can overlap, but, if t itself has m nonoverlapping occurencesin W , then W is m-divided.The following statement is a consequence of Proposition 2.13.Proposition 2.31 a) The number of m-types of words, which don't contain thek-th power of a word with length � m, is not greater, than lm+1m2k.b) Each word of length � mk is either pseudoperiodic of order m and containsthe k-th power of a word of length � m, or doesn't coincide with its m-type.c) If W has the length greater, than lm+1m4k2, then W has lm+1m3k seg-ments of length mk and m of them have the same m-type. 2Corollary 2.32 If a wordW has the length greater, than lm+1m4k2, then eitherW is m-divided, or some word from n < m letters repeats k times in succession.2Let us note that, if we don't use m-types, then we get an estimation of orderlmk: a word of the length m2klmk contains m nonoverlapping occurences of aword of length mk.Corollary 2.33 Let A be an l-generated PI-algebra of degree m. Let all wordsfrom generators of length � m are nilpotent of index k. Then A is nilpotent ofindex lm+1m4k2. 2The above estimations can be improved, if we shall use the following con-siderations: at �rst to establish the m-divisibility, it is enough to prove therepetition of the minimal m-type. Then, there are no triple overlappings ofthe same m-types, hence, there is no necessaty in the cutting the word intosegments of length mk and in the establishing the repetition of m-types of seg-ments. Ovellappings of the same type can be only double, and the number ofsegments is in mk times smaller. Let us give improved estimations.Proposition 2.34 a) If the length of a word W is greater, than 2lm+1m2k,then either W is m-divided, or some word from n < m letter repeats k times insuccession. In the above corollary, the estimation lm+1m4k2 can be substitutedfor 2lm+1m2k.b) A non-m-divided word, contains less, than 2mlm+1 subwords, such thatthey are m-ends.c) A non-m-divided word can be divided in mlm+1 pseudiperiodic segmentsof order � m. 2Therefore, a non-m-divided word c has the following formc = c0!0c1!1 : : : !r�1cr;where !i are quasiperiodic words of order � m and of length � 2m each, eachci doesn't contain such subwords and the product of !i on the �rst letter of ciis not pseudoperiodic of order m. Hence, r < mlm+1 and P jcij < mlm+1.39



Let us reperesent !i as !i = ukii Si, where Si is a beginning of !i and juij � m.We have the following theorem.Shirshov height theorem. Let A be a l-generated PI-algebra of degree m.Then A has a bounded, by the function H(m; l), height over the set of words ofdegree � m, where H(m; l) < 3mlm+1 2Remark. A thorough study of !i ends allows to improve the estimation:H(m; l) < 2mlm+1.We shall be interested in the appearence of the q-th power of a word, whichcontains the given letter. The following proposition is a consequence of Shirshovtheorem.Proposition 2.35 Let A be a l-generated PI-algebra of degree m. Let the letterz has (q + 3)mlm+1 occurences in a word W . Then W is linearly representableby words, such that each of them contains a subword of the form (zv)q. 2This proposition will be useful in the obtaining estimations for the heightwith respect to the set of words, which degree is not greater, than the complexity.2.1.3 The height theorem for semigroupsRing identities allow to reduce words to the piecewise periodic form, but theperiod can be arbitrary big. In the semigroup case the situation is simpler. Thefollowing proposition holds.Proposition 2.36 Let S be a l generated semigroup with the identityx1 : : : xn = x�(1) : : : x�(n) (� 6= id). Then S has a bounded height over theset of generators.Proof. As a lexicographically nondiminishable word is non-n-divided, then theset of such words has a bounded height over the set of words of degree � n.Hence, it is enough to prove that, if juj > 1, then the n-th power of u equals toa smaller word. So, our proposition is a consequence of the following statement.Lemma 2.37 Let i be the minimal number, such that �(i) 6= i, then �(i) > i.Let a word t = b1a1 : : : bnan and 8i8j bj � ai. If t1 = b1a1; : : : ; ti�1 =ai�1bi, ti = biaibi+1, ti+1 = ai+1bi+2; : : :, tn�1 = an�1bn�1, tn = an,t� = t�(1) : : : t�(n), then t � t�.Proof. The word t is of the form ctie = cbiaibi+1e1 and the word t� is of theform ct�(i)f = ca�(i)f1. As bi � a�(i), then t � t� . 240



Remark. We can obtain an estimation h � l(n � 1) + 1 for the height h (anarrangenent of powers of l � 1 generator has not more, than n � 1 connectedcomponents, and an arrangement of powers of the last generator has not more,than n components).Therefore, it is much easier to �nd a diminishable by � decomposition oft for one permutation �. It explains the height boundedness over generatorsfor semigroups with polylinear identities. The existence of periods of length> 1 is a ring phenomenon, related to the necessaty to diminish a decompositiont = t1 : : : tn with respect to actions of several permutations (the identity containsseveral terms). The reasoning, analogous to the same in the proof of Proposition2.36 and Lemma 2.37, allows to establish the height boundedness over the setof words of degree � k for an algebra with a polylinear identity, which containsnot more, than k + 1 nonzero terms (or, which is the same, with an identity ofthe form x1 : : : xn = P� 6=id a�x�(1) : : : x�(n), where not more, than k numbersa� , are nonequal to zero). As each relatively free algebra of complexity n has anunbounded height over the set of words of degree n�1 (see Theorem 2.21), theneach polylinear identity in the algebra of n�n matrices has not less, than n+1nonzero coe�cients. In the case of complexity 2 this result can be improved.It is known that two 2 � 2 generic matrices (over an in�nite �eld F ) generatean absolutely free semigroup. Therefore, in the algebra of 2 � 2 matrices overan in�nite �eld F there are no semigroup identities. (If F is �nite, then theidentity xn = xm holds for some m and n).It is possible to state the following problems.Problems. Is it true that the number of nonzero terms in a (not necessarypolylinear) identity in the algebra of n� n matrices converges to in�nity, whenn!1? Is it true that this number is � n+1? On the other hand, in M 2n thestandart identity st2n holds, hence, 2n is a upper estimation for the minimalnumber of nonzero terms. Is this estimation exact? In the polylinear case itprobably can be proved, using the algebra Au (probably it can be proved thatan identity with less, than 2n terms, destroys the period n). We can take aword from n di�erent letters as u.2.1.4 The periodicity in words and the independency theoremThe following theorem is a consequence of Lemma 2.27.Theorem 2.38 (on superwords independency) Let W be a minimalnonzero superword. Then one of the following two conditions holds:a) words (W )1; : : : ; (W )n are linearly independent;b) W is pseudoperiodic of order � n, its pre-period is some (W )i and itsperiod is an end of (W )n. 41



Proof. Let us de�ne in�nite words (W )i by the equality W = (W )i(W )i. Ifb) doesn't hold, then the set f(W )ig constitutes a chain. Let P�i(W )i = 0and let (W )j be a minimal word in the set f(W )i : �i 6= 0g. Then W =(W )i(W )i � (W )i(W )j , for i 6= j and �i 6= 0. As (W )j is representable bya linear combination of (W )i, then W = (W )j(W )j is also representable by alinear combination of smaller words. But this contradicts the minimality ofW .2Remark. a) The minimality can be substituted by the maximality in the abovetheorem formulation.b) If all subwords in W of length � n are nilpotent, then the words(W )1; : : : ; (W )n are linearly independent.Corollary 2.39 a) Let A be a subalgebra in the algebra of n� n matrices andW be a minimal nonzero (super)word. Then W is pseudoperiodic of order � n.b) Let M be a f.g. A-module and MAk 6= 0, for all k. Then the minimalsuperword in the algebra A00 (see the construction 2 in the subsection 1.4) ispseudoperiodic of order � n+1 (1 is added, because a generator of M is situatedbefore a word in A). 2By the independency theorem for superwords and the construction 1 from1.4, we haveCorollary 2.40 (the independency theorem by V.A.Ufnarovski) Let(1) a word W = ai1 : : : ain is minimal with respect to the left lexicographicordering in the set of all nonzero products of length � n;(2) ends of W are nilpotent.Then beginnings of W are linearly independent. 2This theorem was proved by V.A.Ufnarovski [52] and also by G.P.Chekanu[57].Corollary 2.41 (Shestakov hypothesis) a) Let A be a subalgebra in the ma-trix algebra M n, which has the �xed set of generators. Then, if all words ofdegree � n are nilpotent, then A is nilpotent.b) Let A be an algebra with complexity n and with the �xed set of generators.Then, if all words of degree � n are nilpotent, then A is locally nilpotent.Proof. a) A has an exact representations by operators in an n-dimensionalspace. Let m1; : : : ;mn be a base in this space. Now it remains to apply theconstruction 2 and the independency theorem for superwords. To prove b) itis enough to take the factor by the radical and to use the representability.242



The item a) of the above corollary was formulated by I.V.L'vov. He alsonoted the the posibility of reduction of the item b) to a).G.P.Chekanu [57] made the following observations: 1) the nilpotency con-dition can be substituted by the quasiregularity of values of some polynomials;2) not only beginnings of W are linearly independent, but all its subwords also.The periodicity techinique for in�nite words allows to obtain a stronger result.Let W be a maximal nonzero word and let its beginnings are linearly depen-dent, i.e., the following relation holdsnXk=1�k(W )k = 0:Let ~W = max�k 6=0(W )k (let us remind that (W )k is the end of W , whichcorresponds to (W )k, i.e., to the beginning of length k, W = (W )k(W )k). LetK be the set of k, such that �k 6= 0, K 6= ;. The following proposition holds.Proposition 2.42 a) The word ~W is periodic. There exists a word s of theminimal length, such that ~W = s1.b) Let k0 be the minimal number in K and v = (W )k0 . Then for each k 2 K,(W )k = vsnk , where nk = (k � k0)=jsj.c) For m su�ciently big the following relation holdsXk2K�kvsm+nk = 0d) The element x = ��1k0 Xk2K; k>k0 �ksnkis not quasi-invertible.Proof. The items a) and b) are consequences of Lemma 2.29. If k =2 K, then(W )k ~W = 0. Hence, by the de�nition of a zero in�nite word, we have that aproduct of (W )k and some beginning of ~W is zero. Hence, a product of (W )kand some power sp is zero, because ~W = s1. If we de�ne m as the minimumof such p, then we get the item c). The equality Pk2K �kvsm+nk = 0 can bewritten as vsPk2K �ksnk = 0. The fact that x is not quasi-invertible, is adirect consequence of this equality. 2Corollary 2.43 (the local independency theorem by G.P.Chekanu) Let(1) a word W = ai1 : : : ain is minimal, with respect to the left lexicographicordering, in the set of all nonzero words of length � n;(2) if vi are ends ofW , then for all polynomials fi(x) 2 xF [x], deg fi(x) � n,elements fi(vi) are quasiregular.Then the beginning subwords of W are linearly independent. 243



Let us consider the right ideal, which is generated (as a module) by anelement u. Let us use the construction 2 from 1.4. By applying the abovetheorem to the algebra A00, we get the following statement.Corollary 2.44 (G.P.Chekanu) If a word W satis�es the conditions (1) and(2) and uW 6= 0, then elements u(W )i, i = 1; : : : ; n, are linearly independent(by (W )i is denoted the beginning of W of length i). 2The following theorem is a consequence of the Corollary 2.43 (see [59]).Theorem 2.45 (the global independency theorem, G.P.Chekanu) If aword W satis�es the conditions of the local independency theorem, then all dif-ferent subwords of W are linearly independent.Proof. Let P�iUi = 0 be a linear relation, where Ui are subwords in W . Letus choose in the set fUig the subset U of words, which are lexicographicallyminimal in fUig, and let Uj be the word of the maximal length in the set U .Let W = SUjT , then 0 = P�iSUi and SUi is either zero, or is a beginningof W (because of the condition (1): the maximality of W in the set of nonzerowords). But this contradicts the local independency theorem. 2Remark. In the G.P.Chekanu work was required the quasiregularity of valuesof polynomials (of degree � nn) from the ends ofW . Our demand is weaker: weask for the quasiregularity of values of polynomials (of degree � n) from endsof W .In conclusion let us note that the original proofs of the independency theorem([52], [57]) are rather di�cult. We obtained a short and direct proof, becausepreviously we clari�ed the connection between shifts and the periodicity.2.1.5 The periodicity and in�nite wordsThe considerations, related to the shift invariancy, lead to the proof of the follow-ing combinatorial lemma, which, in its turn, is the foundation of the coincidenceproof of the nilradical and the Jacobson radical.Lemma 2.46 Let u 6= v be two di�erent subwords in a superword W . Thenone of the following three statements holds:a) 9t : ut �W , vt 6�W ;b) 9t : ut � W , vt � W ; ut and vt are lexicographically comparable. (If uand v are comparable, then we can take the empty word � for t);c) 9s : 8n 2 N sn �W , and either u = vs, or v = us.Proof. Let us suppose that a) and b) don't hold. Then for some nonemptyword s, either u = vs, or v = us. Let us prove that sn �W . Let us take t, such44



that ut �W , jtj > 2njsj. Then ut and vt are lexicographically comparable andvt �W .By the lexicographic comparability of ut and vt, we have that t is a beginningof st, hence, t is a beginning of s1. As jtj > 2njsj, then sn � t � W . I.e., c)holds. 2Lemma 2.47 Let u 6= v be two di�erent subwords in a superword W . Thenone of the following three statements holds:a) the word W contains subwords of an arbitrary big length, which don'tcontain u;b) 9r; t : rut �W , rvt 6�W ;c) 9s : 8n 2 N sn �W and, either u = vs, or v = us.Proof. If b) and c) don't hold, then, by the previous lemma, 9t : ut � W ,vt � W , ut and vt are lexicographically comparable. Let u1 = ut, v1 = vt,then, after a reordering of generators, we can obtain the relation v1 � u1.Therefore, we reduced the lemma to the case, when v � u.Let us note that, if b) doesn't hold, then the subword substitution u ! vpreserves the property of a word x to be a subword inW . If a word X is in�nite,then this substitution preserves the property \each subword in X is a subwordin W".Let us consider the set W of right in�nite words, such that each subwordof the word in W is a subword in W . The substitution u ! v preserves themembership inW , increasing at the same time the lexicographic order of a word.Therefore, if W 0 is a maximal word in W (it exists by Proposition 1.8), then itdoesn't contain u.As each subword in W 0 is a subword in W , and W 0, being in�nite, containssubwords of any length, then the condition a) holds. 2Corollary 2.48 Let U = fuigni=1 be a �nite set of pairwise di�erent subwordsof a superword W . Then one of the following three statements holds for each i:a) W contains subwords of an arbitrary big length, which, in its turn, don'tcontain ui;b) 9ri; ti: riuiti �W , and 8j 6= i riujti 6�W ;c) for some j 9s : 8n 2 N sn �W and, either ui = ujs, or uj = uis.This corollary can be proved by the induction on n { the number of subwordsin U .Theorem 2.49 a) LetW be a u.r. nonperiodic word and u 6= v be its subwords.Then 9r; t : rut �W and rvt 6�W .b) If U = fuigni=1 be a �nite set of pairwise di�erent subwords of the su-perword W , then 8i, 1 � i � n, 9ri; ti: riuiti �W , and 8j 6= i riujti 6�W .c) If I 6= 0 is an ideal of the algebra AW , then I contains a monomial, hence,it contains all su�ciently long monoimials; therefore, the quotient algebra AW =Iis nilpotent. (The de�nitions of a u.r. word and of an algebra AW see in 1.6.)45



Proof. a) and b) are consequences of those fact that, if an u.r. word W isnonperiodic, then the cases a) and b) of the previous lemmas can be excluded.Let P�iui 2 I . Then, by the previous corollary, we can choose ri andti, such that riuiti � W and riujti 6� W , for all j 6= i. Hence, riujti = 0in the algebra AW and I 3 ri(Pj �juj)ti = �iriuiti. Therefore, I contains amonomial. 2Corollary 2.50 If a word W is u.r. and nonperiodic, then the Jacobson radicalJ(AW ) = 0. 2Remark. In Chapter 3 it will be proved that the nilradical in a monomialalgebra A coincides with the intersection of all ideals IW , where W is a u.r.word, such that only �nite number of letters in alphabet (i.e., generators) occurin W . There also will be proved that in the periodic case J(AW ) = 0. Thecoincidence of the nilradical and the Jacobson radical in an arbitrary monomialalgebra is a consequence of this fact.2.1.6 The periodicity and the number of subwordsAbove was demonstrated the connection between the periodicity and the shiftinvariancy. Here we shall consider another method of the periodicity proving.Theorem 2.51 (on the periodicity) a) If each subword of length n in a su-perword W uniquely de�nes the next symbol, then W is periodic with the periodTW (n).b) If each subword of length n in a right superword W uniquely de�nes thenext symbol, thenW is pseudoperiodic of order TW (n). The analogous statementholds for left superwords.(Let us remind that TW (n) is the number of subwords of length n in a wordW and VW (n) is the number of subwords of length � n).Proof. To each subword u of length n in W uniquely corresponds the subwordu0 of length n, which begins by 1 position to the right from the start position ofu. Let us consider an oriented graph, which verteces are subwords of length nand edges are the above correspondences. This graph is connected, has TW (n)verteces and to the wordW corresponds the path, which go through all vertecesin the graph. In the case a) this path is a cycle of length TW (n), in the case b)this path is a cycle with a tail (this tail corresponds to the pre-period). TW (n)equals to the sum of the cycle and the tail lengths. 2Corollary 2.52 There exist words ui of an arbitrary big length and two di�er-ent letters a and b, such that aui �W and bui �W . 2By applying the compactness lemma, we have46



Corollary 2.53 The closed orbit of a nonperiodic u.r. word contains two dif-ferent superwords, such that their right (left) ends coincide. 2Corollary 2.54 The conclusion of the theorem holds, if holds any of the fol-lowing conditions:a) TW (n+ 1) = TW (n);b) TW (n+ 1) < n+ 1;c) VW (n) < n(n+ 3)=2.So, if W is nonperiodic, then TW (n) � n+ 1 and VW (n) � n(n+ 3)=2, forall n.Proof. To each subword of length n+ 1 corresponds its beginning subword oflength n. If the inequality TW (n) = TW (n+1) holds, then this correspondence isa one to one relation. Hence, to each subword u of length n uniquely correspondsthe subword w of length n+1, such that u is a beginning of w. Therefore, to uuniquely corresponds the subword u0 of length n { the end of w.If TW (1) = 1, then W is periodic, hence, b) is a consequence of a); c) is aconsequence of the equalities n(n + 3)=2 = Pni=1(i + 1), V (n) = Pni=1 T (i).2The following periodicity theorem is analogous to the previous one.Theorem 2.55 a) Let a right superword W has two occurences of a word uand each subword, which contains u, uniquely de�nes its next symbol. Then Wis pseudoperiodic. The analogous statement holds for left superwords.b) If a superword W satis�es the conditions of the item a), then its right endis periodic. If a left end of W contains in�nitely many occurences of u, then Wis periodic and is of the form (uc)1, where c is the sequence of symbols betweenthe successive occurences of u. 2With the help of this theorem we shall prove the continuality of the set ofwords, which contain the same subwords, as the given nonperiodic u.r.word.Corollary 2.56 Let u has in�nitely many occurences in W . Then, either a),or b) holds:a) A right end of W is periodic.b) 9s1 6= s2;us1 �W;us2 �W . 2Corollary 2.57 If a superword W is prime (i.e., contains each its subwordin�nitely many times), then, either W is periodic, or there exists a functionk(n), such that 8u � W; 9s1 6= s2 : js1j = js2j = k(juj); s1u � W; s2u � W .2Corollary 2.58 Let W be an u.r. superword and u �W . Then there exist twodi�erent words c1 and c2 of the same length, such that uc1 �W and uc2 �W .247



Theorem 2.59 Let the item b) of the above corollary holds, then the set ofright superwords, each of them consists of subwords of W , is continual.We shall need the following proposition.Proposition 2.60 Let there be given an in�nite tree and each its vertex (exceptthe root) has degree � 3. Then the set of all paths, each of them begins at theroot, is continual. 2A sketch of the theorem proof. Words uc1 and uc2 also can be extended tothe right by di�erent ways. Verteces of the tree correspond to extensions of uand an arrow join a word and its extension. If we shall extend words, obtainedon some step, to the left also, then we shall get a bilateral superword. 2Corollary 2.61 The closed orbit of each u.r. word is, either �nite (the periodiccase), or is continual. 2In the work [80], using the analogous reasoning with branching (see Corollary2.58), were proved the following results.Theorem 2.62 Let W be a nonperiodic u.r. word. Then it contains an in�nite(in both directions) chain of lexicographically increasing subwords. 2Corollary 2.63 An !-permutable f.g. nil-semigroup is �nite. 2(A superword, which contains an in�nite increasing chain of subwords, iscalled !-divided. A semigroup is called !-permutable, if for each (unilateral)in�nite product of its elements t1t2 : : : tn : : : there exist an integer k and a non-identical permutation �, such that t1t2 : : : tk = t�(1)t�(2) : : : t�(k).)2.1.7 A comparison of properties of periodic and almost periodicwordsPeriodic words are the special case of u.r. words. However, the cases of nonpe-riodic and periodic u.r. words are greatly di�erent in their properties. Let usbegin with the most important thing { with the action of the shift operator T .Periodic words are those words, which are invariant with respect to the actionof some power of T , i.e., they are those words, which have a �nite T -orbit. Anorbit of each nonperiodic word is countable, but its closure can be continual.(One of examples here is the sequence of the �rst digits of powers of 2). Letus say some words about the rigidity. A su�cienly big segment of a periodicword (with the length not less, two periods) uniquely de�nes it. However, foreach u.r. nonperiodic word there exist two di�erent words in its closed orbitwith the same one-halfs (i.e., the subwords, consisting of symbols in nonnegativepositions). 48



On the other hand, a periodic word u1 is \softer" in some sense. If in asubword w � u1 we make the substitution u! u2, then it will be a subword inu1 again. However, if W is a nonperiodic u.r.word and u 6= v are its di�erentsubwords, then there exist subwords c1 and c2, such that c1uc2 is a subwordinW , and c1vc2 is not.Remark. The periodicity of W can be proved, if we consider shifts of W andtheir coincidence (except a beginning segment). Then we can use the period-icity theorem. We shall give a sketch of the proof of the following theorem(Shirshov height theorem is a consequence of this theorem and the compactnessconsiderations).Theorem 2.64 For an arbitrary superword W one of the following statementsholds:a) W is n-divided,b) W can be divided into a �nite number of periodic (super)words.Proof. Let us cut from W a maximal subword u1 of length n. From thesegment to the right of u1 let us cut a maximal subword u2 6= u1. From thesegment to the right of u2 let us cat a maximal subword u3 6= u2; u1 and so on.If this procedure can be performed n times, then the superwordW is n-divided.In the opposite case, the right end of W contains less than n di�erent subwordsof length n, hence, it is periodic by Corollary 2.54. The periodicity of the leftend can be proved analogously.Remark. Let us note that more constructible variant of the above considera-tions is the base of Shirshov height proof, which was given by A.T.Kolotov. Heobtained the upper bound on the height of order lln , where l is the number ofgenerators and n is the degree of the PI-algebra identity. He proved the period-icity with the coincidence of shifts. On the selection round of Moscow Olimpiadboth proofs of the periodicity were given.2.2 Bases in algebras2.2.1 On the reduction of words to the canonical formThe usual method here is the representation of a word as a linear combinationof lexicographically smaller words and the study of nondiminishable words. Ifa word t = t1 : : : tn, t1 � � � � � tn, is n-divided, for example, then for eachnonidentical permutation � 2 Sn the word t� = t�(1) : : : t�(n) is lexicographicallysmaller, than t. Hence, if in the algebra a polylinear identity of degree p holds,then t is linearly representable by smaller words. Therefore, a nondiminishableword is not n-divided. But we know that the set of all non-n-divided words hasa bounded height. In particular, each non-n-divided word of su�cient lengthcontains a power of a subword. This fact is the base of study of Burnside typeproblems. 49



It is often enough to �nd a \good" subword, non necessary in the beginning,but somewhere. It is easier to create a smaller subword somewhere inside. Themain idea here, which is the base on the corresponding technique, is that: ifsomewhere we add something, than in another place he have to make a deletion,so it is enough to look for modi�cations.Proposition 2.65 Let T be a linearly ordered set and ~� = f�igpi=1 be a vectorin T p. Then for each permutation � 2 Sp, either a), or b) holds:a) �i and ��(i) coincide, as elements in T , for all i;b) 9i : �i > ��(i) and 9j : �j < ��(j). 2Let us note that, if T is only a partially ordered set, then the proposition iswrong, even if we change the coincidence condition in a) for the incomparabilitycondition (in the sense of the T ordering). Therefore, we shall need lemmasabout the existense of the linear ordering, with respect to �, in some setsof subwords. The alternative the pseudoperiodicity , the linear order is thebase of everything here. Let us formulate corresponding statements, which areconsequences of the above proved properties of pseudoperiodic words and theword u1 (Proposition 2.3).Proposition 2.66 Let ei be proper beginnings of a noncyclic word u and fi beits proper ends. Then, if f1u2 is comparable with f2u2, then f1 = f2; if u2e1 isan end of u2e2, then e1 = e2. 2Proposition 2.67 1. Let jvij � n, for all i, and vi 6= vj , if i 6= j. Then, eithera), or b) holds:a) the set of words fvitg is linearly ordered with respect to the lexicographicordering;b) t is quasiperiodic of order � n.2. Let us de�ne (zv)i by the equality (zv)i(zv)i = zv. Let jzvj > R > n,then, either a), or b) holds:a) (zv)R is pseudoperiodic of order � n;b) ((zv)i)R constitute a linearly ordered set. 2Proposition 2.68 If each subword in W of length juj is a subword in u1, i.e.,is cyclically conjugate to u, then W � u1. In other words, the algebra AFu isde�ned by a set of relations of length � juj. 2Let us remind previously proved Lemma 2.6.The lemma about deletions and addings. Let t = t1vt2 � u1 and v iscyclically conjugate to u. Then t1vkt2 � u1, for all k � 0. In particular,t1t2 � u1 and t1v2t2 � u1.The following proposition was also proved above (see Lemma 2.29).50



Proposition. Let jzj = R and z is pseudoperiodic of order � n. then z containsa [R=n]-th power of a word of length � n.Proposition 2.69 If z1 and z2 are not pseudoperiodic of order � n, z1 � z2and z1 and z2 are of di�erent n-types, then the n-type of z1 is greater, than then-type of z2. 2Let us consider permutations now. The following proposition is a directconsequence of Propositions 2.65 and 2.67 about permutations and the linearordering.Proposition 2.70 Let u = (z)n, eifi = u, i = 1; : : : ; p; z = uy and z is not apseudoperiodic word of order � n. Let � 2 Sp, then, either a), or b) holds:a) eif�(i)y = uy 8i;b) 9i; j : eif�(i)y � uy � ejf�(j)y. 2It will be more convenient for us to use the correspondence �(i) + 1 !�(i + 1), than the correspondence i ! �(i). This correspondence arises underthe consideration of the word t� = t0t�(1) : : : t�(p)tp+1. The beginning of theword t�(i) corresponds to the end of t�(i+1). Let us reformulate the aboveproposition.Proposition 2.71 In the conditions of the above proposition, let feigpi=0 beenumerated by numbers from 0 to p, and ffigp+1i=1 by numbers from 1 to p + 1.We have that eifi+1 = u. Let � 2 Sp and let �(0) = 0, �(p+ 1) = p+ 1. Then,either a), or b) holds:a) e�(i)f�(i+1)y = uy 8i;b) 9i; j : e�(i)f�(i+1)y � uy � e�(j)f�(j+1)y.c) Also, if x � z � y, then (x)jzj � z � yjzj. 2We shall need the following proposition.Proposition 2.72 Let t = t0 : : : tp+1 � u1 and jtij � n = juj, for all i,0 � i � p+ 1. Then, if t� = t0t�(1) : : : t�(p)tp+1u1, then t� contains subwords� and �, such that j�j = j�j = juj = n and � � u � �.Proof. By the deletions and addings lemma (see 2.6), we can assume thatall ti are su�ciently long (jtij > 10n, for example). Let us represent ti asti = fiukiei, where ki > 2, eifi+1 = u, jeij < n. If e�(i)f�(i+1) = u, for all i, thent� = t0t�(1) : : : t�(p)tp+1 � u1. So, it remains to use the above propositions.2Let us formulate another useful proposition.51



Proposition 2.73 Let a word z be not pseudoperiodic of order � n, u = (z)nand jzj = K. Let zv � ti, i = 1; : : : ; p+ 1,t = t0 : : : tp+1 � (zv)1; t� = t0t�(1) : : : t�(p)tp+1 6� (zv)1; � 2 Sp:Then the word t� contains subwords � and �, such that j�j = j�j = jzj and� � z � �.Moreover, if �0, �0, z0 are n-types of �, � and z, respectively, then �0 � z0 ��0. 2In Chapter 7 (see [4]) it will be proved the following proposition.Proposition 2.74 Let u be a noncyclic word of length n and let f be a polylin-ear identity of complexity < n and of degree p. Then there exists a word t � u1,t = t0 : : : tp+1, such that 2n � jtij � 3n, for all i, and t is linearly representableby words t� = t0t�(1) : : : t�(p)tp+1, such that t� 6� u1. 2The following proposition is a consequence of Propositions 2.73 and 2.74.Proposition 2.75 a) Let f be a polylinear identity of degree p and complexity< n, T (f) be the corresponding T -ideal and z be not a pseudoperiodic wordof order n. Then the word (zv)2(p+1) is linearly representable modulo T (f) bywords, which contain subwords of the form �, j�j = jzj, � � z, and of the form�, j�j = jzj, z � �.Moreover, n-types of �, � and z satisfy the same inequalities. 22.2.2 Selected sets of words and operations over themOur aim is to obtain inside the given word the required subword.De�nition 2.76 A set of words W will be called selected, if the algebraA=id(W) is nilpotent. By l(W) will be denoted the degree of nilpotency. (Thecombinatorial sense here is that each word of length � l(W) is linearly repre-sentable by words, which contain a subword from W .) If each word of length� lk(W) is linearly representable by words, which have k occurences of a wordfromW , then the setW is called k-selected. By jWj will be denoted the numberof words in W .Let us note that the factorization by the radical doesn't give new selectedsets. Therefore, the search for such sets is essentially the work in the semisimplepart, and sometimes such technique allows not to use the structural theorymethods. We shall try to obtain the required subword step by step, by creatingauxiliary subwords at the beginning. There can be many such steps. Therefore,at �rst we shall study operations over selected sets. Let us begin with thesimplest. 52



Proposition 2.77 a) If a set fuig is selected and vi � ui, for all i, then theset fvig is selected and l(fvig) � l(fuig).b) If a set A is selected and B � A, then B is selected and l(B) � l(A).c) A word in a selected set can be replaces by a family of words, by whichthis word is linearly representable. This operation doesn't increase the degree l.2Let us note at �rst that, if we can create one of words in a set, then we cando it many times.Proposition 2.78 If a set � is selected, then it is k-selected and lk(�) � kj�j �l(�). 2Lemma 2.79 (on circulation) Let f be a polylinear identity in an algebra Aof degree p, D = fdjg be a set of words of degree � p (including the empty word�) from A generators and elements ci and C = fcig be a selected set. Then foreach positive integer R, the set f(cidj)R; i = 1; : : : ; jCj; j = 1; : : : ; jDjg is alsoselected (jDj is the number of elements in D).Proof. Each word of length � l(fcig) is linearly representable by words of theform dkciek, where dk and ek are products of generators. Now we can use thosefact that each word, of su�cirntly big degree with respect to C = fcig, can be,by Shirshov height theorem, represented in the required way (see Proposition2.35). 2De�nition 2.80 Let z be a word and let us denote by z0 the following set ofwords.If z is pseudoperiodic of order � n, then z0 = fzg, else z0 = N1[N2, whereN1 is the set of lexicographically smaller non-pseudoperiodic words, whichcoincide with their n-types (i.e., each proper beginning of a word in N1 ispseudoperiodic of order � n), and N2 is the set of pseudoperiodic words oforder � n and length R, which are lexicographically smaller, than z. (R is�xed. R will be equal to 2nk, where k is the required power value.)Proposition 2.81 If we shall apply the operation 0 to the word z and to eachwords, obtained in this way, in succession (and each time join the obtainedsets), then, at last, we shall get, either the set fzg, or the set N2. Moreover,it is enough to make � T (n;R) steps, where T (n;R) is the number of n-types,which are not pseudoperiodic of order n and which have length � R. The set ofall n-types of length � R also can be reduced to the set of pseudoperiodic wordsby T (n;R) steps. 2We already proved that T (n;R) < Rnln+1.Let us note that, istead of operator 0, we can use, with the same success,the operation of the construction of the set of smaller words of the same length.53



This operator was introduced to make the descent to pseudoperiodic words evenmore faster. It allows to diminish the estimation from lm2 order to lm order (lis the number of generators and m is the degree of an algebra). n-types in theheght theorem proof were used only for the improving of estimations also.So, we established that we can destroy the period and create a both smallerand greater subword. The circulation lemma allows to create a period. Let ussum the results of Proposition 2.75 and Lemma 2.79.Proposition 2.82 Let � be a �nite selected set, z 2 � and z be not a pseu-doperiodic word of order � n. Let the algebra A satis�es a polylinear identity fof degree p and complexity n. Thena) if we substitute z by the set of all lexicographically smaller words of thesame length, then the new set �0 will be also selected;b) the word z can be replaced by the set z0. 2The following statement is a consequence of Propositions 2.81 and 2.82.Corollary 2.83 (Shestakov hypothesis) Let A be a �nitely generated PI-algebra of complexity n. Then the set of all k-th powers of words of length� n is selected for all k. If all these words are algebraic elements, then A is�nite-dimensional. 2Remark. The same result was obtained above, as a consequence of the inde-pendency theorem (Corollary 2.41). However, here we don't use the structuraltheory (we don't factorize by the radical) and we can get constructible estima-tions. We don't write these estimations here, because further will be developedthe technique, which allows to obtain exponential estimations.Let us inroduce the following ordering on the set of sets of words: at �rst theleading words are compared, then the second in order and so on. If the �rst kleading words in two sets are equal and the leading words in the remaining partsare incomparable, then these two sets are incomparable. If in one set there areno more words, then the set with the greater number of words is greater.Because the operation z ! z0 diminishes z order (we consider sets withoutmultiplicities), then the following statement holds.Theorem 2.84 If A is a f.g. PI-algebra of complexity n, then a minimal se-lected set of words of length R consists of pseudoperiodic words of order� n.2As each noncyclic word has a regular cyclically conjugate word, which corre-sponds to the leading term of some Lie (Jordan) monomial, then the followingstatement holds.Corollary 2.85 Let us consider a Lie or Jordan algebra A with its inclusioninto an associative algebra of complexity n. If all monomials from generators inA of length � n are algebraic, then A is locally �nite. 254



2.2.3 The pumping over procedureLemma 2.86 (the pumping over lemma) Let A be a PI-algebra with apolylinear identity f of degree m. Let a word W be of the formW = c0v1c1 : : : vmcm+1where ci are letters, which don't occur in words vj . Then W , modulo T (f), canbe represented as a linear combination of wordsW 0 = ci0v01ci1 : : : v0mcim+1where ci don't occur in v0j and not more, than m� 1 words v0i, have the length,greater, than m� 1.The idea of this lemma is that with the help of the identity almost all symbolsfrom vi can be gathered into m� 1 words v0i.Proof. We shall need the following auxiliary proposition.Proposition 2.87 Let ki � m, ki = k0i+qi, k0i � 0 and qj > qi, if j > i. Then,for each nonidentical permutation � 2 Sm, the vector ~k� = (k01+q�(1); : : : ; k0m+q�(m)) is lexicographically smaller, then ~k = (k01 + q1; : : : ; k0m + qm).Proof. If �(1) 6= 1, then �(1) > 1 and k01 + q�(1) > k01 + q1. In this case~k� � ~k. If �(1) = 1, then we use the inductive descent from m to m � 1.2Let us note that an analogous reasoning can be used in the proof of the heightboundedness theorem for Lie algebras with a sparse identity (see Proposition2.162).Proposition 2.88 Let us consider the following game. We are given m heapsof some objects. The �rst player chooses m of these heaps and each of themdivides on the right and the left parts. The second player makes a nonidenticalpermutation of right parts. Then the �rst player can achieve the situation, suchthat each heap, except m� 1 of them, contains not more, than m� 1 objects.Proof. Let us make some ordering of these heaps and let us de�ne the vector,which i-th coordinate is the number of objects in i-th heap. Let us prove that,if the �rst player cannot increase the vector, then the required situation isachieved.Indeed, let we have m heaps and k1; : : : ; km is the corresponding vector. Letki � m, for all i. Let ki = k0i + qi, qi = i, k0i = ki � i. As ki � m, then k0i � 0and we can use the above proposition. 2With the help of this proposition the pumping over lemma can be proved.We play for the �rst player, when represent W , as a product W0 � : : : �Wm+1,\cutting" words vi. Then the identity transforms W0 � : : : �Wm+1 in a sum ofwords, in whichWi are nonidentically permuted. The second player chooses theworst term. 55



2.2.4 The Kurosh problem and the height boundednessIf all vi are powers of one element, then we obtain a collecting process. LetM � A and let us denote by M (k) the ideal, generated by k-th powers ofelements from M . By the pumping over lemma, we haveProposition 2.89 Let A be a �nitely generated graded associative PI-algebra,M � A be a �nite set of homogeneous elements, which generate A, as an algebra.If the quotient algebra A=M (m) is nilpotent of degree r, then A is generated, asa linear space, by elements of the formv0mk00 v1mk11 : : :mks�1s�1 vswhere jvij < r and ki � m, for all i, not more, than m� 1 words vi have length� m, mi 2M and there are not more, than m� 1 equal among them.In other words, A has a bounded essential height over M (see De�nition2.108).Proof. Powers mkii can be denoted by letters, then we can apply the pumpingover lemma to words vi. If vi has length � r, then it can be linearly representedby words, which contain the m-th power of an element from M . If there are mequal elements among mi, then we can apply to them the pumping over lemma,by denoting by letters segments between them and the new letters. 2In the work [4] by this method was proved the following statement (\the in-version of the Kurosh problem deduction from the height theorem in the gradedcase").Theorem 2.90 Let A be a �nitely generated graded associative (alternating,Jordan) PI-algebra. Let M � A be a �nite set of homogeneous elements, whichgenerate A, as an algebra, M (k) be the ideal, generated by k-powers of elementsfrom M . Then, if the quotient algebra A=M (k) is nilpotent, for all k, then Ahas a bounded height over M . 2The following statement is a consequence of this theorem and Corollary 2.85.Corollary 2.91 Let us consider a f.g. Lie or Jordan algebra A with its inclu-sion into an associative algebra of complexity n. Then A has a bounded heightover the set of monomials (from generators) of length � n. 2If we remove the \arbitrary" condition, that A is generated by M , then theessential height will be bounded over M .In the work [4] the pumping over procedure is described in details. In thiswork it was proved that an analog of the above theorem holds for the class ofrings, asymptotically close to associative, i.e., for \good" varieties (alternatingand Jordan rings belong to this class). A variety is called good, if the algebra of56



left multiplications of each f.g. algebra from this variety 1) is �nitely generated,2) is a PI-algebra, 3) has a bounded L-length. The above theorem holds, ifa subalgebra, generated by each element, is associative. An algebra A has abounded L-length, if, for some k, the algebra L(A) of its left multiplications islinearly representable by the set of elements of the form L(p1) : : : L(pq), whereq < k.Let us note that, in the conditions of Proposition 2.89, we cannot ask onlyfor the nilpotency of A=M (PIdeg(A)). An example of the the algebra M n
xF [x]and the set M , which contains one nilpotent element of degree n, demonstratesthat the condition of the nilpotency of A=M (PIdeg(A)�1) is too weak.The pumping over is a combinatorial analog of the algebraicity reasoning.With the help of this procedure we can easily prove the satis�ability of theCapelli identity and obtain constructible estimations. We shall need the follow-ing statement.Proposition 2.92 a) Let x, ci, i = 0; : : : ;m, be �xed generators. Then thenumber of words of the formc0xk0c1xk1 : : : xkr�1cr; X ki = Nis a polynomial from N of degree r � 1.b) Let A be a PI-algebra of degree m. Then the dimension of the vectorspace, generated by words of the formc0xk0c1xk1 : : : xkr�1cr; X ki = Ncan be estimated by a polynomial from N of degree m � 1 (r is �xed). This isthe codimension of the T -ideal of A in this subspace.Proof. The number in a) is � Nr�1�. b) is a consequence of a) and the pumpingover lemma. The number of possibilities to choose m�1 positions equals � rm�1�and the number of possibilities to arrange powers of x in another positions isnot more, than (m� 1)r�m. 2De�nition 2.93 Let I be a multiindex I = (i1; : : : ; ir), jI j = P� i�. Anidentity of the formf = X�2Sr+1 XjIj=N �Ic0xi0c1xi1 : : : xir�1cr = 0is called a weak algebraicity identity of order r. An identity of the formf = XjIj=N �Ic0xi0c1xi1 : : : xir�1cr = 057



is called an algebraicity identity of order r. If, with the identity f , the identityf� holds, for each � 2 Sr,f� = XjIj=N �Ic0xi�(0)c1xi�(1) : : : xi�(r�1) cr = 0;then f is called a strong algebraicity identity of order r. The depth D(f) of a(strong, weak) algebraicity identity f is the maximal power of the variable x,which occures in summands of f .Obviously, D(f) < N and deg(f) = N + r + 1. The proof of the followingstatement is analogous to the proof of the pumping over lemma.Proposition 2.94 If an algebraicity identity holds, then the wordc0xi0c1xi1 : : : xik�1ck is linearly representable by words of the formc0xj0c1xj1 : : : xjk�1ck, such that not more, than r� 1 numbers from the orderedset fj�g, can be greater, than N � 1. 2The codimension of the space of strong algebraicity identities in not greater,than the product of r! and the codimension of the space of algebraicity identities.Using the previous proposition to compare codimensions and directing N toin�nity, we have the following statement.Proposition 2.95 a) In each PI-algebra A of degree m the strong algebraicityidentity holds and we can take r = m.b) If in a PI-algebra a weak algebraicity identity holds, then the strong alge-braicity identity of the same order holds also. 2Remark. It is easy to prove that a strong algebraicity identity holds, if N > r3,r > 2m. To prove this it is enough to compare the codimension estimationsr!� rm�1�(m� 1)r�mNr of the space of the strong algebraicity polynomials and� Nr�1� { the number of words of the above form.Proposition 2.96 Let a strong algebraicity identity f of the above type holdsin some algebra and let g(z1; : : : ; zr; y1; : : : ; ys) be an arbitrary polylinear poly-nomial. Then the following identity holds alsofg = XjIj=N �Ig(a0xi�(0) b0; : : : ; ar�1xi�(r�1) br�1; y1; : : : ; ys) = 0:Proof. The identity fg can be constructed by grouping terms in g with theirpermutations � of the �rst r variables. 2Let us use the height theorem, the pumping over procedure and the aboveProposition. Then we have the following statement.58



Corollary 2.97 Let us consider substitutions in g: words instead of variables.The ordered set (with respect to the order of variables) of such words will becalled the substitution set. Then the result of each such substitution is linearlyrepresentable by substitutions, such that in their substitution sets all words, ex-cept not more, that Nmlm+1 of them, have length � N2m3lm�1. 2We now proved the theorem.Theorem 2.98 In each �nitely generated PI-algebra the Capelli identity ofsome order holds. 2Remark. a) Using the above statement and the an estimation on the numberof words, which don't contain the N -th power of a word of length � m, we canget the following estimation on the Capelli identity order: m4lnlm4lm . Let usnote that we proved that an identity with a su�ciently wide Young diagramholds also.b) The Capelli identity can be used in the pumping over procedure with thesame success, as the strong algebraicity identity.Theorem 2.99 Each �nitely based T -ideal I, which belongs to the radical of a�nitely generated PI-algebra, is nilpotent.Proof. Let g be a su�cienly long product of polynomials from I . By Corollary2.97, g can be represented as a linear conbination of products of polynomialsfrom I , such that all variables in them, except some bounded quantity, are sub-stituted by short words. As there are �nite number of short words, then in eachproduct one of polynomials with the same substitution set occures many times.It remains to note that the ideal, generated by one element from the radical of af.g. PI-algebra, is nilpotent. This fact is a consequence of Amizur theorem (theradical of a PI-algebra consists of nilpotent elements) and of Shirshov theoremabout the boundedness of heights. 2All this simpli�es the proof of Razmyslov-Kemer-Braun theorem about thenilpotency of the radical: we can assume that identities, which garantee thealgebra �nite-dimensionality over the localization of the center, hold. So wehave that a product of a radical power and some central polynomial is zero.Then we can take the factor by this polynomial and use the induction on thetranscendence degree of the prime factors center and by the complexity.2.2.5 Sparse identities and the pumping over procedureThe using of sparse identities (the Capelli identity, in particular) is very similarto the using of the strong algebraicity identity. In the same way we can prove thenilpotency of a �nitely based T -ideal and also the Capelli identity satis�ability.The following result of A.D.Chanyshev can be easily proved with the pumpingover. 59



Theorem 2.100 (A.D.Chanyshev) Let all generators in a Z-graded PI-algebra A of degree r be homogeneous of degree 1, and let the equality xn = 0holds for each homogeneous x. Then A is nilpotent.It is known that some sparse identity holds in a PI-alpgebra A. Let m beits degree. We shall need some auxiliary propositions.The growth in varieties The de�nition of the growth in varieties is slightlydi�erent from the same in words and algebras. Let A be a a relatively freen-generated algebra fromM, then by GM(n) will be denoted the dimension ofthe vector space in it, which is generated by words of length n, such that eachletter x1; : : : ; xn occurs in this word only once. IfM is the variety of associativealgebras, then GM(n) = n!. The following result is well known.Theorem 2.101 If M is the variety of associative PI-algebras, then GM(n) 'c(M)n, where c(M) is a constant. 2Remark. There exists examples of Lie algebra varieties with an over-exponential growth, i.e., there exist varietiesM, such that GM(n) ' (n=c(M))!,where c(M) is a constant.With the help of the dimension estimating we have the following corollary.Corollary 2.102 IfM is a variety of associative PI-algebras, then the followingsparse identity holds in MX� ��y0x�(1)y1 : : : x�(n)yn = 0: 2The following statement, which will be used in what follows, is a consequenceof Proposition 1.2.Proposition 2.103 There exist k and coe�cients ��, such that for each, poly-linear by xi, polynomial F (x1; : : : ; xk; y1; : : : ; yr), the following equality holdsX� ��F (c1v�(1)d1; : : : ; ckv�(k)dk; y1; : : : ; yr) = 0: (1)This proposition can be proved by considering terms in F with the �xed ar-rangement of yi and by applying to these terms Proposition 1.2 and the linearityconsiderations. 2With the help of this proposition, the following lemma can be proved in thesame way, as the pumping over lemma.60



Lemma 2.104 (on the sparse pumping over) Let A be a PI-algebra, inwhich the equality 1 holds for each F , polylinear by xi. Let us substitute wordsvi for variables xi. Then F (v1; : : : ; vk; ~y) is linearly representable by elementsof the form F (v01; : : : ; v0k; ~y), where not more, than k � 1 words v0i, have length> k � 1. 2Remark. The equality P��F (x�(1); : : : ; x�(m); ~y) = 0, for all F , is the de�-nition of a sparse identity in the non-associative case (and even in the case ofalgebraic systems of an arbitrary \arity").The �nite generated case of Chanyshev theorem is a consequence of theheight theorem. Let us formulate it in the convenient for us form.Proposition 2.105 There exists the function R(s; n; r), such that each s-generated PI-algebra of degree r with homogeneous generators, in which for anyhomogeneous element x the identity xn = 0 holds, is nilpotent of index notgreater, than R(s; n; r). 2The linearization technique can be applied also to identities, which hold onlyfor homogeneous elements. The reasoning is the same. Let us formulate someauxiliary statements.Proposition 2.106 Let xn = 0, for each homogeneous x. Then, if all vi havethe same homogeneous degree, then the following equality holdsX�2Sn v�(1) : : : v�(n) = 0Proof. It is enough to use the equalityX�2Sn v�(1) : : : v�(n) = (v1 + � � �+ vn)n �Xk (v1 + � � �+ bvk + � � �+ vn)n++ Xi1<i2(v1 + � � �+ bvi1 + � � �+ bvi2 + � � �+ vn)n + � � �+ (�1)n�1Xi vni :(as usual, the symbol bmeans that the corresponding term is deleted). 2The following proposition is the linearization of Proposition 2.105.Proposition 2.107 Let aij are of the same homogeneous degree, when i is�xed, i = 1; : : : ; s, j = 1; : : : ; k. Let F be a polylinear polynomial from aij ofdegree ks, such that each aij occurs only once in it. Let F be symmetric for eachgroup of variables aij , when i is �xed. Then, if ks � R(s; n; r), then F (aij) = 0.261



Proof of Chanyshev theorem. By Nagata-Higman theorem, it is enough tocheck the satis�ability of the identity xR = 0, or, which is the same, the satis-�ability of its linearizationP�2SR v�(1) : : : v�(R) = 0. But the last statement isa consequence of Propositions 2.105 and 2.107 (s must be equal to 2m and Rto R(s; n; r)). 2Remark. The above theorem can be proved with the help of the generalizedalgebraicity notion (this way is more complex). The aim is to \pump over"letters inside vi in the polynomial F (v1; : : : ; vm; ~y). If all vi contain a su�cienlybig power of some x, then the generalized algebraicity can be applied. UsingNagata-Higman theorem, we can achieve that some xi occurs in vi in su�cientlybig power. If we symmetrize by xi, then we get the linearization of the gen-eralized algebraicity. This symmetrization adds new terms, where xi occurs in\wrong" vj . But we can achieve that lengths of minimal homogeneous compo-nents of xi have a su�ciently fast growth for i (the minimal component in xiis much greater, than the maximal component in xi�1) and that the passage toan additional term also gives us the pumping over.2.2.6 The height of algebras and Gelfand-Kirillov dimensionThere is a connection between the height theorem and Kurosh problem: \theheight boundedness over Y , Kurosh problem over Y ". Another connectionexists in the representable case. As we noted above, the number of elementsof the form yk11 : : : ykHH , P ki � n, has the order nH . Hence, Gelfand-Kirillovdimension of an algebra is not greater, than its height, therefore, by Shirshovtheorem, it is bounded in the PI-algebra case. But for representable algebras(hence, by Kemer theorem, for relatively free algebras also) an opposite esti-mation also holds. In this case Gelfand-Kirillov dimension equals the essentialheight.De�nition 2.108 A set Y is called an s-base of an algebra A, if there exista number SH and a �nite set D(Y ), such that A is generated, as a linearspace, by elements of the form t1 : : : tN , where N � 2 SH+1, and, for all i,either ti 2 D(Y ), or ti = ykii , yi 2 Y . Moreover, the number of factors ti =2D(Y ) is not greater, than SH. The minimal number SH(A), which satis�es theabove conditions, is called the essential height of A over Y . For varieties withassociative powers the de�nition is analogous.Informally speaking, the height boundedness means the possibility of reduc-ing a word to a piecewise periodic form and the height is the number of segments.The essential height is a minimal number of arbitrarily long periodic segments,which are simultaniously necessary for constructing a base of the algebra. Theset D(Y ) is the �nite set of spans between periodic segments (which are \ran-dom"). Let us note that, if Y is an s-base of an algebra A and Y generates62



A, as an algebra, then \spans" can be expressed by Y elements and A has abounded height over Y .If Y and D are given, then the number of elements of the essential heightSH, such that the sum of homogeneous powers of leading components ti isnot greater, than N , has the growth of order NSH. So, we have the followingstatement.Proposition 2.109 a) GKdim(A) � SH(A).b) SH � limn!1(VA(n))= ln(n). 2We shall prove the following theorem.Theorem 2.110 Let A be a �nitely generated representable algebra. ThenGKdim(A) = SH(A) (Gelfand-Kirillov dimension equals the essential height).Corollary 2.111 The essential height of a representable algebra doesn't dependon the choice of Y and its Gelfand-Kirillov dimension is an integer number.2Remarks. The integrality of Gelfand-Kirillov dimension of a representable al-gebra was proved by V.T.Markov. Let us note that there exist PI-algebras withnon-integral Gelfand-Kirillov dimension, hence, in the general case, the equalityGKdim(A) = SH(A) doesn't hold. It will be interesting to construct an algebra,in which the essential height depends on the s-base choice. A polynomial esti-mation on Gelfand-Kirillov dimension of a PI-algebra (and, hence, a polynomialestimation on the essential height) is a consequence of A.V.Grishin results.For proving the above theorem we shall need some auxiliary propositions.The following statement is a consequence of Hamilton-Cayley theorem.Proposition 2.112 Let A can be embedded into Endn(R), where R is a com-mutative ring. The each element x 2 A satis�es and equality of the followingtype xn + t1(x)xn�1 + � � �+ tn(x) = 0; 8i ti(x) 2 R 2The following proposition is a direct consequence of the previous.Proposition 2.113 Let A can be embedded into Endn(R), where R is a com-mutative ring. Let I = (i1; : : : ; ik) be an multiindex, jI j = i1 + � � �+ ik. Let forsome elements c0; : : : ; ck 2 A, x1; : : : ; xk 2 A the following relation holdsXjIj�r�Ic0xi11 c1 : : : xikk ck = 0; (2)63



and also hold all relation of the typeXjIj�r�Ic0xm11 xi11 c1 : : : xmkk xikk ck = 0 (3)for all vectors ~m = (m1; : : : ;mk), 0 � mi � n � 1 (the coe�cients �i don'tdepend on ~m). Then for all integers M1; : : : ;Mk the following relation holdsXjIj�r�Ic0xM1+i11 c1 : : : xMk+ikk ck = 0 (4)2Proposition 2.114 Let U be a linear span of elements of the formc0xM11 c1 : : : xMkk ck. Then the linear span of those elements that one of Mi issmaller, than r, coincides with U .The proof is analogous to the proof of the pumping over lemma. Let uspresent the idea of it. Let us put in the lexicographic order vectors (M1; : : : ;Mk)and let us demonstrate that elements, which are linearly non-representable byelements with smaller vectors, have the required form. Let us choose in 2 anonzero term with the maximal multiindex I . Let mj = Mj � ij . As Mj � rand mj � 0, then the power xMjj can be represented, as xmjj xijj . Now, using3, we can represent c0xM1c1 : : : xMkk ck as a linear combination of terms withsmaller power vectors. 2Corollary 2.115 Let S(q) be the dimension of the linear span of elements of theform c0xM11 c1 : : : xMkk ck, such that PMj � q. Then, if the system of relationsof the (3) type holds, then there exists a constant C, such that S(q) < Cqk�1.2Let us now proceed with the proof of Theorem 2.111. At �rst, let us estimatedimensions. For some q0, all cj and xj belong to the linear span of words oflength � q0. then S(q) � VA((k +1+ kq)q0). Let us note that the satis�abilityof the system (3) means the linear dependence of the system of nk-dimensionalvectors with components c0xm1+i11 c1 : : : xmk+ikk ck. These components are enu-merated by systems (m1; : : : ;mk) of nonnegative integers, mi < n. If ij � q,then the dimension of the space of such vectors is not greater, than nkS(kn+q),hence, it is not greater, than nkVA((k+1+k(kn+q))q0) = C0VA(C1+C2q). Letlimn!1 ln(VA(n))= ln(n) < k, then there exists " > 0, such that the inequalityVA(q) < qk�" holds for in�nitely many q. But, then we have that the dimensionof the space of the, described above, vectors is less, than qk�"=2 for some q,which garantee the satis�ability of (3). The satis�ability of (3), for all systemsof xj and cj , means, by the previous proposition, that the essential height issmaller, than k. So, we have that SH � limn!1 ln(VA(n))= ln(n). It remains touse the inequality GKdim(A) � limn!1 ln(VA(n))= ln(n). Theorem is proved.264



Let us now obtain estimations for the height of a PI-algebra A over the setof words of degree not greater, than the algebra complexity. Let each word oflength l is linearly representable by words, such that each of them contains aword from a set �, as a subword. If length of a word is k � l, then we can obtainthe occurence of k words from �, as subwords. But the estimatimation k �l is toocoarse. We cannot improve it without the \pumping over", because otherwise,k subwords can cut the word on segments with lengths < l.Let us consider a relatively free algebra A with generators ai and cj , wherej = 1; : : : ;m+ 1. We shall denote by u� and v� words, which don't contain cj .Let us assume that in A holds the polylinear identity f of degree m.De�nition 2.116 A word of the form c1v1 : : : ckvk,P jvij � h, is called a wordof width h. A set of words fu�g is called an m-selected of width h, if each wordof width h is linearly representable by words, such that each of them contains aword from fu�g as a subword. (ci can be permuted only in whole, not in parts).The following statement is a consequence of the pumping over lemma.Proposition 2.117 a) Let � be a set of words of width h and l be the maximallength of a word from �. Then each word of width � h + m + l is linearlyrepresentable by words, such that each of them contains two occurences of wordsfrom �.b) Each word of width � h+(k�1)(m+ l) is linearly representable by words,such that each of them contain k occurences of words from �.Proof. Let us represent the given word of required length by words, such thateach of them contains a word from �. In each of these words let us mark thisoccurence, denote it by c0 and perform the pumping over. Then two ci, whichare on the distance < m from each other, let us unite into one. The loss ofwidth will be not greater, than m+ l. The item b) can be proved by the obviousinduction. 2Corollary 2.118 Let p be the number of words in the set �, which is m-selectedof width h. Then, if h0 > h + (kp � 1)(m + l), then each word of width h0 islinearly representable by words, such that each of them contains k occurences ofa word from �. 2Let us remaind the above proved statement.Proposition 2.35. Let A be an l-�nitely generated PI-algebra of degree m. Letthe letter z has (q + 3)mlm+1 occurences in a word W . Then W is linearlyrepresentable by words, which contain a subword of the form (zv)q.Let n be the complexity of an algebra, m be its degree, l be the number ofgenerators and p be the minimal degree of a polylinear identity of complexityn. Let R = 2mn and let all quasiperiodic words in a set � have length R. ByProposition 2.81, we have 65



Proposition 2.119 The substitution of a word z from � by a word z0 increasesthe m-width by not more, than ((p+ 3)mlm+1 � 1) � (m+R). 2The following statement is a consequence of Propositions 2.35, 2.119, 2.118.Theorem 2.120 A set, which consists of pseudoperiodic words of order � nand of length R, is selected of widthh = ((p+ 3)mlm+1 � 1) � Rnln+1(m+R) 2And, by this theorem and Proposition 2.81, we haveTheorem 2.121 Let A be an l-generated PI-algebra of complexity n. Let m bethe degree of a minimal identity in A (i.e., m = deg(A)) and p be the minimaldegree of an identity of complexity n. Then, over the set of words of degree � n,A has the heightH(l;m; p) = ((p+ 3)mlm+1 � 1) � 2mnln+1m(2n+ 1) +mln:Proof. Let M be the set of all words with length � n. Each word is linearlyrepresentable by elements of the, described in De�nition 2.116, form with thesame homogeneous degree. If P jvij � h, then we can create new m-th powerof an element from M and, using the pumping over, we can increase P ki � s.The height can be estimated as s+ (P jvij)=n. 2Let as note that H(l;m; p) is asimptotically equivalent to pm2nlm+n+2.Corollary 2.122 If an l-generated PI-algebra A has degree m = deg(A), then,over the set of words of degree � [m=2], A has the heightH(l;m) = ((m+ 3)mlm+1 � 1) �m4lm=2+1 +mlm=2:Proof. By Amizur-Levitski theorem, PIdeg(A) � deg(A)=2. 22.2.7 The height theorem and Kurosh problemLet A be a PI-algebra and M � A be its s-base. Then, if all elements in M arealgebraic over K, then A is �nite-dimensional (Kurosh problem). The followingtheorem can be considered as a inversion of this statement.Theorem 2.123 Let A be a PI-algebra and M � A be a subset in A, such thateach projection � : A 
 K[X ] ! A0, where the image �(M) is integral over�(K[X ]), is �nite-dimensional over �(K[X ]). Then M is a s-base of A.66



Remark. a) As the following example will demonstrate, the direct inversionof Kurosh problem is wrong in the non-graded case. Let A = Q [x; 1=x]. Eachprojection �, such that �(x) is algebraic, has a �nite-dimensional image. But,the set fxg is not a s-base of A. The boundedness of the essential height is anon-commutative generalization of the integrality condition.b) Let us note that, in the case of Lie PI-algebras, Kurosh problem has apositive solution, but the height theorem is not valid.c) The theorem can be generalized for good varieties (see Appendix A).Proof. We shall need some auxiliary statements.Lemma 2.124 If an ideal I and the quotient algebra A=I have bounded essen-tial height over (the projection) of M , then A also has a bounded essential heightover M . 2By jM j will be denoted the number of elements in M , p = deg(A), by aword we understand a word from A generators and elements from M . If D isa �nite set of words, then by l(D) will be denoted the maximal length of wordin D. The following statement can be derived from the pumping over lemma inthe same way, as Theorem 2.120.Lemma 2.125 Let each word of length k can be linearly represented by elementsof the form t1t2 : : : ts, where, either ti 2 D, or ti = mkii , mi 2M , for all i, ands < 2jM jp+ 1. Then, if k > 2(2jM jp+ 1))jDj � l(D), then M is a s-base in A.The idea of the proof. By substituting a word of length k by word of theabove de�ned form, and, by deleting with the pumping over all > p-th powersof elements from M , we shall diminish the word length. The complete proofuses the width notion and is analogous to the proof of proposition 2.117. 2The following proposition is a consequence of Lemma 2.125.Proposition 2.126 Let A be a �nitely generated algebra and �(M) be a s-basein A=I. Then there exists a �nite set of elements fI1; : : : ; Ipg � I, such thatM [ fI1; : : : ; Ipg is a s-base in A.Proof. The module Ak, which is generated by words (from A generators andelements from M) of degree � k, is �nite-dimensional for all k. There existH 2 N and a �nite set D = D(�(M)) (from the de�nition of the essentialheight), such that Ak is linearly representable by elements of essential height Hwith respect to D, modulo a �nite linear combination (which depends on k) ofelements from I . It remains to choose k su�ciently big (for the condition of theprevious lemma to be satis�ed) and use the circulation lemma. 267



Remark. a) In the homogeneous case it is enough to use only the circulationlemma.b) This proposition allows to construct inductively the following interestingShirshov base M = [nk=1Mk, where n is A complexity, M1 is the set of Agenerators and Mi is the set of central polynomials in the algebra of generics-generated i� i matrices. Their number equals (see [17]) to the transcendencedegree of the center of the algebra of generic matrices and PIdeg(M i= id(Mi)) <i. Let us come to the theorem's proof.Step 1. The passage to the factor by the radical. Using the induction on thenilpotency degree of the radical, we assume that the essential height of each f.g.ideal I from R(A) is bounded. If we assume the theorem validity for semiprimealgebras, then the condition of Lemma 2.125 will be satis�ed modulo such ideal.It remains to use Lemma 2.125. (The more accurate reasoning uses only Amizurtheorem about the local nilpotency of the radical).Step 2. Using the primary decomposition and Lemma 2.124, we come to thecase of a prime A.Step 3. It is known that a prime algebra A can be embedded into a primealgebra A0, which is �nite-dimensional over its center. Moreover, if A is �nitelygenerated, then Z(A0) is �nitely generated also, is integrally closed and is theintegral closure of A, A0 = A 
Z(A) Z(A0), and for some h 2 Z(A), h 6= 0,A0h � A. By applying Lemma 2.124 to the ideal id(h), we pass to the case ofan algebra, which is �nite-dimensional over its integrally closed center.Step 4. The reduction to the case of the matrix algebra over an integrallyclosed commutative ring. There exists a �nite integral extension Z 0 of the centerZ, such that A0 = A 
Z(A) Z 0 is isomorphic to the matrix algebra Matn(Z 0)and Z 0 contains all eigenvalues of elements from M . Let M be a s-base in A0.Then, if a is an arbitrary element in A, then a = P�ixi is the sum of termsof the essential height H over M , where �i 2 Z 0 are linearly independent overthe �eld of fractions of Z and xi 2 A. In this case all terms with �i =2 Z can beignored and a is equal to some xi.The end of the proof. Obviously, the condition \M is a s-base in A" is equiv-alent to the condition \M 0 is a s-base in Z", where M 0 is the set of eigenvaluesof elements in M . So we come to the commutative case, which validity is adirect consequence of the theorem's conditions.Remark. \The Kurosh condition" was formulated in terms of the extensionA
K[X ]. We can take an alphabet with one generator for X , because, if M 0 isnot integral over K[X ], then some x 2 X is not integral overM 0 in some factorof K[X ] of transcendence degree 1. We can take, for example, the function ringon a curve, which pass through a singularity of the element x.Remark. The question about the local �niteness of algebraic PI-algebras wasformulated by A.G.Kurosh. The positive answer to this question was given68



by I.Kaplansky. His proof was non-constructible. The �rst combinatorial proofwas obtained by A.I.Shirshov, as a consequence of the height theorem. However,this original proof gives only recursive estimation. Further, the estimation wasimproved by A.T.Kolotov and A.Ya.Belov. In the case of zero characteristic,M.Nagata and G.Higman proved the nilpotency of (not necessary �nitely gener-ated) nil-algebras of index n. They also obtained an exponential estimation onthe degree of nilpotency. Yu.P.Razmyslov improved this estimation up to n2.(In the case of positive characteristic, the global nilpotency cannot have place.)The local �niteness of algebraic Lie PI-algebras in the case of zero characteristicwas proved by A.I.Kostrikin. E.I.Zel'manov proved this fact in the general caseand also proved the global nilpotency of an Engel Lie algebra in the case of zerocharacteristic.2.2.8 Algebras over an arbitrary associative-commutative ringNotations. We shall consider algebras over an associative-commutative ring� 3 1. Such algebra is called a PI-algebra, if in it holds a polylinear identity,such that one of its coe�cients equals 1. It will be necessary for us to change thede�nition of complexity, by ignoring the algebraic radical. LetM be a variety ofalgebras, then byM will be denoted the variety of algebras, which is de�ned bythe uniform, with respect to each variable, components of identities, which arevalid in M. The complexity PIdeg(M) of a variety M is the maximal n, suchthat for some prime factor F of the ring �, MFn 2M. The equivalent de�nitionis: PIdeg(M) is the maximal n, such that an algebra of n�n matrices with thein�nite center belongs toM. By alg(A) will be denoted the set of elements in A,which are integral over �. Let GT(A) be the ideal, generated by homogeneouscomponents of identities, which are valid in A; let A = A=GT(A) and � bethe natural projection; let R(A) be the radical of A, R0(A) = ��1(R(A)); letm = deg(A) and g be an identity, valid in A; let bAFs (g) be a relatively frees-generated F -algebra in the variety, de�ned by the identity g; let T (Stn) be aT -ideal, generated by the standart identity of degree n; by jM j will be denotedthe number of elements in a set M .Radical properties of homogeneous components of identitiesTheorem 2.127 Let A be a relatively free �-algebra. Then the set of integralover � elements is a locally integral ideal ALG, such that the factor A=ALGdoesn't contain any integral over � elements. All homogeneous components ofidentities belong to ALG. If � is a Noetherean ring, then tnere exist M , N , K,such that the equality (xM � xN )K = 0 holds for each x 2 ALG.This theorem is a consequence of the following proposition.Proposition 2.128 a) Let F be a �eld, jF j > deg(g), F 0 � F . Then bAFs (g)
FF 0 = bAF 0s (g). 69



b) Let x be a homogeneous component of g. Then the center of each primefactor, with a nonzero image of x, contains not more, than deg(g) elements,and the factor itself contains not more, than deg(g)deg(g) elements.Let K = deg(g)deg(g).c) If x 2 alga(A), then x2K! � xK! 2 Rad(A) and there exists N , such that(x2K! � xK!)N = 0.d) GT(A) � alg(A) and constitutes an algebraic ideal.e) Let A be a relatively free algebra, then alg(A) = R(GT(A)). If � isNoetherean and A is a f.g. algebra, then (alg(A))t � GT(A), for some t 2 N .Proof. a) If jF j is greater, than the degree of g, then in both bAFs (g) and bAF 0s (g)homogeneous components of g and all their linearizations hold (see [20]). Hence,bAFs (g)
F F 0 = bAF 0s (g).The implications a))b))c))d))e) are obvious. (The implication a))b) isa consequence of the classi�cation of �nite simple associative algebras { matrixalgebras, over a �nite �eld. The proof of the implication d))e) uses Razmyslov-Kemer-Braun theorem about the nilpotency of the radical). 2Remark. Analogs this proposition and Theorem 2.127 are valid for varieties ofnon-associative algebras, such that their radical is nilpotent, all simple algebraswith a �nite center are �nite and prime algebras can be embedded in directsums of simple algebras.Proposition 2.129 If the standart identity St2n holds in a �-algebra A, then Ahas the, bounded by H, height over the set Y of words of degree � n. Moreover,H can be estimated as in Theorem 2.121:H = ((2n+ 3)2nl2n+1 � 1) � 4n2ln+1(2n+R) + 2nln;where l is the number of A generators.Proof. We can assume that A is a relatively free algebra in the variety, gen-erated by the standart identity St2n. It is enough to prove that, for each �,all words of length � in an absolutely free algebra Z[x1; : : : ; xs] are linearlyrepresentable, modulo T (St2n), by words V�;H of length � and height � H .Let L be a Z-module, generated by words of length �, M = L \ [T (St2n) +hV�;H i], N = L=M . Let us note that the estimations in Theorem 2.121 don'tdepend on the ground �eld, hence, by the right exactness of the tensor product,we have that for each prime q, N 
 Zq = 0. As the Z-module N is �nitelygenerated, then, by Nakayama lemma, N = 0. 2The following theorem is a consequence of the above considerations.Theorem 2.130 A �nitely generated algebra A over an associative-commutative ring � with the unit has a bounded height over the set of words70



of degree not greater, than n = PIdeg(A). If A is relatively free and Y is aShirshov base in A, which consists of words, then for each word u of length � n,Y contains a word, which is cyclically conjugate to some power uk. If a set Yhas this property, then Y is an s-base in A, and, if besides that, Y contains allgenerators of A, then Y is a Shirshov base.Remark. It will be interesting to get a direct combinatorial proof of this theo-rem, without using the \radical" reasoning. Let us note that the Noetherity ofthe ground ring � was not used.2.3 Regular words and Lie algebrasThe word combinatorial technique in Lie algebras is based on the correspondencebetween regular words in the enveloping algebra U(L) and leading terms ofimages of elements from L. Therefore, the problems about the combinatorialanalysis of regular words can be stated. This section is devoted to such problems.Let us remind two de�nition, which were formulated in the beginning of thiswork.De�nition 2.131 A word u is called n-encountered in a word W , if W has nnon-ovelapping occurences of u. A system of words U is called k-encountered ina word W , if some word from U is k-encountered in W .De�nition 2.132 A word is called non-improvable, if it cannot be representedas a linear combination of lexicographically smaller words.2.3.1 Superwords, regular words and the relation �The lexicographic ordering � doesn't garantee the linear ordering. There-fore, either the extension of � { the ordering � (which was introduced byV.A.Ufnarovski) is considered, or right superwords are studied. In this sectionwe shall prove that the technique of right superwords allows to prove all mainproperties of this relation. We shall needProposition 2.133 Let b � a and W1;W2 be right superwords, such thatW2(a; b) � W1(a; b). Then W2(ab; b) � W1(ab; b), W2(a; ab) � W1(a; ab),W2(ba; b) �W1(ba; b), W2(a; ba) �W1(a; ba), W1(b; a) �W2(b; a).De�nition 2.134 f � g, if for each two right superwords W1;W2, such thatW2(a; b) �W1(a; b), when b � a, the inequality W2(g; f) �W1(g; f) holds.The image of the set of �nite words is dense in the set of superwords. Let usnote that each �nite word uniquely corresponds to the right superword u1. Toequivalent words correspond the same superwords. The relation � correspondsto the relation � on the set of superwords.71



Proposition 2.135 a) The relation � doesn't depend on the choice of W1 andW2 and is correctly de�ned.b) In partiqular, f � g, if f1 � g1 (i.e., fm � gn, for some m and n).c) If f � g, then f � g.d) The relation � is a relation of a linear ordering on the following set ofequivalency classes: f � g, if for some s, f = sl, g = sk.Proof. Item a) is obvious, item b) is a direct consequence of a). The transitivityof � is a consequence of b). Let us prove c) and d). If f and f are comparable,then all is proved. Otherwise, either f = gh, or g = fh, and we can use theabove proposition and the induction on the length jf j+ jgj. 2Corollary 2.136 (the betweenness theorem) Let f � g, then f � fg �gf � g. 2With the help of the analogous inductive descent the following lemma canbe proved.Lemma 2.137 Let uv = vu, then u = sk, v = sn, for some s. 2G.Bergman [68] generalized this result. He proved that two commutingelements of a free algebra are polynomials from one element.De�nition 2.138 A word u is called regular, if one of the following equivalentconditions holds:a) If u1u2 = u, then u � u2u1.b) If u1u2 = u, then u � u2.c) If u1u2 = u, then u1 � u.A word u is called semiregular in the following case: if u = u1u2, then, eitheru � u2, or u2 is a beginning of u.The correctness of this de�nition is a consequence of the betweenness theo-rem.Let us note, that to each nonperiodic word uniquely corresponds a regularword, which is cyclically conjugate to it.To each regular word u uniquely corresponds a Lie monomial, such that thegiven word is the leading term of this monomial after removing the parentheses.The set of such monomials is called the Hall base. The correspondence is de�nedby induction: let f is represented, as f = gh, where g � h and f and gare regular words. Let Lie monomials are corresponded to g and h. Let, forexample, x � y � z. Then to the regular word xxzxyzxy corresponds thefollowing bracket pattern [[[x[xz]][x[yz]]][xy]]. It is known that thus obtainedregular non-associative words constitute a base of a free Lie algebra L. Hence,72



TL(n) equals to the number of regular words of length n. It can be computedby the inverse Mobius formula [79]:TL(n) = 1nXdjn �(d)mn=d:We shall use the followingProposition 2.139 Let W be a sequence of left multiplication operators in aLie algebra L, v be a regular subword in W , [v] be the left multiplication operatoron the element, which is produced by the means of the correct arrangement ofbrackets in the word v. Let W = cvd, W 0 = c[v]d, then the maximal word, whichcan be obtained after removing the parentheses in [v] is W . 2Now we shall present a collection of statements about regular words fromV.A.Ufnarovski survey [55].Proposition 2.140 Each word of the form gn contains the (n� 1)-th power ofa regular word. 2De�nition 2.141 Let f � g, if, either f � g, or f and g are incomparable andthe length of f is strictly less, than length of the g.Proposition 2.142 If f and g are regular words, then f � g , f � g. More-over, the word fg is regular in this case. 2Proposition 2.143 Let h be the maximal in length regular end of f , f = gh.Thena) for each proper end k of the word f , either h � k, or h � k;b) the regularity of f is equivalent to the condition that g � h. In this caseg is also regular;c) each regular subword in f is, either a subword in g, or a subword in h, ora beginning of f , which intersects h. 2Proposition 2.144 If ab and bc are regular words and b is nonempty, then abcis a regular word. 2Proposition 2.145 If a and b are regular words, then the regularity of abn isequivalent to the condition that a � b. Hence, the reqularity of ab is equivalentto the regularuty of abk, for all k. 2Theorem 2.146 Each word f can we uniquely represented as a product f =f1f2 : : : fn, where fi are regular words and f1f2 : : : fn. 273



2.3.2 Regular words and the height boundednessUsing the �niteness of the number of regular words of length � n, we have thefollowing theorem.Theorem 2.147 a) The set of words, which don't contain a regular subword oflength > n, has a bounded height over the set of regular words of length � n.This height equals to the number of such words.b) For each n and N , an in�nite word W contains, either a regular subwordof length > n, or the N-th power of a regular word. 2Proposition 2.148 If u ia a regular word and juj � k, then u contains aregular subword u0, such that k � ju0j < 2k. 2Proposition 2.149 Let l 2 N . Then the set W of words, for which the collec-tion R of regular words of length � k is not l-encountered, has a bounded heightover over the set of regular words of degree � k.Proof. We use the induction on l. By the previous proposition, if a word Wcontains a regular subword from R, then it contains a regular subword from Rof length < 2k. Let W = W1vW2, where v is a regular word from R. In theword W1 the collection R is not more, than x-encountered, in the word W2 thecollection R is not more, than y-encountered, and x+ y � l � 1. 2Remark. Actually we also proved that W has the essential height, which isequal to (l � 1)�(the number of regular words of length � k).Proposition 2.150 The product of two regular words g and h is regular, onlywhen the following two conditions hold: a) g � h; b) if g = ab and a and b areregular words, then h�b. 2This result can be generalized (see Theorem 2.159).Corollary 2.151 Each superword contains, either the n-th power of a regularword, or a k-divided subword. 2Lemma 2.152 (on substitution) LetWdhx1; : : : ; xsi be the set of words overthe alphabet X = fx1; : : : ; xsg. Let xs � � � � � x1. Let the letter xij correspondsto the word xixj1 (i = 2; : : : ; s; j = 0; dots;1). Let xij � xkl, if, either i > k,or i = k and j < l. Let X 0 = fxijg be the new alphabet. Thena) the substitution xij ! xixj1, which maps WdhX 0i into WdhXi, preservesthe relations � and �. The image of this map is the set of all words in WdhXi,which don't begin from x1 (and only them);b) this substitution maps regular words into regular and to the regular ar-rangement of brackets in an initial word corresponds the regular arrangement inthe image of this word (if we make the additional arrangement [: : : [xix1] : : : x1]);c) if xij 6= xkl, then the images of words xijxrs and xklxab are lexicographi-cally comparable. 74



This lemma is a direct consequence of Propositions 2.140, 2.142, 2.150.2The process, described in the above lemma, is called the elimination andit is often used in the reduction reasoning. It is important to remember, howmany letters were used in the construction of a new variable. Hence, we markeach letter with its uniformity degree. The uniformity degree (the norm) of aword is the sum of powers of letters, occured in this word (multiplicities takinginto account), and it is denoted by k : : : k.Let us de�ne now the inverse map from WdhXi into WdhX 0i. x1 is thelowest letter in the alphabet. Let W 2WdhXi;W = xk1W , where k � 0 and Wdoesn't begin with x1. Then W is the image of some word W 0 2WdhX 0i.In other words, W 0 is obtained be deleting of the lowest variable x1: wedelete x1 from the beginning and arrange inner powers xjxk1 ! xjk . Let usnote that xjxk1 � x1 and the lowest letter in W 0 corresponds to a greater word,hence, the elimination process allows to construct increasing (with respect tothe � relation) chains of regular words.Proposition 2.153 Let a word W doesn't contain any occurences of xn1 . Thena) kW 0k � kWk � (n� 1) � kx1k, jW 0j � jW j=(n+ 1)� 1;b) the maximal norm kxijk of elements from X 0 is not greater, than (n�1) �kx1k+max kxik. 2The following statement is a consequence of 2.142.Proposition 2.154 Let u and v be lexicographically incomparable regularwords. Then the condition u � v is equivalent to the condition \u is a beginningof v". 2Therefore, the number of regular words, which are incomparable with u andare greater, than u (with respect to the � condition), is not greater, than juj�1and, hence, is �nite. We have the followingProposition 2.155 a) An in�nite increasing (with respect to the � condition)chain of regular words contains an in�nite chain of lexicographically increasingwords.b) For each function F (n) there exists a function G(n), such that from eachincreasing chain of length G(n) of regular words ui: u0 � u1 � � � � � uG(n),such that ju0j = 1 and juij < F (maxj<i juj j), for all i, we can select a chain oflength n of lexicographically icreasing words. 2The following statement is a consequence of Propositions 2.155 and 2.153.Corollary 2.156 There exists a function H(n; k), such that each word v oflength � H(n; k) over an alphabet of k letters contains, either the n-th power ofa regular word, or n lexicographically comparable regular subwords. 275



De�nition 2.157 A word W is called strongly n-divided, if it is of the formW = u1v1 : : : unvnun+1, where v1 � v2 � � � � � vn and all words vi are regular.The following proposition is analogous to Proposition 2.24.Proposition 2.158 If a word V contains n pairwise comparable regular sub-words and is n-encountered in a word W , then W is strongly n-divided. 2Theorem 2.159 (E.I.Zel'manov) There exists a function G(n; k), such thateach word of length > G(n; k) over an alphabet of k letters, either contains then-th power of a regular word, or is strongly n-divided.Proof. In a word of length G(n; k) = n �H(n; k) � kH(n;k) some word of lengthH(n; k) is n-encountered. It remains to apply the previous proposition andCorollary 2.156. 2Remark. The kernel of our reasoning is the elimination of variables. Theoriginal proof of Shirshov height theorem has an analogous structure.The following proposition is a consequence of the above reasoning.Proposition 2.160 There exists a function T (n; k), such that each word oflength > T (n; k) contains, either n lexicographically comparable regular words,or a subword of the form cun, where c � u and c and u are regular words (hence,the word cui is regular, for all i). 2Proposition 2.161 a) Let u � t, then ukt � ult, if k > l.b) Let t � u, then ukt � ult, if k < l. 2Proposition 2.162 (\the pumping over") a) Let ti � u and ki � n, for alli. Let a word W is of the formW = v0cuk1t1v1cuk2t2 : : : vn�1ukntnvn == v0cuuk1�1t1 : : : vn�1cunukn�ntnvn:If � 2 Sn, then letW� = v0cu�(1)uk1�1t1v1cu�(2)uk2�2t2 : : : vn�1cu�(n)ukn�ntnvn:Then W �W�, for each non-identical permutation �.b) Let u � ti and ki � n, for all i, and let W be of the formW = v0cuk1 t1v1cuk2 t2 : : : vn�1cukntnvn == v0cunuk1�nt1 : : : vn�1cu1ukn�1tnvn:If � 2 Sn, then letW� = v0cu�(n)uk1�nt1v1cu�(n�1)uk2�n+1t2 : : : vn�1cu�(1)ukn�1tnvn:Then W �W�, for all � 6= id. 76



Proof. a) Let us consider the minimal �, such that �(�) 6= �. Then �(�) > �and we can use the previous proposition. The proof of item b) uses the analogousreasoning: the consideration of the maximal �, such that �(�) 6= �. 2Remark. In the \mixed" case the partition of powers uki , such that ki =k0i + k00i , is constructed from the left to the right: if ti � u, then k0i is themaximal, not previously used, number in the set f1; : : : ; ng, and, if u � ti, thenk0i is the minimal, not previously used, number in the same set. Then, as before,W �W� , for all � 6= id.De�nition 2.163 We say that a sparse identity holds in a Lie algebra, if thereexist coe�cients �� , � 2 Sp, such that the following equality always holdsX�2Sp �� � [y; x�(1); z1; : : : ; zk1 ; x�(2); zk1+1; : : : ; zk2 ; x�(3); : : : ; zkp�1 ; x�(p)] = 0:Let us sum the obtained results.Proposition 2.164 Let a sparse identity of degree n holds in a Lie algebra,and let W be a non-improvable word. Thena) this word W is not a strongly n-divided word;b) a word of the form vsn, where v � s and v and s are regular words, isnot a 2n-encountered word.Proof. The item a) is a consequence of Proposition 2.23. If a word W is ofthe formW = v0cuk1t1v1cuk2t2 : : : v2n�1cuk2nt2nv2n, then there exists a set of nsubwords cukiti, such that all ti satisfy, either the condition of the item a), or thecondition b) of Proposition 2.162. With the help of the sparse identity, W canbe represented as a linear combination of words W� , which are, by Proposition2.162, lexicographically smaller, than W . But W is non-improvable. We got acontradiction. 2Theorem 2.165 (S.P.Mizshenko) Each k-generated Lie algebra, in which asparse identity of degree n holds, has a bounded height over the set of regularwords.Proof. Let us prove that the set of non-improvable words has a bounded height.By Propositions 2.160 and 2.164, there exist a function R(n; k), such that eachregular word of length greater, than R(n; k), is not a 2n-encountered word. But,then the theorem is a consequence of Proposition 2.149. 2With the help of the same combinatorial technique we can prove the followingresult due to G.Higman.Theorem 2.166 LetW be a superword over the alphabet fx1; : : : ; xp�1g, wherep is a prime number. Then the sum of all indeces of variables (multiplicitiestaken into account), either in a beginning subword, or in some regular subwordin W is divisible by p. 277



2.3.3 On sandwichesThe superwords technique allows to prove the famous lemma about sandwiches,which is used in the proof of the local �niteness of algebraic Lie algebras.De�nition 2.167 An element x in a Lie algebra is called a sandwich, ifad(x)2 = 0 and ad(x) ad (y) ad(x) = 0, for each y in the algebra.If the characteristic of the ground �eld is di�erent from 2, then the secondcondition is a consequence of the �rst. It is easy to see that the commutator oftwo sandwiches is also a sandwich.Lemma 2.168 (on sandwiches, A.I.Kostrikin) If a Lie algebra is gener-ated by sandwiches, then it is locally nilpotent.Proof. Let fy1; : : : ; yng be a �nite set of sandwiches. Using the compactnesslemma and Theorem 2.169 (see below), we can prove that each word U of lengthn over an alphabet of n letters contains a subword of the form fgf , or of theform f2, where f and g are regular words. If we make a correct arrangementof brackets inside f and g, then, after the removing of them, the leading wordof the result coincides with U . But the correct arrangement of brackets givesus the sandwiches [f ] and [g], so we get a zero word in result. Hence, eachword of length n in the algebra of left multiplications is linearly representableby lexicographically smaller words. Then we shall get a contradiction, if we takea minimal nonzero word. 2Theorem 2.169 Each in�nite word W contains, either the square of a regularword, or a word of the form fgf , where f and g are regular words.Proof. (I.Bakelin.) It is enough to prove the existence of subwords of the formff or fgf , where f is a semiregular word and g is regular. Indeed, if f 0 is anend of f , f 0 � f , then f 0 is a beginning of f , the word ff contains the wordf 0f 0, the word fgf contains f 0gf 0, f 0 is semiregular and jf 0j < jf j. It remainsto use the induction.Then we can assume that W is a u.r. right superword, which is lexicograph-ically the greatest in the set of all right superwords with the same set of �nitesubwords. In this case each beginning (W )n is a semiregular word. The pe-riodic case is obvious, so let W be non-periodic. As W is u.r., then (W )n isin�nitely-encountered in W . For each natural n 2 N let us mark the startingposition of the second occurence of (W )n. (The �rst occurence is in the begin-ning.) Let b be a letter, which occurs in�nitely many times in marked positions.Then bW has the same set of �nite subwords, as W . Let us consider one suchposition. Let W = (W )lb(W )n, bW = b(W )lb(W )n. The letter b is a regularword, therefore, if (W )l is regular, then bW (and, hence, W also) contains asubword of the required form b(W )lb. Otherwise, (W )l = (W )rU , U � (W )l,and, by the semiregularity of (W )l, U is a beginning of (W )l, i.e., U = (W )k.78



By the property of marked positions, k < n. Hence, (W )k is a beginning of(W )n and W contains the subword (W )kb(W )k of the required form. 2Problems of Burside type in Lie PI-algebras can be solved with the help ofthe sandwiches method. The reasoning here is as follows. By factoring by themaximal locally nilpotent ideal, we come to an algebra without nonzero locallynilpotent ideals. In particular, such algebra has a zero center and such algebrahas an exact embedding into the algebra of left multiplications. Then we haveto �nd a Lie polynomial, such that all its values are sandwiches. As its imageis an ideal, then, by the sandwiches lemma, this ideal is locally nilpotent, andwe get the required contradiction.2.3.4 On the combinatorial analysis speci�c character in Lie algebrasIn the associative case we have a polynomial growth of f.g. PI-algebras. Thisfact is a consequence of the height theorem. But, a Lie algebra, generated bygeneric vector �elds on a manifold, is relatively free and can have an intermediategrowth: VL(n) ' cpn. The simplest such algebra is the algebra of vector �eldson the real line. We can assume, that one of those �elds is d=dx, then thisalgebra L can be considered, as the algebra of functions with the bracket [f; g] =f 0g � fg0. d=dx corresponds to the function f = 1. As L doesn't have theexponential growth, then it has relations; as it is generated by generic �elds,then it is relatively free and, therefore, is a PI-algebra. On the other hand,the height theorem doesn't hold in L, because it has an intermediate growth(hence, the sparse identity doesn't hold also). Therefore, there exists a non-periodic u.r.superword, which doesn't contain a descending chain of regularsubwords, which occured in succession. An example of such subword was givenby A.D.Chanyshev.At �rst, the speci�c character of Lie algebras must be studied for Lie algebrasof vector �elds. The exact description of bases is very di�cult even in the asso-ciative case, therefore we have to describe bases approximately, i.e., to constructmore and more \narrow" sets of elements, which generate the algebra, as a vec-tor space. The other method is to construct bases in \close" extensions. In thealgebra of functions with the operation [f; g] = f 0g� fg0, for example, which isgenerated by f and 1, components of functions, which are produced from mono-mials of degree n, are of the form (f (n1))k1 : : : (f (ns))ks , n1 > n2 > : : : > ns,Pniki � n. The intermediacy of the growth of this algebra is a consequence ofthis formula.The study of the algebra radical is di�cult, because we don't have a classi-�cation of simple Lie PI-algebras. We think, that this is impossible to obtainsuch classi�cation. The fact is that a set of vector �elds, which componentssatisfy a complete system of algebraic di�erential equations, generates a simplePI-algebra. The problem about the isomorphism of such algebras is, proba-bly, algorithmically unsolvable (we think that this fact can be derived from79



Y.M.Matiyasevich result). To obtain a proof of this statement is an importanttask. Therefore, the classi�cation of simple Lie PI-algebras is possible up tovarieties, generated by them (or, which is the same, up to universal attractorsin suitable categories of simple Lie algebras). And, at �rst, Lie algebras ofvector �elds and their \almost bases" must be studied. It is true that simplealgebras correspond to G-structures, which allow a description? Let us rewritethe equality [f; g] = f 0g � g0f as [f; g] = f � g � g � f , f � g = f 0g = rg(f),where r is a connectedness on the real line. To each plane connectedness rcorresponds the operation �, such that [f; g] = f � g � g � f . This operationcan be useful in study of Lie algebras of vector �elds. A G-structure, of course,can have a curvature and doesn't admit a plane connectedness. Therefore, theproblem arises about embeddings of a Lie PI-algebra into the PI-algebra A�with the operation f � g = rf (g).Problems about the growth of algebras are also interesting. Is it true thatthe growth of a f.g. PI-algebra is not greater, than cpn? (For Lie algebrasof vector �elds on �nite-dimensional manifolds it is true.) Also interesting isthe problem about the number of subwords in a word, which doesn't contain adescending chain of length n of regular subwords, which occurs in succession.Probably, to obtain a constructible proof of E.I.Zel'manov results we haveto learn, at �rst to spoil, and then to improve: the naive approach of the directsimpli�cation is without perspectives here.The notion of the canonical form and many results about the combinatorialanalysis in Lie algebras can be generalized to the \supercase" also (see [39], [85],[40], for example).2.4 The growth of algebras and radical propertiesIn this section we shall prove the absence of algebras with the growth fuctionbetween linear one and the function n(n+3)=2. (Let us remind that this problemcan be reduced to the monomial case.) The proof is based on the considerationof relations between radicals and superwords. Let A be a �nite alphabet ofmore, than one letter. An algebra A is called an algebra of the slow growth, ifVA(n) = O(n).De�nitions. LetWR be the set of words, which occur in words of A on arbirarybig distance from an end, and WL be the set of words, which occur in wordsof A on arbitrary big distance from a beginning, and WRL { from both endssimultaneously. Let TR(n) be the number of words of length n in WR andTL(n) and TRL(n) be the same for WL and for WRL, respectively. Let JL =id(Wd(A)=WL), JR = id(Wd(A)=WR), JRL = id(Wd(A)=WRL).Obviously, WRL �WR \WL, JR+JL � JRL, TRL(n) � min(TL(n); TR(n)),for all n, T (n) � max(TL(n); TR(n)), for all n.The following example demonstrates that these inclusions are proper.80



Example. A = F ha; bi=id(aba; b2). All words in this algebra are of the formsan, b, anb, ban, hence, b can be occured in an arbitrary big distance from bothends, but not from both ends simultaneously.By the �niteness of the set of words of a bounded length, the followingstatement is true.Proposition 2.170 Let A be a f.g. monomial algebra. Then there exists afunction k(n), such that for each word u of length � n the following conditionholds: if u can be occured on the distance � k(n) from the right end, thenu 2WL, if u can be occured on the same distance from the left end, then u 2WR,if u can be occured on the same distance from both ends simultaneously, thenu 2WRL. 2The sets WRL, WR, WL can be characterized in terms of superwords. Bythe compactness considerations (see Lemma 1.32), we haveProposition 2.171 WL is the set of words, which occur in a left superword,WR { in a right superword, WRL { in a superword. 2Corollary 2.172 JL(A=JL) = 0, JR(A=JR) = 0, JRL(A=JRL) = 0. 2Remark. Let us note that the ideals JL, JR and JRL are nilpotent and belongto B0(A) { the union of all nilpotent ideals. But, in a general case, B0(A=B0) 6=0. By the periodicity theorem (Corollary 2.54) and the above considerations,we haveProposition 2.173 a) TRL(n+1) � TRL(n), TR(n+1) � TR(n), TL(n+1) �TL(n).b) If the equality TR(n + 1) = TR(n) holds, then all right superwords arepseudoperiodic of order TR(n), if TL(n + 1) = TL(n), then all left superwordsare right pseudoperiodic of order TL(n), and, if TRL(n+ 1) = TRL(n), then allsuperwords are pseudoperiodic of order TRL(n). 2Proposition 2.174 a) If TR(n+ 1) = TR(n), then each word in A is uniquelyde�ned by its beginning subword of length n and its end subword of length k(n).For TL(n) the analogous statement holds.b) If TRL(n + 1) = TRL(n), then each word in A is uniquely de�ned by itsbeginning and its end subwords of length n+ k(n). In this case each word in Ais of the form sw0t, where w0 is quasiperiodic of order TRL(n) and s and t havelength � k(n). Each word in A is a product of a word from WR and a wordfrom WL.c) If one of the inequalities TRL(n + 1) � TRL(n), TR(n + 1) � TR(n),TL(n+1) � TL(n) becomes the equality for some n = n0, then all this inequalitiesbecome equalities for n > n0 + k(n0) and the function T (n) is bounded.81



d) If TRL(n0 + 1) = TRL(n0), then A has the slow growth, beginning from2n0 + 2k(n0); if TR(n0 + 1) = TR(n0) or TL(n0 + 1) = TL(n0), then A has theslow growth, beginning from n0 + k(n0).e) The conclusion of the item d) holds, if the equality of the form T (n0+1) =T (n0) is substituted by the inequality T (n0) < n0 + 1.f ) If TA(n+ 1) < n+ 1, then A has the slow growth.g) If VA(n+ 1) < n(n+ 3)=2, then A has the slow growth.Proof. The items a) and b) are consequences of the previous proposition, theitems c) and d) are consequences of a) and b). The item e) is a consequence ofthose fact that, if T (1) 6= 1 and T (n) < n+ 1, then T (n+1) � T (n). The itemf) is a direct consecuence of c) and the item g) is a consequence of the equalityPni=1(i+ 1) = n(n+ 3)=2. 2The following theorem is a consequence of Proposition 2.174 b).Theorem 2.175 a) If A has the slow growth, then, for n su�ciently big,TA(n) � TR(n) � TL(n).b) Let d = limT (n), e = limT (n), then e2 � d.c) The following limits limn!1(TA(n)�n) and limn!1(VA(n)�n(n+3)=2)always exist. 23 Uniformly reccurent words and radicals inmonomial algebrasIn this chapter, for simplicity sake, we shall consider only monomial algebraswithout unit.3.1 The nilradical and the Jacobson radicalThere are no simple monomial algebras (except the zero algebra), so the correctanalog of the simplicity notion is the notion of almost simplicity. A non-nilpotentalgebra A is called monomially almost simple, if each its factor, by an ideal,generated by a monomial, is nilpotent; A is called almost simple, if each itsfactor is nilpotent. Obviously, each almost simple algebra is monomially almostsimple. By a word in A we shall understand a nonzero word, by an in�nite word{ an in�nite word without zero subwords. By k will be denoted the number ofletters in the alphabet, under consideration, or the number of generators in thealgebra.De�nition 3.1 Let W be an in�nite word. Then AW is an algebra, such thatall its relations are of the form v = 0, where v is a word, which is not a subwordin W . 82



The following theorem presents a description of all almost simple and mono-mially almost simple algebras.Theorem 3.2 Let A be a monomially almost simple algebra. Then there existsa u.r. word W , such that A = AW . This algebra A is almost simple, only if Wis not periodic.This theorem is a consequence of Proposition 3.4 below.De�nition 3.3 a) A word c is called dense encoutered in an algebra A, if thereexist a constant M and arbitrary long nonzero words in A, such that eachsegment of length M of such word contains c.b) A word c is called dense in an algebra A, if all, su�ciently long, nonzerowords in A contain c.Let us remind that a word is called uniformly recurrent (u.r.), if each itssubword is dense encoutered in it. Let us note that, if A is monomially almostsimple, then each word in it is a dense encountered word. Indeed, the factor bysome word is nilpotent of index n, and this n can be taken, as a constant Mfrom de�nition.Proposition 3.4 a) A word c is dense encountered in an algebra A, only if cis dense in some superword W in A.b) This superword W can be considered, as u.r. word.Proof. Obviously, if c is dense inW , then c is dense in the algebra. The inversestatement can proved in the following way, let us consider a set of words fwigof unbounded length, such that c occurs in each segment of wi of length M .Now we can apply the lemma about superwords construction. The item b) is aconsequence of Theorem 1.21. 2The following theorem gives us the description of the nilradical in a monomialalgebra.Theorem 3.5 N(A) is the intersection of all monomially almost simple idealsin A. In other words x 2 N(A) , x is projected into 0 for each monomiallyalmost simple factor , if x = P�ici; �i 6= 0, is a representation of x, as alinear combination of words ci, then each ci is not a dense encountered word.Proof. The theorem is a consequence of the following two propositions.Proposition 3.6 Let a word u is not dense encountered, then u 2 N(A).Proof. If u =2 N(A), then for some fcig and fdig, the sum x = P�iciudi isnot nilpotent. Let M = max(jcij+ jdij)+ 2juj. Then each power of x is a linearcombination of words, such that an arbitrary segment of length M in each ofthem contains u. 283



Proposition 3.7 Let a word u 2 N(A), then u cannot be dense encountered.Proof. Let u occurs in each segment of length M of some superword W . Letus represent W as a product of words ciu, such that each beginning segment ofciu doesn't contain u. As jcij < M , then there are only �nite number of suchwords ci. If x =P ciu, then x 2 id(u) and x is not nilpotent, because each itspower contains a subword, which is also a subword in W , and all terms, whichare produced after the removing of parentheses in (P ciu)n, are di�erent. 2Proposition 3.8 Let A be an almost simple monomial algebra. Then its Ja-cobson radical J(A) equals zero. 2Theorem 3.9 If an in�nite word W is periodic with the period n, then AW isprime and representable. There exists a monomorphism of AW into the algebraof n�n matrices over a polynomial ring and also exists an epimorphism of AWonto the algebra of n� n matrices over the ground �eld.Proof. The primarity is a consequence of those fact that for each two nonzerowords u; v in AW , there exists a word w 6= o, such that uvw 6= 0. The construc-tion of the AW representation see in Chapter 5. 2The algebra Au, which corresponds to a periodic u.r. word u, is not almostsimple, for example, Au= idfu � u2g is not nilpotent. However, the followingproposition holds.Proposition 3.10 If I 6= 0 is a homogeneous ideal in Au, then Au=I is nilpo-tent.Proof. Let I 3 s = �0c0 +Pki=1 �ici, jcij = jc0j, ci 6= c0, for i 6= 0. Each wordR in Au of length > 2juj + jc0j, is of the form R = v1c0v2, where jv1j � juj.Hence, I 3 v1sv2 = �0v1c0v2 +Pki=1 �iv1civ2 = �0R, because the last sum, byProposition 2.3, equals zero. 2The following proposition was proved above (Theorem 2.49).Theorem. LetW be a u.r. nonperiodic word. Then, if I 6= 0 is an ideal in AW ,then I contains a monomial, hence, I contains all su�ciently long monomials,so the quotient algebra AW =I is nilpotent.Corollary 3.11 a) If W is a nonperiodic u.r. word, then each ideal in AWcontains a word and AW is almost simple.b) The Jacobson radical of a monomial algebra coincides with its nilradical.Proof. The item a) is a direct consequence of the above formulated theorem.The item b) is a consequence of Theorems 3.5, 3.2, 3.9, Proposition 3.8 and a).2Let us note that in the automata case we have N(A) = J(A) = B(A) (see5.3). In the case of monomial algebras we have only that N(A) = J(A).84



3.2 Uniformly recurrent words and the classi�cation ofweakly Noetherian monomial algebrasThis section is dedicated to the classi�cation of weakly Noetherian monomialalgebras. It is known that all left-Noetherian (right-Noetherian) monomial al-gebras are automata algebras (Corollary 5.39). However, for weakly Noetherianalgebras (which satisfy the chain condition for ascending chains of bilateral ide-als) it is not so. For example, if W is a u.r. nonperiodic word over a �nitealphabet, then the non-automata algebra AW is �nitely generated and doesn'tcontain any ideals with a non-nilpotent factor (see Theorem 2.49), hence, it isNoetherian.The description of weakly Noetherian monomial algebras can be done interms of u.r. words. A family U , which consists of (super)words, will be calledNoetherian, if it is �nite and each element in U is either a �nite word, or asuperword, which is a join of u.r. segments, after a deletion of a �nite part. Inother words, each element in U belongs to one of the following types: 1) a �niteword;2) a right superword of the form uW , where juj < 1 and W is a u.r.superword;3) a left superword of the form Wu, where juj < 1 and W is a u.r. super-word;4) a superword of the form W1uW2, where juj <1 and W1 and W2 are u.r.superwords;5) a u.r. superword.Theorem 3.12 A monomial algebra A is weakly Noetherian , there exists aNoetherian subset U , such that A = AU .The following statement is a direct consequence of this theorem.Proposition 3.13 A weakly Noetherian algebra A is an automata algebra, onlyif all u.r. subwords of superwords from U are periodic. In this case to �nitewords correspond segments of the graph, to u.r. words correspond cycles, towords of the type 2 correspond cycles with ingoing segments, to words of the type3 correspond cycles with outgoing segments, to words of the type 4 correspondpairs of cycles, joined by a bridge. 2For the proof of Theorem 3.12 we shall need some auxiliary statements.Lemma 3.14 Let a monomial algebra B contains a set of nonzero words of theform cvic, where jvij ! 1 and, for each i, c is not a subword in vi. Then B isweakly Noetherian. 2Corollary 3.15 a) Let A be a weakly Noetherian monomial algebra. Then foreach c 2 Wd(A) there exists a constant '(c), such that, for all u 2 Wd(A) ofthe form u = cvc, each segment in u of length '(c) contains c.85



b) If a right superwordW has in�nitely many occurences of c, then, beginningfrom some position, each segment inW of length '(c) contains c. The analogousstatement is valid for left superwords.c) If a superword W has in�nitely many occurences of c, both to the leftand to the right from the given position, then each segment in W of length '(c)contains c. 2So, the in�nite encouteredness is equivalent to the dense encounteredness,moreover, the density is bounded from below for all superwords in an algebra.We shall need the following proposition.Proposition 3.16 The number of pairwise nonequivalent u.r. superwords in aweakly Noetherian monomial algebra is �nite.This proposition is a consequence of the following lemma.Lemma 3.17 Let fWig1i=1 be an in�nite sequence of pairwise nonequivalentu.r. superwords. Then for some k there exist a �nite word v � Wk and anin�nite subsequence of superwords fWijg1j=1, such that v doesn't occur in Wij .Proof of Proposition 3.16. Let fWig1i=1 be an in�nite sequence of pairwisenonequivalent u.r. superwords from A. Applying the above lemma to fWig1i=1and then to fWijg1j=1 and so on, we get an in�nite sequence of words vi, whichdon't contain each other. They generate the ideal, which is not �nitely gener-ated. 2Proof of Lemma 3.17. Let us suppose the contrary. Then, for each subwordv of word from fWig1i=1, we can �nd a number N(v), such that v is containedin all words Wi, i > N(v). By Lemma 3.14, each segment of the superwordWi, i > N(v), of length '(v) contains v. Let ui be an arbitrary subword in Wiof length i. By the compactness lemma, there exists a superword U , such thateach its subword is also a subword in some ui. For each v � U each segment inU of length '(v) contains v. The same is true for each subword c in an arbitraryWi. Hence, U is uniformly recurrent and contains all subwords of all Wi. Buta u.r. word (see Theorem 1.31) has a minimal with respect to the inclusionset of �nite subwords. Therefore, U is equivalent to each Wi, hence all Wi areequivalent to each other. We have a contradiction. 2As was proved above, the nilradical N(A) is the intersection of all mono-mially almost simple ideals. Each such ideal consists of all non-subwords of au.r. word and, by the above proved statement, the set of all monomially almostsimple ideals is �nite.Let fcigki=1 be generators of N(A) (by the weak Noetherity of A, the set ofgenerators is �nite). As ci cannot be dense encountered, then, by Lemma 3.14,we have the following proposition. 86



Lemma 3.18 a) There exists a natural k, such that in each word v 2 Wd(A)we can �nd a subword u of length k, such that v = sut, where s and t aresubwords of a u.r. word in A (i.e., s and t don't belong to N(A)).b) For all su�ciently big k and for each word v 2 N(A) of length k, a wordfrom Wd(A) cannot have more, than one occurence of u. 2(The item b) is a consequence of the quasiperiodicity of solutions of anequation uw = su, see Proposition 2.7.)By the item b) and the weak Noetherity of A, we haveLemma 3.19 Let juj = k, u 2 N(A). Then the bilateral ideal, generated by u,is �nitely generated as a left ideal. The same is true for right ideals. 2This lemma means the �niteness of the number of branchings in the graphof left (right) multiplications.For the proof of Theorem 3.12 it remains to use this lemma.3.3 The Baire radical in monomial algebras. Prime wordsDe�nition 3.20 An in�nite word W is called prime, if each its subword hasin�nitely many occurences in W .Remark. Each u.r. (and, in particular, periodic) word is prime. The inversestatement is not true: a word, which contains any combination of letters, isprime, but is not u.r., because in this word we can �nd arbitrary long segmentsof the form bn (b is a letter), which doesn't contain any other letters. The ideato study prime words is due to T.Gateva.The following fact is well known.Theorem 3.21 A is semiprime , the Baire radical B(A) = 0. 2Theorem 3.22 a) A countably-generated monomial algebra A is prime onlywhen A = AW for some prime superword W .b) A monomial algebra A is semiprime , there exists a family of primewords W = fWig, such that A = AW .c) If A is an arbitrary monomial algebra, the A is prime , there exists afamily of prime words W = fWig, such that A = AW , and for each Wi, Wjthere exists Wk, such that each subword from Wi or Wj is contained in Wk.Corollary 3.23 The Baire radical B(A) is the intersection of all ideals IW ,where W is a prime word.Remark. A is monomially prime and a PI-algebra, A is of the form AW forsome periodic word W = u1. 87



Proof. If A satis�es the theorem conditions, then no word from A can generatea nilpotent ideal. Then, with the help of the standart reasoning, which use thestudy of leading terms, at �rst with respect to the length, and then with respectto the lexicographic ordering, we can easily prove that no element from A cangenerate a nilpotent ideal. Hence, A is semiprime.If there exists a family, described in the item c), then each two words havea simultaneous occurence in the given order in some third word. Therefore, theproduct of ideals, generated by words, is not zero. The consideration of leadingterms of a maximal length demonstrates that the product of any two ideals isnot zero. Hence, in the case c) A is prime.It remains to check the existence of required families of words, when A isprime or semiprime.Let us begin with the item b). Let v is a word in A. It is enough to constructa prime word in A, which contains v. Hence, it is enough to construct a familyfvig of words in A, such that v0 = v, vi+1 = vicividivicivi. As each vi+1 is of theform rvis, then all vi can be united in a superword v1, and each subword in thissuperword is also a subword in some vi. As vi has in�nitely many occurences inv1, then v also have the same property. Therefore, the superword v1 is prime.So, let vi be already constructed. As A is semiprime, then v0i = vicivi 6= 0,for some ci, analogously, v0idiv0i 6= 0, for some di. Hence, vi+1 is constructed.The item b) is proved.Let us prove a). In this case the number of words in A is countable. Let usenumerate them. Let fuig1i=0 be the set of all words in A. We have to constructa prime word, which contains all ui.For this it is enough to construct a family of words fvig, such thatv0 = u0; vi+1 = viciuidiviciuieiviciuidiviciuiIn this case each vi+1 is of the form rvis and all fvig can be united in aprime word, which contains each ui in�nitely many times.Let vi is already constructed. As A is prime, then v0i = vicivi 6= 0, for someci. Analogously, v00i = v0idiv06 = 0, for some di, and v00i eiv00i 6= 0, for some ei. So,vi+1 is constructed. The item a) is proved.The item c) is a direct consequence of a) and b). 24 The category of monomial algebrasWhen we consider the category of monomial algebras with a �xed set of gen-erators, the following question naturally arises. Let two monomial algebras areisomorphic, as algebras. Is it true that they are isomorphic, as monomial al-gebras, also, i.e., does there exist an isomorphism, which maps generators intogenerators?K.Shirayanagi in [93] proved that the answer is positive for �nite-dimensionalmonomial algebras with adjoined unit. We shall prove that the answer is also88



positive for �nitely generated monomial algebras without unit. The same prob-lem for the case of �nitely generated monomial algebras with unit and for thein�nitely generated case is open.Theorem 4.1 Let A and A0 be two �nitely generated isomorphic monomialalgebras without units. Then there exist an isomorphism between A and A0,which maps generators into generators.Proof. As dimensions of the quotient spaces A=A2 and A0=(A0)2 are equal tonumber of generators, then A and A0 have the same number of generators. Theprojections of generators constitute F -base in the quotient spaces.The following proposition means that the set of monomial generators is de-�ned by the maximal set of monomial relations.Proposition 4.2 Let A be a monomial algebra with monomial generatorsa1; : : : ; as and let b1; : : : ; bs be another set of generators. Let bi =Pj �ijaj+b�i ,where b�i 2 A2, �ij 2 F . Let, moreover, �ii 6= 0, for all i. Then, for eachword w(x1; : : : ; xs) from Wdhx1; : : : ; xsi, we have that w(a1; : : : ; as) = 0, ifw(b1; : : : ; bs) = 0.Proof of Proposition 4.2. The consideration of terms of smaller degrees re-duces the proof to the case, when b�i = 0.In this case, if we substitute bi in w(b1; : : : ; bs) by bi =Pj �ijaj and removethe parentheses, then the term, which is produced by the substitution bi ! �iiai,is proportional to the word, which is di�erent from all other terms. Hence, it iszero. Proposition is proved. 2Let us note that, by the linear independency of projections of bi in A=A2,the elements Pj �ijaj are linearly independent, so the conditions �ii 6= 0, forall i, can be obtained by a renumeration of generators bi. By this propositionwe have that there exists a set of generators with a maximal, with respect tothe inclusion, set of monomial relations.Let us complete the proof of the theorem. Let us identify the algebras Aand A0 and let � be a set of s generators with a maximal, with respect to theinclusion, set of monomial relations between them. This relations hold in A andA0 after some renumeration of generators. (Conversely, monomial relations inA and A0 hold for the system �.) As all relations in A and A0 are monomial,then A and A0 are isomorphic. 2Corollary 4.3 If A and A0 are �nite-dimensional monomial algebras with ad-joined unit, which are isomorphic, as algebras, then they are isomorphic in thecategory of monomial algebras with a �xed set of generators.Proof. The unit is mapped to the unit under an isomorphism and nilpotentsare mapped into nilpotents. The sets of nilpotents constitute monomial algebraswithout units, which are isomorphic, by the above theorem. 289



The following statement is obvious.Proposition 4.4 In the category of monomial algebras the direct sums are de-�ned. Let A = �Ai, then N(A) = �N(Ai), J(A) = �J(Ai), B(A) = �B(Ai),Bord(A) = supB0(Ai). (The notion of the Baire order Bord will be de�nedbelow.) 2De�nitions. Let us de�ne algebras A�, radicals B� � A and projections �� :A ! A�, 0 ! B� ! A ���! A� ! 0 for all ordinals � with the help ofthe trans�nite induction. If � < �0, then there exist a monomorphism I�;�0 :B� ! B�0 and an epimorphism ��0;� : A�0 ! A�. All this morphisms willsatisfy natural conditions of the commutativity: if � < �0 < �00, then I�;�00 =I�;�0 � I�0�00 , ��00;� = ��0� � ��00;�0 .Let A0 = A and let B0(A) be a radical, which consists of all elements ofalgebra, which generate the nilpotent ideal.Let � = �0 + 1 be a non-limit ordinal, then let A� = A�0=B�0 , where B� isthe inverse image of B0(A�) under the natural projection �� : A ! A�. Themaps I�;� and ��;� are de�ned in the natural way.Let � be a limit ordinal. In this caseB� = lim�!B�0 ; A� = A=B�:The maps I�;� and ��;� are de�ned in the natural way.De�nition 4.5 The minimal �, such that A� = A�+1 = : : : = A� , for all� � �, is called the Baire order of A and is denoted by Bord(A).Theorem 4.6 a) For each ordinal � there exists a monomial algebra A, suchthat Bord(A) = �.b) A monomial 2-generated algebra A, such that Bord(A) = �, exists onlywhen the ordinal � is �nite or countable.Proof. a) Let us use the trans�nite induction. If � is a limit ordinal, thenProposition 4.4 ensures the inductive step. Let now � = �0 + 1.Let A = A(�0) be an algebra with the Baire order �0. We shall de�neA(�) { an algebra with the Baire order �, as an extension by an element c ofthe conutable direct sum A0 = �Ai, where all Ai are isomorphic to A. LetA00 = A0 � F hci=I , where I is the ideal, generated by elements:1) c2; cuc, where u doesn't contain c and u =2 B(A0) = B�0(A0);2) cucvchc, where u and v belong to the same Ai and v is an arbitraryelement in A00.Let A(�) = A(�0)00.By the inductive supposition, Bord(A(�0)) = �0. The item a) of the theoremis a consequence of the following proposition.90



Proposition 4.7 a) B�0(A(�)) � �B�0(Ai), for all �0.b) Let I be a monomial ideal in A(�0). Then there exist a monomial idealI 00 = id(�xi;xi 2 I) and an epimorphism A00 ! A00=I 00.c) If B�0(A) 6= 0, then c doesn't generate a nilpotent ideal. If �00 < �0,then the projection of c into the algebra A00= id(�B�00(Ai)) doesn't generate anilpotent ideal.d) c =2 B�0(A00), Bord(A(�)) > �0, Bord(A(�)) � �.e) The projection of c into the algebra A00= id(�B�0(Ai)) generates an idealof the nilpotency degree 2, hence c 2 B�(A00).f ) A(�)= id(c) �= �Ai.g) Bord(A(�)) � �.Proof of Proposition 4.7. Items a), b), c), e) and f) are obvious. The Itemd) is a consequence of c). The item g) is a consequence of e), f) and the inductivesupposition. 2Let us come to the proof of the item b) of the theorem. The necessaty ofthe countability of the ordinal � is obvious. Let us prove the su�ciency.Let us note that, if � is countable, then, the previously constructed algebraA(�), is countably generated. Hence, it is enough to de�ne an inclusion of acountably generated algebra into a suitable 2-generated algebra, which preserveall radical properties.So, let A be a countably generated monomial algebra and faig1i=1 be itsgenerators. Let us correspond the empty word to the empty word, words baib 2Wdha; bi to generators ai, and let us consider the algebra A^ = F ha; bi=I , whereI is the ideal, generated by the following elements: 1) b3; 2) aba; 3) words, whichcorrespond to the zero word in the algebra A, under the substitution baib! ai.Let us prove that A(�)^ is the required algebra, i.e., Bord(A(�)) =Bord(A(�)^). This statement is a consequence of the following proposition.Proposition 4.8 a) A can be embedded into A^.b) To a monomial epimorphism h : A ! B, which maps generators intogenerators with the same numbers, naturally corresponds the epimorphism ofalgebras h^ : A^ ! B^.c) B0(A) can be embedded into B0(A^).d) If there is no nilpotent ideals in A, then there is no nilpotent ideals inA^; if B0(A) = 0, then B0(A^) = 0; if B(A) = 0, then B(A^) = 0.e) B(A) can be embedded into B(A^).f ) B�(A) can be embedded into B�(A^).g) Let words u and v contain occurences of elements, which correspond to aword from A, and let uv 6= 0. Then, there exist words s; t; x; y of the forms: �{ the empty word, b, akb, tb, bam, and the following conditions hold: u = su0t,v = xv0y and the words u0, v0 and tx correspond to words from A (tx correspondsto a generator or to the empty word). 91



Proof of Proposition 4.8. Items a), b) and g) are direct consequences of def-initions. The item d) is a consequence of those fact that each nonzero word inA^ can be extended to a word, which corresponds to a word in A. Let us provec). Each nonzero word in A^ can have one of the following formsb; b2; an; ambuban; anbu; ubam; u; anb2am; anb; bam;where n;m � 0 and u is a word, which corresponds to a nonzero word in A.Therefore, except the border e�ects, we have the complete correspondence.Let a word v generates a nilpotent ideal in A and let u corresponds to v. Thena nonzero word in A^, which has n di�erent occurences of u, is of the form srt,where s has one of the following forms: � { the empty word, b, akb; t has one ofthe following forms: �, b, bam; and r corresponds to a word in A, which has ndi�erent occurences of v. Hence an element from B0 corresponds to an elementfrom B0. Item c) is proved.Items d) and e) are consequences of the trans�nite induction reasoning.So, the proposition, and the theorem also, are proved. 25 Automata algebrasThe main object of study in this chapter is automata (monomial) algebras. Thenotion of an automata algebra is the natural generalization of the notion ofa �nitely generated monomial algebra. Almost all results, which are valid for�nitely generated monomial algebras, are also valid for automata algebras.Everywhere in this chapter the term \algebra" means a monomial algebra.Moreover, we shall assume that each algebra has the unit, which is representedas the empty word (from generators).Let us remind some well known de�nitions from the �nite automata theory.Let we are given an alphabet (i.e., a �nite set) X . By �nite automaton (FA)with the alphabet X of input symbols we shall understand an oriented graph,which edges are marked with the letters from X . One of the verteces of thisgraph is marked, as initial, and some verteces are marked, as �nal. A word w inthe alphabet X is called accepted by a �nite automaton, if there exists a pathin the graph, which begins at the initial vertex and �nishes in some �nal vertex,such that marks on the path edges in the order of passage constitute the wordw. By a language in the alphabet X we understand some subset in the set ofall words (chains) in X . A language L is called regular or automata, if thereexists a �nite automaton, which accept all words from L and only them.There are several variants of de�nition of a �nite automaton. An automatonis called determinate, if all edges, which start from one vertex are marked bydi�erent letters (and there are no edges, marked by the empty chain). If wereject such restriction and also allow edges, marked by the empty chain, thenwe shall come to the notion of a non-determinate �nite automaton. Also we can92



allow an automaton to have several initial verteces. The following result fromthe �nite automata theory is well known: for each non-determinate FA thereexists a determinate FA, which accepts the same set of words.It will be convenient for us to consider the class of non-determinate FA,which are produced from determinate, by marking all verteces, as initial and�nal simultaneously. The reason of this is that the language of nonzero words ina monomial algebra has the following property: each subword of a word, whichbelongs to the language, is also belongs to it.De�nition 5.1 Let A be a monomial algebra (not necessary �nitely de�ned).A is called an automata algebra, if the set of all its nonzero words from Agenerators is a regular language.Obviously, a monomial algebra is an automata algebra, only if the set of itsnonzero words is the set of all subwords of words of some regular language.Let us give another (equivalent) description of automata algebras.De�nition 5.2 Let u be a nonzero word in an algebra A. A word v is calledan extension of u, if uv 6= 0.Words u and w in A are equivalent, if the set of all extensions of u coincideswith the set of all extensions of w.Proposition 5.3 A monomial algebra is automata, only if the set of all itsnonzero words has a �nite number of equivalency classes.Proof. Obviously, the set of equivalency classes is �nite, if the algebra isautomata. Let the number of classes is �nite. We shall give a construction of aminimal determinate automaton of the algebra A.Verteces: equivalency classes of nonzero words in the algebra A.Edges: a vertex fug is connected by an edge with a vertex fvg, which is directedfrom u to v and is marked by a, where a belongs to the set of A generators,if ua � v (i.e., the word ua belongs to the equivalency class of the wordv).The initial vertex: the equivalency class of the empty word.The set of �nal verteces: each vertex is �nal.It is easy to check that this de�nition is correct and that the language, whichis de�ned by thus constructed �nite automaton, coincides with the set of nonzerowords in A. Moreover, this �nite automaton also has the minimality property:each two its verteces are nonequivalent, i.e., there exists a path, which beginsin one of these verteces, such that there doesn't exist a path, which begins inanother vertex, with the same marks on edges. (Di�erent verteces, if we considerthem as initial, generates di�erent languages.) 293



Proposition 5.4 A �nitely de�ned monomial algebra is automata.Proof. Let the maximal degree of de�ning relations of the algebra is n. Thenthe set of extensions of each nonzero word of length � n� 1 is uniquely de�nedby its end of length n� 1. Hence, the number of equivalency classes of nonzerowords is not greater, than the number of nonzero words of length � n � 1.2The inverse statement is wrong: the class of automata algebras is broader,than the class of �nitely generated monomial algebras. Let us consider, forexample, a monomial algebra with three generators fa; b; cg and in�nite numberof relations fabnc = 0; n = 0; 1; : : :g. This algebra is automata, but not �nitelyde�ned.De�nition 5.5 A superword W is called automata, if the set of its subwordsconstitutes a regular language.Proposition 5.6 The following properties of a superword W are equivalent:a) W is automata;b) W can be embedded in the above de�ned graph;c) the set of subwords in W has a �nite number of equivalency classes, suchthat the substitution of a subword s in a word v, by an arbitrary subword in thesame class, preserves the property of \being a subword" in W . 2Proposition 5.7 a) A u.r. word is automata () it is periodic.b) A prime automata superword can be embedded into a strongly connectedgraph.c) A prime automata algebra is of the form AW , where W is a prime au-tomata superword, which can be embedded into the graph of this algebra. 25.1 Growth functions of automata algebrasLet �(A) be a minimal determinate graph of an automata algebra A. A vertexis called cyclic, if there exists a path, which begins and ends in this vertex. Avertex is called twice cyclic, if there exist two di�erent paths, which begin andend in this vertex and which don't pass through any other vertex twice. Inother words, a vertex is twice cyclic, if it belongs to two di�erent cycles. Acycle is a subgraph in the given graph, which contains a path with the followingproperties: 1) it begins and ends in the same vertex; 2) it doesn't pass throughany other vertex twice.Let a graph � doesn't contain any twice cyclic verteces. A chain is a subgraphin �, which consists of the sequence of edges, such that: 1) the end of one edgeis the beginning of the next; 2) any vertex can occur in this sequence onlyonce. By a simple graph in � we shall call a subgraph, which consists of a �nitenumber of cycles, enumerated by numbers 1; 2; : : : ; d and such that any pair of94



adjacent cycles with numbers i; i+ 1 is connected by exactly one chain, whichis directed from the i-th cycle to the i+1-th. There can be one chain, which isingoing into the �rst cycle, and there can be one chain, which is outgoing fromthe last cycle. The number d of cycles is called the length of a simple graph.-����-����- : : : -����-A simple subgraph is a minimal subgraph (in a graph without twice cyclicverteces), which contains a path.Theorem 5.8 (V.A.Ufnarovski) Let A be an automata algebra and �(A) beits minimal determinate graph.1) If �(A) has a vertex, which belongs to two di�erent cycles, then A has anexponential growth function.2) If �(A) doesn't have any twice cyclic verteces, then A has a polynomialgrowth function. The power of the growth (Gelfand-Kirillov dimension) equalsto the number of cycles in the maximal simple subgraph in �(A).Proof.1) Let v be a vertex, which belongs to two di�erent cycles C1 and C2, let u1be the word, which corresponds to the path from v to v along C1 (i.e., whichconsists of marks on C1 edges in the order of passage), and let u2 be the word,which corresponds to C2. The item 1) is a consequence of those fact that u1and u2 generate a free rank 2 subalgebra in A.2) Let us denote by d the length of a maximal simple subgraph. Let V (n)be the number of all nonzero words of length � n in A. It is enough to provethat there exist numbers c1 and c2, such that the inequalityc1nd � V (n) � c2ndholds for all su�ciently big n (c1 and c2 are independent from n).Let us prove the upper estimation. The graph �(A) can be represented asa join of a �nite number of simple subgraphs (maybe intersecting), such thateach path in �(A) is completely contained in some subgraph. Therefore, it isenough to prove the inequality for a subgraph. Let H be a simple subgraph,which contains k cycles, 1 � k � d. We shall construct a simple graph H 0, withthe same number of cycles and chains, which connect cycles, such that all itscycles have the length 1 (i.e., they are loops) and all simple paths also have thelength 1 (i.e., they are edges). Obviously, the number of paths of length n inH 0 is not less, than the number of such paths in H , hence, it is enough to provethe inequality for a simple graph, such that all its cycles and chains have thelength 1. But for such simple graph the number of paths of length � n is easyto compute. Each path is uniquely de�ned by the number of rotations in each95



cycle and also by the occurence, or nonoccurence, of the edge before the �rstcyclic vertex and the edge after the last cyclic vertex, in this path. The sumof rotations in all cycles is � n. The number of all representations of n as asum of d summands, with regard to their order, is �n+dd�1� � Knd�1, where Kis a constant, independent from n. The number of sums, not greater than n,is � n � Knd�1 = Knd. Hence, the number of all paths of length � n is notgreater, than 3Knd.The lower estimation can be proved analogously. 2Proposition 5.9 The Gilbert series of an automata algebra is rational. 25.2 Matrix representations and polynomial identities ofautomata algebrasIn this section the following two theorems will be proved.Theorem 5.10 An automata monomial algebra can be embedded into a matrixalgebra over a free algebra.Theorem 5.11 Let the graph of an automata monomial algebra A doesn't haveverteces, which belong to two cycles. Then A can be embedded into a matrixalgebra over a �eld.By Theorem 5.11 and results of the previous section, we haveCorollary 5.12 Let A be an automata monomial algebra and �(A) be its min-imal determinate graph. the following conditions are equivalent:(1) �(A) doesn't have any twice cyclic verteces;(2) A has a polynomial growth;(3) A has a non-exponential growth;(4) A can be represented by matrices over a �eld;(5) a polynomial identity holds in A.Proof of Corollary 5.12. The equivalency (1) () (2) () (3) was provedin Theorem 5.8. The implication (4) ) (5) is obvious. The implication (1) )(4) is a consequence of Theorem 5.11. So we have to prove the implication (5)) (1). Indeed, if a polynomial identity holds in A, then �(A) cannot haveany twice cyclic verteces, because, otherwise, A would contain a free rank 2subalgebra (see the proof of Theorem 5.8). We can also note that the growth ofan automata algebra, which graph contains a twice cyclic vertex, is exponential,and the growth of each �nitely generated PI-algebra is polynomial (by Shirshovtheorem about the height boundedness). 2To prove Theorems 5.10 and 5.11 we shall present a direct construction of arepresentation of an automata algebra.96



5.2.1 The construction of representations of automata algebrasLet us enumerate verteces of the graph G(A) of an algebra A by numbers1; 2; : : : ; n, and let a1; : : : ; am be generators of A. Let us denote by ~tk;ijfree variables, which generate the free algebra Kh~tk;iji, where k = 1; : : : ;m,i; j = 1; : : : ; n (i.e., k runs through the algebra generators and i; j { throughthe verteces of G(A)). Respectively, by tk;ij we shall denote free commuta-tive variables, which generate the algebra K[tk;ij ] of commutative polynomials.This variables correspond to G(A) edges: a variable tk;ij corresponds to theedge, which connects the verteces i and j and is marked by the letter ak. Let usconsider the following two homomorphisms from A, which are de�ned by the im-ages of generators. The both two homomorphisms are extensions of semigrouphomomorphisms of the semigroup of A nonzero words into a matrix semigroup.� The homomorphism ' from A into the algebra of n � n matrices over afree algebra: '(ak) =X(i;j) ~tk;ijeij ;where the summation is taken over all pairs (i; j), such that in G(A) thereexists an edge, which is directed from the vertex i to the vertex j and ismarked by ak. By eij the matrix units are denoted.� The homomorphism  from A into the algebra of n� n matrices over analgebra of commutative polynomials: (ak) =X(i;j) tk;ijeij ;where the summation is taken over the same pairs of indeces, as in theprevious case.Example. Let us consider an automata algebra A, such that all its nonzerowords are subwords in the in�nite cyclic word aabaab : : :. Algebra A can berepresented by the following graph G(A):r rr1 23 -��	@@I a abThe reprsentation  maps A into the algebra of 3� 3 matrices over the polyno-mial ring K[ta;12; ta;23; tb;31] and is de�ned by the matrices (a) = 0@ 0 ta;12 00 0 ta;230 0 0 1A ;  (b) = 0@ 0 0 00 0 0tb;31 0 0 1A :97



We de�ned the maps ' and  on generators of the algebraA. Let us naturallyextend this maps to words from generators. Obviously, the images of zero wordsin A are equal to zero (see Lemma 5.13). Hence, the maps ' and  can beextended to homomorphisms of the semigroup of nonzero words in A into thematrix semigroup, therefore, they can be extended to homomorphism of thesemigroup algebra into the matrix algebra. So ' and  de�ne homomorphismsof A into the matrix algebra.The homomorphism  will be called the canonical representation of an au-tomata algebra A. Let us note that to each embedding of a word into the graphcorresponds the operator of the form �Eij , where i is the number of the initialvertex of the word, and j is the number of the last vertex.Let us come to the proof of Theorems 5.10 and 5.11. Theorem 5.10 is aconsequence of the following simple lemma (its proof we omit).Lemma 5.13 Let w = ak1ak2 : : : akl be a nonzero word from generators of anautomata algebra A. Then ' maps w into the matrix '(w), such that its elementwith indeces (i; j) is equal to'(w)ij =X ~tk1;i v1 ~tk2;v1v2 : : : ~tkl;vl�1 j ;where the summation is taken over all paths i; v1; v2; : : : ; vl�1; j, which connectthe verteces i and j, and, such that marks on edges in each of these paths coinsidewith the word w. (If there are no such paths, then the sum is equal to zero.)In the case, when G(A) is a determinate graph (i.e., there is no edges, whichbegin in the same vertex, and have the same mark), then there can be not more,than one summand in this sum. 2Theorem 5.10 is a consequence of Lemma 5.13, because images of nonzerowords, with respect to the map ', are linearly independent.In the case of the map  , Lemma 5.13 can be reformulated as follows.Lemma 5.14 Let the graph G(A) of an automata algebra A is determinate(i.e., there is no edges, which begin in the same vertex, and have the samemark). Let w = ak1ak2 : : : akl be a nonzero word from generators of A. If inG(A) there exists a path from the vertex i to the vertex j, such that marks onits edges coincide with w, then the (i; j)-th element of the matrix  (w) is equalto  (w)ij = t�i v1k1;iv1 t�v1v2k2;v1v2 : : : t�vr jkl;vr j ;where by v1; v2; : : : ; vr are denoted di�erent verteces, through which the pathpasses, by �vhvt is denoted the number of passings of the path through the edgevh ! vt.In other words, the (i; j)-th element of the matrix is equal to the product ofpowers of commutative variables, which correspond to edges of the path from the98



vertex i to the vertex j. The power of each this variable equals to the number ofpassings through this edge.If there is no such path (i.e., the path, which connects the vertex i with thevertex j, and, such that marks on its edges coincide with w), then the corre-sponding element of the matrix  (w) equals zero. 2We shall need one more lemma to prove Theorem 5.11.Lemma 5.15 Let the determinate graph G(A) of an automata algebra A doesn'thave any verteces, which belong to two cycles. Then each path in G(A) isuniquely de�ned by the number of passings of each edge.Proof. We shall use the induction on the length of a path. It is enough to provethat the �rst edge is de�ned uniquely. Let more than one edge of the path beginin the initial vertex (hence, the path passes through the initial vertex severaltimes). Then only one of these edges can belong to a cycle, because the graphdoesn't contain intersecting cycles. As the path has to return to the initialvertex, then the �rst edge of the path is a cyclic edge. 2Theorem 5.10 is a consequence of Lemmas 5.14 and 5.15, because, by them,we have that images of di�erent nonzero words of A are linearly independent.If a monomial algebra is representable, then its word semigroup is repre-sentable also. The inverse statement is wrong. The following result holds (see[45]).Theorem 5.16 Each regular language is representable by matrices. (In partic-ular, each automata monomial semigroup is representable.)If a minimal graph contains linking cycles, then the corresponding monomialalgebra is not representable. Hence, the kernel of the representation can containnot words, but only their linear combinations. To obtain the information aboutthis kernel (in particular, the information about a T -ideal, which contains thekernel) is an interesting task. Also interesting is the problem, when the canonicalrepresentation of a graph is an exact representation of its word semigroup?A monomial semigroup will be called quasirepresentable, if it has a repre-sentation without a monomial kernel. It is possible to describe semigroups,quasirepresentable over �nite rings.Proposition 5.17 a) A semigroup is representable over a �nite ring, only if itis �nite.b) A monomial semigroup is quasirepresentable over some �nite ring, onlyif it is automata.Proof. The item a) is obvious. The quasirepresentability of a monomial semi-group can be deduced from the canonical representation. The inverse statement99



is a consequence of the language regularity criterion: a language is regular,only if all its words can be divided on a �nite number of types in way, suchthat the substitution of any subword by a word of the same type preserves themembership to the language. 25.2.2 Polynomial identitiesCorollary 5.12 gives us an alogorithm of checking the existence of a polynomialidentity in an automata algebra. The aim of this section is to obtain a moreexact information about identities. To make the exposition simplier, we shallconsider only the case of the in�nite ground �eld.Let us introduce some de�nitions and notations, which will be used in whatfollows (in particular, in Chapters 6 and 7).De�nitions. A cycle will be called irreducible, if its big period, i.e., the word,which can be read from it, is non-cyclic, i.e., this word is not a power of a smallerword. The small period of a cycle is the root of its big period. By a position of aword in a graph we shall call a path, from which the given word can be read. Ifthere is a relation between graphs �0 and �, which is one to one on arrows andverteces, and, such that to di�erent marks on edges of one graph corresponddi�erent marks on edges of another, then we shall say that the graph �0 di�ersfrom the graph � by the letter sticking.Let us note that, if a word doesn't have any position in a graph, which de�nean automata algebra, then this word is a zero word in this algebra. All words,which correspond to a passing through some cycle are cyclically conjugate. Allwords, which positions connect two given verteces A and B of a cycle, are ofthe form RkS, where R corresponds to the big period of the cycle and S { tothe shortest path, which connect A and B.Let us denote by Au a monomial algebra, such that all its nonzero wordsare subwords of an in�nite cyclic word u1 = uuu : : :. Let us assume that u isnoncyclic, i.e., u doesn't equal to a power of any of its proper subwords.Theorem 5.18 The set of polynomial identities of an algebra Au coincides withthe set of identities of the matrix algebra Kn, where n is the length of u.Proof. We can represent Au by a cyclic graph G(A) (we allow any vertex ofthe graph to be initial). Marks on edges of the cycle in the order of its passagecoincide with u. Let us denote by T (A) the ideal of A identities, and by T (Kn){ the ideal of identities of the matrix algebra Kn. The construction of therepresentation  gives us the inclusion of A into the matrix algebra of order nover some extension F of the ground �eld K. As K is ininite, then an extensionpreserves the set of identities. Hence, T (A) � T (Fn) = T (Kn).The inverse inclusion is a consequence of those fact that the image  (A)generates over F all algebra Fn. It is enough to check that matrix units belong100



to F �  (A). Let u = ak1ak2 : : : akn , let edges i ! i + 1 of G(A) be markedby letters aki , i = 1; : : : ; n� 1, and let the edge n ! 1 be marked by akn . ByLemma 5.15, we have that the image of the word (akiaki+1 : : : aknuak1 : : : akj�1 )is the matrix, such that all its elements, except (i; j)-th, are zeroes, and the(i; j)-th element is a nonzero element of F . To obtain the unit matrix eij , it isenough to multiply the matrix by the inverse element. 2Let us remind that the polynomial degree or the complexity of a PI-algebraA is the maximal n, such that T (A) � T (Kn).Theorem 5.19 The polynomial degree of an automata algebra equals to themaximum of length of periods of all in�nite cyclic words in the algebra. 2Corollary 5.20 The polynomial degree of an automata algebra is not greater,than the order of a maximal cycle in the algebra minimal determinate graph.2The proof of the theorem we leave to the reader. Let us note that theinequality in the corollary condition can be strict, as the following exampledemonstrates: a b c� �! ��! �� �! �bThe maximal length of a cycle here is equal to two, but the polynomial degree isequal to one, because the identity [x1; y1][x2; y2][x3; y3] = 0 holds in this algebra.Therefore, to �nd the complexity of an automata algebra, we have to com-pute the maximal length of small periods of all cycles.The following proposition is a consequence of the independence theorem2.38.Proposition 5.21 a) The minimal dimension of a non-nilpotent representationof a monomial algebra (not necessary automata or PI) is equal to the minimallength of the period of an in�nite word in this algebra.b) In the case of an automata algebra, this dimension is equal to the minimallength of a small period in each graph, which de�ne the algebra. In the case ofa PI-algebra this dimension is equal to the algebra complexity. 2In the end of this section we shall make one last commentary.Proposition 5.22 A commutative monomial algebra is a direct sum of 1-generated algebras. 2101



5.3 The structure theory of automata algebrasAutomata algebras are like �nite-dimensional algebras with respect to theirstructure. In particular, the Jacobson radical of an automata algebra is nilpotentand coincides with the intersection of a �nite number of prime ideals.Let us denote by �(A) the minimal determinate graph of A. Let n be thenumber of verteces in �(A).Theorem 5.23 The Jacobson radical, the Baire radical and the nilradical of anautomata algebra coincide and are nilpotent. The radical, as a linear space, isgenerated by words, which correspond to those paths in �(A), which don't belongto any cyclic path. The radical, as an ideal, is generated by such words of length� n.Let us remind that in an arbitrary monomial algebra the Jacobson radi-cal coincides with the nilradical (Chapter 3), but the Baire radical (the primeradical) can be strictly less, than the Jacobson radical.To prove the theorem, we shall need some simple statements.Proposition 5.24 Let A be an arbitrary monomial algebra, then(1) A is semiprime i� for each word u 6= 0 there exists a word v, such thatuvu 6= 0;(2) A is prime i� for each two words u; v 6= 0, there exists a word w, suchthat uwv 6= 0.Proof. The necessity is obvious. The study of leading words in the correspond-ing elements gives us the su�ciency. 2Proposition 5.25 Let us consider an arbitrary subgraph G � �(A). Then theautomata algebra A0, which corresponds to G, is a homomorphic image of A.Proof. Indeed, the set of nonzero words of A0 is a subset in the set of nonzerowords of A. Hence, A0 is a factor of A by the ideal, which is generated by thedi�erence of these sets. 2Proposition 5.26 Let an automata algebra A is semiprime, then it is semisim-ple in Jacobson sense.Proof. Let us consider an arbitrary element 0 6= x 2 A. Let us denote byu the leading word of x. By Proposition 5.24, there exists a word v1, suchthat uv1u 6= 0. By applying again Proposition 5.24 to the word uv1u, wecan �nd a word v2, such that uv1uv2uv1u 6= 0, and so on. In result we shallobtain a right in�nite word W , with in�nite occurence of u. Let us mark thein�nite number of non-overlapping occurences u in W : let u is an end of words(W )k1 ; (W )k2 ; : : :, where by (W )i we denote a beginning of W of length i. AsA is automata, then we can �nd two words in the set (W )ki , which correspond102



to the same vertex of the graph �(A). Let these two words be (W )h and (W )t,where t > h, t�h > juj. The word (W )t can be represented, as (W )hzu, wherez is nonzero. As (W )h and (W )hzu are equivalent, then the in�nite periodicword U = (zu)1 = zuzu : : : is nonzero in A. Let us consider the algebra AU .In Chapter 3 it was proved that this algebra is semisimple in Jacobson sense.Under the natural epimorphism A! AU , the element x is mapped to a nonzeroelement in AU (because the image of x is a linear combination of words with uas a term). Hence, x =2 J(A). 2Remark. If A is an arbitrary monomial algebra, then Proposition 5.26 is wrong.Proof of Theorem 5.23. Let us denote by I the ideal, which is generated byall words, such that corresponding paths are not contained in any cyclic path.Obviously, these words generate a nilpotent semigroup, hence, I is nilpotent.Now it is enough to prove that J(A=I) = 0.Let us prove that the algebra A=I is semiprime. Indeed, A=I is an automataalgebra, de�ned by the subgraph of the graph �(A), such that its verteces andedges belong to cyclic paths (see Proposition 5.25). Hence, each nonzero wordin A=I is contained in an in�nite periodic word, therefore, by Proposition 5.24,A=I is semiprime. The semisimplicity in Jacobson sense is a consequence ofProposition 5.26. 2An oriented graph will be called strongly connected, if for each two its verte-ces there exists a path, which connects them.Theorem 5.27 The Jacobson radical of an automata algebra is equal to theintersection of a �nite number of prime ideals Pi, which correspond to stronglyconnected components Gi of the graph �(A). The ideal Pi is generated, as alinear space, by words, which correspond to those paths, which are not containedin Gi. As an ideal, Pi is generated by such words of length � n. The quotientalgebra A=Pi is an automata algebra, which is de�ned by the graph Gi.Proof. Each cyclic path belong to some Gi. Therefore, the intersection of Piis generated by words, such that the corresponding paths don't belong to anycyclic path. Hence, by Theorem 5.23, the intersection of Pi coincides with theradical. The primarity of Pi is a consequence of Proposition 5.24 and the strongconnectivity of Gi. 25.4 Nilpotent elements and zero divisorsThe subject of this section is the construction of algorithms for checking thenilpotency and the zero divisibility of the given element x of an automata algebraA. We shall assume that A is de�ned by its graph �(A).Theorem 5.28 Let the graph �(A) of an automata algebra A has n vertecesand x 2 A is a nilpotent element (i.e., there exisrs t, such that xt = 0), thenxn = 0. 103



Corollary 5.29 The checking of the nilpotency of an arbitrary element x 2 Ais an algorithmically solvable problem. 2Proof of the theorem. As it was proved above, A can be embedded in thealgebra of n� n matrices over a free algebra (Theorem 5.10). It is well knownthat a free algebra can be embedded in a division algebra (see [72]). Hence, it isenough to prove the statement for a nilpotent matrixM over a division algebra.But in this case the theorem is a consequence of the dimension reasoning. (Theleft multiplication by a matrix is a linear operator on the right vector space ofn-columns over the division algebra. The dimensions of images of M , M2 andso on, strictly decrease, hence, Mn = 0.) 2The problem about the zero divisibility is more di�cult. We can attempt tomanage it by the embedding into the matrix algebra over a free algebra, becausethe corresponding problem for this algebra is algorithmically solvable.Proposition 5.30 There exists an algorithm, which checks is an arbitrary n�nmatrix a right zero divisor in the matrix algebra over a free algebra.The idea of proof. It is enough to check, that some nontrivial linear combi-nation of the matrix rows is zero. The algorithm is similar to the Gauss methodof reducing a matrix to the step-form. By elementary transformations of rows,we can achieve the situation, when the leading words of nonzero polynomials inthe �rst column are not ends of each other. Hence, they constitute a free baseof the left ideal, generated by them. After permuting the rows, we can assumethat nonzero elements of the �rst column are positioned in rows 1; 2; : : : ; i1,and other elements in the �rst column are zeroes. This process is repeated, asin the Gauss method, for the next minor, which situated in rows i1 + 1; : : : ; nand columns 2; : : : ; n, and so on. If in the end we shall obtain a matrix with azero row, then the initial matrix is a right zero divisor (because the elementarytransformations correspond to the left multiplication by invertible matrices). Ifthe �nal matrix doesn't contain a zero row, then each linear combination ofrows of this matrix is nonzero, hence, it cannot be a right zero divisor. As theinitial matrix can be obtained as a product by an invertible matrix, then thesame is true for the initial matrix also. 2Remark. By improving the proof, we can obtain that, if a matrix M is a rightzero divisor, then1) the left annihilator of M is generated by an idempotent;2) there exists an annihilating matrix L, such that LM = 0 and degrees ofelements of L are not greater, than dn(n+1)=2, where d is the maximal degreeof elements of M .Unfortunately, it is not possible to use Proposition 5.30 for checking, is anelement y 2 A a zero divisor, or not (A is an automata algebra). By embedding104



A into the matrix algebra, we can prove that y is not a zero divisor, if the corre-sponding matrix is not a zero divisor. But in the case of the inverse statement,it is not clear, has the left annihilator of the image of y a nonzero intersectionwith the image of A, or not. Therefore, we have to use more complex reasoning.5.4.1 An algorithm for checking, is an arbitrary element a zero di-visor or not?By a1; : : : ; as let us denote generators of an automata algebra A. Let us �x anelement y 2 A. Our task is to check, is this element y a right zero divisor, i.e.,does there exist an element x 2 A, such that xy = 0? Let deg y = n, n willbe �xed in what follows. Let the minimal graph �(A) has m verteces. Let usremind that the verteces of �(A) are in one to one relation with the equivalencyclasses of nonzero words in A. Two words u and v are equivalent, if their setsof nonzero extension coincide:u � v () (8w uw 6= 0 () vw 6= 0) :An algebra is automata, if j�(A)j < 1, i.e., if there exist m nonzero wordsd1; : : : ; dm, such that each nonzero word from A is equivalent to one of di. Letus note that, if u and v are equivalent, then the set of elements (not necessarywords) x, such that ux = 0, coincides with the set of elements z, such thatvz = 0. (This statement is a consequence of those fact that in a monomialalgebra di�erent words cannot be cancelled.)Let us prove at �rst the auxiliary lemma. We assume that A is an algebraover the �eld K and 1 2 A.Lemma 5.31 Let there exists an element x 2 A, such that xy = 0. Then thereexist a word d and an element x0, such that dx0y = 0 and the free term of x0 isnonzero.Proof. Let the free term of x equals zero. Then x = a1x1 + � � �+ asxs, whereai are generators of A (i.e., letters) and the degree of elements xi is smaller, by1, than the degree of x. As words, which begin with di�erent letters, cannotcancel, then aixiy = 0, for all i. Let us take i1, such that xi1 6= 0. If the freeterm of xi1 is nonzero, then we can take ai1 , as d. Otherwise, we can performthe same procedure with xi1 , i.e., to �nd a letter ai2 , such that ai1ai2xi1;i2y = 0,and so on. This process will stop at some moment. 2Let us remind that our aim is to �nd x, such that xy = 0 (y is �xed and itsdegree equals n). By �d will be denoted the equivalency class of a nonzero wordd 2 A, i.e., the vertex of the minimal graph �(A). In the algorithm constructionthe main role will be played by the following linear subspaces in A:W �d;k = fx: degx � k & dxy = 0g;V �d;k = fx: degx � k & deg(dxy) < deg d+ ng:105



Commentary: to solve our problem it is enough either to �nd a nonzeroelement x 2 W �d;k for some word d and degree k, or to prove that spaces W �d;kare zero, for all d and k. It is more convenient to work with spaces V �d;k. In theirde�nition the condition dxy = 0 is substituted for a slightly weaker one: in thelinear combination, which represents dxy, all terms with degrees � deg d+deg yare canceled. Let us note thatW �d;k � V �d;k. Moreover, the subspaceW �d;k in V �d;kis de�ned by a �nite number of linear conditions on conponents with degrees� n.The following lemma is a direct consequence of de�nitions.Lemma 5.32 Subspaces V�;k are embedded into each other and increase, when kincreases: V �d;1 � V �d;2 � V �d;3 � : : : . Analogously, W �d;1 � W �d;2 � W �d;3 � : : : .2Let us consider the natural epimorphism �n : A! A=A(n+1) of the algebraA into its quotient algebra by the ideal, generated by all words of degree > n.We shall study the images of W �d;k and V �d;k under this epimorphism:V (n)�d;k = �n(V �d;k) ;W (n)�d;k = �n(W �d;k) :The space V (n)�d;k is the projection of V �d;k into the subspace, generated by allwords of degree � n. As this spaces are �nite-dimensional and increase, whenk increases (Lemma 5.32), then, for some k = N , the stabilization begins: foreach k � N and for each �d 2 �(A), the equality V (n)�d;k = V (n)�d;N holds. The baseof our algorithm is the following proposition.Proposition 5.33 Let for some natural k and for all verteces �d in the minimalgraph �(A) of an algebra A, the equality V (n)�d;k�1 = V (n)�d;k holds. Then the equalityV (n)�d;k = V (n)�d;k+1 holds, for all �d.This propositions states that, if stabilization occurs at some step k, then thesubspaces V (n)�d;k will not increase.Proof. Let us �x �d 2 �(A) (d is a word). Let �x 2 V (n)�d;k+1. We have to provethat �x 2 V (n)�d;k . By the de�nition, there exists an element x 2 V �d;k, such that�n(x) = �x. Let us represent x, as x = x0 + a1x1 + � � �+ asxs, where x0 is a freeterm (i.e., an element of the ground �eld) and a1; : : : ; as are A generators. Thefact that x 2 V �d;k+1 means that deg(dxy) < deg d+ n. We havedxy = dx0y + sXi=1 daixiy:106



Let us consider terms in the right hand part of the equality with degrees �deg d + n + 1. The degree of dx0y is � deg d + n, hence, terms with degrees> deg d+n cannot be canceled with terms in dx0y. Therefore, deg(Pi daixiy) <deg d + n + 1. Terms, which begin with di�erent subwords dai, cannot becanceled, because the letters ai are di�erent for di�erent i, hence deg(daixiyi <deg d + n + 1. But, this exactly means that xi 2 Vdai;k. Let us consider nowterms of degree exactly deg d + n. They depend only on those terms of theelement x, which have degree � n. The fact that all of them are zero meansthat deg(�deg d+n(dxy)) < deg d+ n. So, we havex 2 V �d;k+1 () 8i daixi 2 Vdai; k &deg(�deg d+n(dxy)) < deg d+ n: (5)By the equality Vdai;k = Vdai;k�1, we have that, for each i = 1; : : : ; s, thereexists an element x0i 2 Vdai;k�1, such that �n(x0i) = �n(xi). Let us constructthe element x0 from them: x0 = x0 + sXi=1 aix0i :The degree of x0 is � k. The condition deg(�deg d+n(dx0y)) < deg d + n is aconsequence of those fact that the terms of x and x0 of degrees � n coincide.Therefore, by the equality (5), where k is substituted by k � 1, we have thatx0 2 V �d;k. By the construction of x0, �n(x0) = �n(x) and �n(x0) 2 V (n)�d;k . Hence,�x = �n(x) = �n(x0) 2 V (n)�d;k . 2Proposition 5.34 Let for some natural k and for all verteces �d in the minimalgraph �(A) of an algebra A the equalities V (n)�d;k+1 = V (n)�d;k hold. Then the equalitiesW (n)�d;k+1 =W (n)�d;k hold also, for all �d.Proof. Let �x 2 W (n)�d;k+1, i.e., �x = �n(x) and x 2 W �d;k+1. The last conditionmeans that deg x � k + 1 and dxy = 0. The equality dxy = 0 is equivalent tothe following conditions:a) deg(dxy) < deg d+ n andb) �deg d+n(dxy) = 0, i.e, terms with degrees �deg d+ n are equal to zero. (6)The �rst condition means that d 2 V �d;k+1, the second is de�ned by a �nitenumber of linear equations on coe�cients of terms with degrees � n. AsV (n)�d;k+1 = V (n)�d;k , then there exists an element x0 2 V �d;k, such that �n(x0) = �n(x).Then a) (6) holds, by the de�nition of V �d;k, and b) (6) holds, because terms withdegrees � n in x and x0 coincide. Therefore, by (6), dx0y = 0. The degree of x0is � k, hence, x0 2 W �d;k and �n(x0) 2 W (n)�d;k . So, �x = �n(x) = �n(x0) 2 W (n)�d;k .The proposition is proved. 2107



Lemma 5.35 If, for all verteces �di 2 �(A) and for all k, the spaces W (n)�di;k arezero, then y is not a right zero divisor.Proof. Let the contrary is true, then, by Lemma 5.31, there exist a word dl andan element x0 with a nonzero free term, such that dlx0y = 0. By the de�nitionof W �dl;k, x0 2 W �dl;degx0 . But �n(x0) 6= 0, because x0 has a nonzero free term.Hence, W (n)�dl;degx0 = �n(W �dl;degx0) 6= 0. We have a contradiction. 2The construction of the algorithm. For all verteces �di, i = 1; : : : ;m, of theminimal graph �(A) of an algebra A we compute the spaces V �di;k (k = 1; 2; : : :).For each k we compute the projections V (n)�di;k of these spaces in the quotientalgebra A=A(n+1), by the ideal, generated by all words of degrees > n. Theseprojections are �nite-dimensional and their dimensions are bounded from aboveby some number, which is independent from k (i.e., by the maximal number ofall paths in �(A) of length � n, which begins in same vertex). By Lemma 5.32,the spaces V (n)bard;k increase, when k increases. Let for k = N the stabilizationbegins: for all di, the equalities V (n)�di;k = V (n)�di;k�1 hold. By Proposition 5.33, thegrowth of V (n)�d;k stops at that moment. By Proposition 5.35, the growth of W (n)�d;kalso stops at that moment. Let us �nd the spaces W �di;N), for all verteces di.If one of them is nonzero, for example W �dl;N) 6= 0, then there exists a nonzeroelement x, such that dlxy = 0, i.e, dlx is the required zero divisor. Otherwise,all spaces W (n) �di;k are zero and, by Lemma 5.35, y is not a right zero divisor.The complexity of the algorithm. The constructed above algorithm has \apolynomial complexity modulo growth of algebra", i.e., if the algebra growthis polynomial, then our algorithm is also polynomial (with respect to the ydegree). If the algebra growth is exponential, then our algorithm is exponentialalso. The algorithm has a quadratic dependence on the number of the graphverteces.Let n = deg y, m = j�(A)j and r(n) be the growth function of the algebra(i.e., the number of words of length � n).It is easy to obtain an estimation on the degree of the y annihilator. Thesum of dimensions of the spaces V (n)�di;k is not greater, than m � r(n), hence,the stabilization will begin not later, than after the de�ned above number ofsteps. Let z be a nonzero element of the minimal degree in the y annihilator,i.e., zy = 0. Then z = dx, where x 2 W �di;k and k � m � r(n). We canchoose the element d in a way, such that its degree is not greater, than thenumber of verteces in �(A) (an element of such degree can be found in eachequivalency class of words in A). So, we have deg d � m, deg x � m � r(n).Hence, degx � m � r(n) +m. 108



5.5 The NoetherityProposition 5.36 An automata algebra is right Noetherian i�1) its minimal determinate graph �(A) doesn't have any twice cyclic vertecesand2) if �(A) contains cycles, then not one of them contains an outgoing edge.2Corollary 5.37 A Noetherian automata algebra is a PI-algebra and either ithas a linear growth, or it is �nite-dimensional. 2The proof is obvious. However, a more strong statement is valid.Theorem 5.38 A monomial algebra A is right Noetherian, only when its graph(tree) of right multiplications contains only a �nite number of branchings.The proof of this statement see in the book by J.Okninski [87].The following statement is a consequence of this theorem and the periodicitytheorem.Corollary 5.39 A right Noetherian monomial algebra is automata. 2And, by Corollaries 5.39 and 5.37, we haveCorollary 5.40 A right Noetherian monomial algebra is a PI-algebra and ei-ther has a linear growth, or is �nite-dimensional. 26 Representations of monomial algebrasThis chapter is dedicated to representations of monomial algebras. We consider\tame" and \wild" monomial algebras, i.e., algebras, which representations canor cannot be classi�ed. Only 1- and 2-generated algebras with zero multipli-cation are tame. The description of irreducible representation of a monomialalgebra (if its de�nition is \good") can be reduced to the description of represen-tations of an algebra Au. All nonzero words in Au are subwords of the in�nitecyclic word u1. If the minimal graph of an algebra contains linking cycles (i.e.,the algebra has an exponential growth), then the classi�cation problem aboutits irreducible representations is wild.The necessary condition of the representability is the validness of the heighttheorem. In this case, there exists a number h, such that all words in thealgebra are of the form uk11 uk22 : : : ukll , where l � h and fuig is some �xed setof words. The necessary and su�cient condition of the representability can beformulated as a condition on the set of power vectors ~k = hk1; : : : ; kli: the set ofhk1; : : : ; klrangle, such that uk11 : : : ukll = 0, is de�ned by a system of exponentialDiophantine equations. 109



Then we study varieties, generated by monomial algebras: Mn = Var(Au)and the variety, generated by upper triangular matrices,for example. We shallneed these varieties for the combinatorial study of the identities complexity.To study all these problems we need the technique, which is related to thegraph de�nition of representations, to representations of direct sums and tensorproducts.6.1 The classi�cation of representations: wild and tameproblemsAn algebra is called \tame", if all its representations can be classi�ed, otherwise,it is called \wild".Theorem 6.1 The following algebras are tame:1) 1-generated algebras,2) 2-generated algebras with the zero multiplication.All other algebras are wild.Proof. The case 1) is obvious. Let V be a representation space of a 2-generatedalgebra A with generators a and b and with the zero multiplication. Then toan A representation corresponds the pair of operators ~A and ~B:V=(ker A \ker B) ! ker A \ ker B. And to each pair of operators M a�!�!b N can berelated a representation of such algebra. Hence, the problem of classi�cationof such algebra representations can be reduced to the classical problem of thelinear algebra { the classi�cation of pairs of operators U a�!�!b V , which solutionis known [10].Analogously, the classi�cation of representations of a 3-generated monomialalgebra with the zero multiplication can be reduced to the problem of classi�-cation of triples of operators U �!�!�!V , which is wild.So, it remains to prove that the problem of classi�cation of representationsof a 2-generated monomial algebra with a nonzero multiplication is wild. It isenough to prove this fact in two following cases: the algebra A1 with relationsa2 = b2 = ba = 0 and the algebra A2 with relations a3 = ab = ba = b2 = 0.Let us consider the diagramsV3 -a V4AAUbV1 -- V2abfor the �rst algebra, V3 -a V4AAUaV1 -- V2abfor the second algebra.110



Let the arrows, which connect V1 and V2, be isomorphisms, let V = V1 � V2 �V3�V4 and let us de�ne operators A and B using the diagrams: A is the directsum of all operators, which correspond to arrows, marked by a.We have: V2 = ImB \ ImA, V1 = A�1(V2) \ B�1(V2). �®«®¦¨¬ N =ImAB Let N = ImAB, in the �rst case, and N = ImA2, in the second,then N � V2. So we come to the problem about the classi�cation of pairs ofoperators-isomorphisms, which connect two di�erent spaces and a subspace Nin the second space. If we identify these spaces by the action of one of thoseoperators, then we shall come to the problem about the classi�cation of anoperator a�1b : V2 ! V2 and a subspace N � V2. This problem is wild (see[10]).6.2 Irreducible representations of monomial algebrasSo, the problem about the classi�cation of representations is wild, if an algebrais more or less interesting. Hence, we have to restrict the problem to the classi-�cation of irreducible representations. We shall assume in this section that theground �eld F is algebraically closed.Let us consider at �rst the case of an automata PI-algebra. The problemabout the classi�cation of irreducible representations can be reduced in usualway (by the factoring by the radical and by the decomposition of an operatoralgebra into a direct sum) to the prime case. Hence, we have to study irreduciblerepresentations over F of an algebra Au, such that all its nonzero words aresubwords in the in�nite word u1.Proposition 6.2 Let t be a sum of words, which are cyclically conjugate tou. Then t generates the center of Au: Z(Au) = F [t]. The algebra Au is a freemodule of dimension VAu(juj)�1 over its center. (Let us remind that by VAu(n)we denote the number of nonzero words of length � n in Au.)Proof. Obviously, t is central. The second part of the proposition is a conse-quence of those fact that the beginning (the end) of length n of each subwordin u1 uniquely de�nes this subword (Proposition 2.3). 2Let us consider a �nite-dimensional representation ' of an algebra Au, i.e,we consider a right module M over Au, which is �nite-dimensional, as a linearspace over F . Let us denote by T = '(t) the operator of right multiplicationby t. The following statement is obvious.Proposition 6.3 For each � 2 F and n 2 N , the kernel and the image ofthe operator (T � �E)n (E is the identical operator) are invariant subspaces.Hence, each representation decomposes into the direct sum of representations,which correspond to eigenvalues of T . 2Corollary 6.4 If the representation ' is irreducible, then T is a dilation, T 6=0. 111



Proof. This corollary is a consequence of the previous proposition and Schurlemma. 2Let us consider an irreducible representation ' of an algebra Au. The oper-ator T = '(t) is the operator of multiplication on some � 6= 0. Let us considerthe operator '(u). Obviously, '(u) 6= 0 (otherwise $(t)2 = 0). Let us denoteby v an eigenvector of '(u). As ut = u2, then its eigenvalue equals �, vu = �v.Let n = juj and let us denote by (u)0; (u)1; : : : ; (u)n�1 the beginning subwordsof u of lengths 0; 1; : : : ; n � 1, respectively. By u(i) will be denoted the word,which is cyclically conjugate to u and which �rst letter has the i-the position inu, i = 0; 1; : : : ; n� 1. Then u(0) = u and t =Pn�1i=0 u(i). Obviously,u(u)iu(i) 6= 0; and u(u)iu(j) = 0; if i 6= j: (7)Let us consider the vectors v0 = v = v(u)0; v1 = v(u)1; v2 = v(u)2; : : : ; vn�1 =v(u)n�1. It is easy to check that they are linearly independent and constitute abase in an invariant subspace. The linear independence is a consequence of (7)and of those fact that vi = (1=�)vu(u)i. The invariancy is a consequence of theequality vu = �u.As our representation is irreducible, then the vectors vi constitute a base inthe representation space. It is easy to obtain matrices, which correspond to Agenerators. Let us consider the cycle...vn�1��*� v0 - v1 HHj v2...and let us mark the arrow vi ! vi+1 by the letter aki , if the word (u)i+1 endswith this letter. The arrow vn�1 ! v0 we shall mark by the last letter of u (letus denote this letter by akn�1). We haveviaki = vi+1; i = 0; : : : ; n� 2;vn�1akn�1 = �v0:So, we de�ned linear operators, which correspond to the generators of the alge-bra A.Remark 1. The represented above cycle corresponds to the graph of A, oneof which arrows is additionally marked by �. The choice of another arrowcorresponds to the dilation of base vectors by � and by ��1.So, we have a description of irreducible representations of an algebra Au:each irreducible representation is uniquely de�ned by a constant 0 6= � 2 F .112



Remark 2. The problem about the classi�cation of irreducible representationsof an automata algebra, which is not a PI-algebra, is wild: it contains theproblem about the classi�cation of representations of a free 2-generated algebraor the problem about the classi�cation of pairs of operators-isomorphisms.6.3 Some constructions6.3.1 Operations over monomial algebras. Direct sumsProposition 6.5 Let A be a monomial algebra, a11; : : : ; a1k1 , a21; : : : ; a2k2 ; : : :,asks be its generators. Let bi =Pkij=1 aij , thena) elements b1; : : : ; bs generate a monomial algebra;b) a word U(b1; : : : ; bs) = 0, only when, for each substitution bi ! aij (dif-ferent occurences of bi can be substituted by aij with di�erent indeces j), itsresult (the value of U) is zero.Proof. If we substitute bi by the sum Pj aij and remove the parentheses,then terms, which correspond to di�erent words don't coincide. Therefore, theelements bi generate a monomial algebra. The item b) is a consequence of thosefact that terms, which appear after the removing of parentheses, are di�erentand are in one to one relation with the de�ned above substitutions. 2The following statement is a direct consequence of this proposition.Proposition 6.6 (on the diagonal embedding) Let Aj = haj1; : : : ; ajsi bemonomial algebras and let A = �Aj . If ai = Pj aji, then the elementsa1; : : : ; as generate a monomial algebra bA and the set of zero words in bA isthe intersection of sets of nonzero words in Aj . 2Corollary 6.7 Let A be a monomial algebra, I1; : : : ; In be monomial ideals.Then, if the algebra A=Ij is representable, for each j, then the algebra A= \j Ijis also representable. 2Let � be the graph of a monomial algebra A. Let us mark � arrows bydi�erent letters and let these letters be the generators of the new algebra A�.We can de�ne an obvious multiplication in A�: b1b2 = 0, if the end of the arrowb1 doesn't coincide with the beginning of the arrow b2, otherwise, we have anonsero monomial b1b2. Then the correspondence ai !P bi (bi correspond toarrows, marked by ai) de�nes an embedding of the monomial algebra A into A�and A� will be called a �-cover of A.Proposition 6.8 a) Let A be a monomial algebra, bA be its �-cover. Then toeach word in A corresponds the sum of words in A�, where terms in the sumcorrespond to di�erent positions of the given word in �.b) If �(A) is produced from �(A0) by sticking of letters, then A can be em-bedded in A0 and Var(A0) � Var(A). 2113



Proposition 6.9 a) If each nonzero word in A0 is also nonzero in A, then A0is a quotient algebra of A and Var(A0) � Var(A). The factorization correspondsto the erasing of arrows in the graph.b) Let �i be connected components of �. Then there exists a natural em-bedding of A� into the direct sum of A�i . The variety Var(A�) is the union ofVar(A�i). 2(By a position of a word we call a path, which edges, in the order of theirpassage, are marked by letters of the given word. If a word doesn't have anyposition, then this is a zero word. The same is true for superwords also.)The next construction is related to tensor products. The tensor product isnot de�ned in the category of monomial algebras (for example, khxi 
 khyi 'k[x; y], but the ring of commutative polynomials from two variables is not amonomial algebra). Hence, we have to choose an appropriate subalgebra in thetensor product.Proposition 6.10 Let Ai, i = 1; _;n, be a family of monomial algebras withgenerators aij , j = 1; : : : ; s. Let us consider the subalgebra bA in the tensorproduct 
iAi, which is generated by elements a1j 
a2j 
� � � 
anj , j = 1; : : : ; s.Then bA is a monomial algebra. A word in bA is a zero word, only when it equalszero in one of Ai. 2Hence, the ideal of words in bA is the sum of ideals of words in algebras Ai.If all Ai are representable, then, considering the tensor product of represen-tations, we haveProposition 6.11 a) Let as consider the algebra bA and the family Ai from theprevious proposition. Let Ai are representable and let Wi be the correspond-ing spaces of representations. Then bA is also representable and its space ofrepresentation is 
Wi.b) Let A be a monomial algebra, I1; : : : ; Ik be monomial ideals (i.e., ideals,generated by sets of monomials) and the algebras A=Ij be representable, thenthe algebra A=(I1 + � � �+ Ik) is also representable. 2So, we can use operations of the intersection, of sum and of union, when wework with sets of nonzero words, such that factors by them are representable.Further we shall consider only those graphs, which don't have any intersect-ing cycles. As usual, to di�erent arrows will correspond di�erent generators ofa monomial algebra.Proposition 6.12 Let to di�erent arrows in the graph correspond di�erent gen-erators. Then to the erasing of an arrow corresponds the factorization by thegenerator (by which this arrow was marked). 2114



De�nition 6.13 Two arrows in a graph are called parallel, if there doesn'texist a path, which contains both of these arrows.The following proposition will be used in the reduction process.Proposition 6.14 If �(A) contains parallel arrows, then A can be embeddedin the direct sum of algebras A�, where each A� is constructed by the erasingof one of these arrows. The T -ideal of identities of A is the intersection ofT -ideals in A�, and the variety, generated by A is the union of correspondingvarieties. Let I be a monomial ideal in A, such that the quotient algebra A�=Iis representable, for each �. Then the algebra A=I is also representable. 2In what follows we shall consider graphs without parallel arrows (and withoutlinking cycles). Such graph is of the form-����-����- : : : -����- :A graph of a nilpotent algebra without parallel words is a graph of the form-----, and the algebra itself is an algebra of subwords of a �nite word.Let us remind that an oriented graph is called strongly connected, if, foreach two its verteces, there exist a path from the �rst vertex to the second.Obviously, in the PI-case all strongly connected components of a graph withoutparallel edges are cycles.Proposition 6.15 If a graph doesn't contain any parallel arrows, then each twoverteces can be connected by a path. The quotient graph by strongly connectedcomponents is a linearly ordered set and the graph itself is of the form-- u-- u- : : : u--where by black circles are denoted strongly connected components. 2Proposition 6.16. Let the set of all subwords of a superwordW constitutes aregular language. Then the graph of the algebra AW doesn't have any paralleledges and is of the form u--- u. In the case of a right superword, the graphis of the form --- u, in the case of a left superword { u--- .Proof. Each vertex has the next and the previous. Hence, there are no headsand no tails. As there are a �nite number of stronly connected components andthey are linearly ordered, then a begining of W (and an end of W ) are in thesame component. 2Proposition 6.16 If W is prime, then there is only one component and thegraph is of the form u . 2We shall consider quotient algebras of automata algebras, which are notautomata themselfs. However, we shall use the graph technique all the same.115



6.3.2 The semidirect product of monomial algebrasDe�nition 6.17 By the semidirect product of algebras A and B (denoted byA�B) will be called the quotient algebra of the algebra A+A �B+B, by theideal, generated by elements of the form b � a, b 2 B, a 2 A.The following result, due to J.Levine [83], is well known.Theorem 6.18 T (A�B) = T (A) � T (B), where T (A) is the ideal of identitiesof A. 2Proposition 6.19 The free product and the semidirect product are de�ned inthe category of monomial algebras. 2Remark. We de�ned the semidirect product of algebras without unit. In thecase of monomial algebras with unit, the de�nition must be changed in theobvious way.We shall need the following proposition for the reduction process.Proposition 6.20 Let a graph � be of the form �1 �! �2, The letter � is notoccured in �1 and each letter from �2 is not occured in �1. Let also there be apath from each vertex in �1 to each vertex in �2. Then the algebra of the graph� is isomorphic to the semidirect product of the algebra of �1 and the algebra ofthe graph � ��! �2.Proof. Let a2 be a letter, which marks some arrow in �2, and Aij be vertecesin �2, in which arrows, marked by ai, begin. Let us consider verteces Ak in �1(except those, in which begins the arrow, which connectes �1 and �2) and allpaths vijk from Ak to Aij . Leta0i = ai +X vijkai:Obviously, a0i generate a monomial algebra, which is isomorphic to the algebraof the graph � ��! �2, and the operation of the multiplication of the algebra of�1 by this algebra, satis�es the properties of the semidirect product. Moreover,the algebra of �1 and a0i generate the algebra of �. 2Corollary 6.21 If a graph � doesn't have any parallel edges and all its arrowsare marked by di�erent letters, the the variety, generated by the algebra of �,is a semidirect product of matrix varieties and varieties, de�ned by identities ofthe form x1x2 : : : xni = 0. The corresponding T -ideal is a product of identityideals of these algebras. 2Hence, we have the classi�cation of varieties, generated by graphs, such thatall their arrows are marked by di�erent letters: the corresponding T -ideals canbe produced by the union and by the intersection from T -ideals of varieties,de�ned by matrix algebras and the algebra with the identity x1x2 = 0.116



6.3.3 Morphisms and representations of algebras AuIf a word u can be produced from a word v, by sticking the letters, then wehave an embedding Av ! Au: a!P ai, where ai are the letters, which occupythe same positions in u, as a occupies in v. This morphism corresponds to themorphism from Proposition 6.8. We shall be interested in other morphisms also.Proposition 6.22 Let u be a noncyclic word. Then all subwords in u1 oflength k are lexicographically comparable and generate a monomial algebra. Ifk � n = juj, then this algebra is a direct sum of gcd(k; n) subalgebras, eachof them is isomorphic to Av, where jvj = n= gcd(k; n) and all letters in v aredi�erent. (By gcd(k; n) we denote the greatest common divisor of k, n.)Proof. Positions of words of length k in the cycle of length n correspondto chords, which are equal to each other and which constitute gcd(k; n) sameclosed broken lines. These broken lines correspond to the mentioned abovesubalgebras. If k � n, then each word of length k has the unique position in thecycle (see Proposition 2.3) and all letters, which mark segments of all brokenlines, are pairwise di�erent. 2If k = n+1, then we get the embedding Av ! Au, where all letters in v aredi�erernt. Using the previous reasoning, we haveProposition 6.23 Let u and v be arbitrary noncyclic words of the same lengthn. Then there exists an embedding Av ! Au, such that to each generator of Aucorresponds the sum of words of length n+ 1 in Av. 26.4 The criterion of the representability of a monomialalgebraIf a monomial algebra is representable, then it is PI and in it the height the-orems holds. The inverse statement is wrong. (For example, an algebra witha non-integral Gelfand-Kirillov dimension cannot be representable.) We shallformulate and prove the representability criterion.By the height theorem, words in an algebra are of the form vk11 vk22 : : : vkll ,where l � H (H is the height of the algebra) and vi belong to a �nite setof words. Hence, each word in A is de�ned by its type { the oredered set(v1; : : : ; vl), and by the power vector ~k = (k1; _;kl). The set of di�erent types is�nite. The representability criterion is a set of conditions on types and powervectors. The type (u1; : : : ; uk) is called a subtype of the type (v1; : : : ; vl), if thesequence (v1; : : : ; vl) is of the form (v1; : : : ; vm; u1; : : : ; uk; vk+m+1; : : : ; vl), i.e.,words of the type (u1; : : : ; uk) are subwords of words of the type (v1; : : : ; vl) (withthe indication of the power decomposition). The words vi will be considerednoncyclic (i.e., they are not powers). Also we suppose that any number of words,which occur in the type vk�� : : : vk�� ) in succession, cannot be represented as a117



product of a smaller number of powers. (This condition is not only on vi, buton ki also.)Let us �x a su�ciently big number N . A component vkii will be calledessential, if ki > N . As the essential height is equal to Gelfand-Kirillov di-mension (Theorem 2.110), then the number of essential components is equal toGelfand-Kirillov dimension also (if N is su�ciently big). Let us mark essentialcomponents in all products. Then we can represent the word vk11 : : : vkll asD0vki1i1 D1 : : : vkisis Ds;where ki1 ; : : : ; kis � N and D� are products of nonessential components. IfN is su�ciently big, then s is not greater, than the essential height. Therepresentation in the above form can be made unique, if vi are correct words (inthe above de�ned sense). Let us note that powers cannot have big overlappings.If a word can be represented in the form D0vki1i1 : : : Ds in several ways, then weshall choose those, which corresponds to the minimal in length D0, then themaximal in length vki1i1 , then the minimal D1 and so on. The obtained uniquerepresentation (D0; vi1 ; D1; vi2 ; : : : ; Ds) of a word is called the essential type (weomit the power vector). Let us sum our observations and formulate some usefulremarks.Proposition 6.24 If N is su�ciently big, then to each word uniquely corre-sponds its essential type. There are only �nite number of essential types. Asubtype of the essential type (D0; v1; : : : ; vs; Ds) can have one of the follow-ing forms: (vi; Di; : : : ; vj), (vi; : : : ; D00j ), (D0i�1; vi; : : : ; vj), (D0i�1; : : : ; vj ; D00j ),where D0i�1 is an end of vki�1i�1 Di and D00j is a beginning of Djvkj+1j+1 . Each wordin a subtype is a subword of some word in the type. To each essential type cor-responds a graph without parallel edges, such that all words in this type can bepositioned in the graph. Moreover, vi correspond to cycles and Dj correspondto paths, which connect them. 2Now we can formulate the representability criterion.Theorem 6.25 A monomial algebra A is representable, only when A has abounded essential height and power vectors satisfy the following conditions.1. For each essential type a �nite system of exponential Diophantine equa-tions on power values of essential components is de�ned. MoreoverD0vk1i1 D1 : : : vksis Ds = 0if and only if all these equations holdP�;t(k1; : : : ; ks) = 0(by t the essential type (D0; vi1 ; : : : ; vis ; Ds) is denoted).2. If P� is the system of equations for a subtype, then to it corresponds thesystem of equations for the type. 118



Proof. Let us prove the necessity, at �rst (and also let us clarify the lastcondition of the theorem). The last condition means that, if a word has a zerosubword, then it is a zero word itself. The necessity of the essential heighttheorem was mentioned above.To prove, why the validness of the system of exponential Diophantine equa-tions is a consequence of the word equality to zero, we shall need the followingproposition.Proposition 6.26 Let A be a square matrix. Then the (ij)-th component ofits power An is of the form Pki=1 �ni Pi(n), where �i is an element from a �nitealgebraic extension K of the ground �eld and Pi 2 K[x].Proof. This statement is a direct consequence of the theorem about Jordancell. 2Hence, the equality to zero of a word of the given type means the equalityto zero of components of the corresponding operator, i.e., the necessity can beproved by the removing of parentheses.Let us come now to the su�ciency proving. Let the theorem condition holds.Our algebra is a quotient algebra of the algebra, which graph consists of sev-eral disjoint components, corresponding to di�erent types. By the direct sumreasoning, it is enough to study the case of one type graph (and the system,which corresponds to this type). Proposition 6.8 reduces our problem to thecase, when all arrows of the graph are marked by di�erent letters. And Propo-sition 6.11 allows to restrict ourselfs to the case of one equation. So we canreformulate the problem.Let A be an algebra of the following graph- r����q q q- q - r����q q q- q - r����q q q- : : : - r����q q q- ;where all arrows are marked by di�erent letters. Let P (k1; : : : ; ks) be an arbi-trary exponential Diophantine polynomial from k1; : : : ; ks. Let I be the ideal,which is generated by words positioned in a way, such that the �rst cycle ispassed k1 times, the second cycle { k2 times and so on, and P (k1; : : : ; ks) = 0.We have to prove that the quotient algebra A=I is representable.At �rst we shall reduce the statement to the case of unit loops and unitarrows, which connect loops. Let a representation, which corresponds to thequotient algebra of the graph- qia1- qia2- qia3- : : : - qian- :be constructed. And let V be the space of this representation. By Wi � V willbe denoted the image of the operator, which corresponds to the element ai. Let119



us consider the direct sum of the space V and spaces W 1i ; : : : ;W li , isomorphicto Wi, and let us de�ne operators a0i ; a1i ; : : : ; ali: aji is an isomorphism fromW ji to W j+1i , if 1 � j < l, on other components this operator acts by zero.The operator a0i is the composition of ai and an isomorphism from Wi to W 1i .At last, the operator ali is an isomorphism from W li to Wi. Then the producta0i a1i : : : ali acts on V in the same way, as the operator ai, i.e., the passage of acycle corresponds to the action of ai.With the help of an analogous procedure we can obtain the situation, whencycles are connected by unit paths.So, it remains to prove the following lemma.Lemma 6.27 (on the representation) Let us consider a graph � of the fol-lowing form -d0 qia1-d1 qia2-d2 qia3- : : : - qian-dn :Let P (k1; : : : ; kn) be an arbitrary exponential Diophantine polynomialfrom variables k1; : : : ; kn. If I is the ideal, generated by elementsd0ak11 d1ak22 : : : dn�1aknn dn, such that P (k1; : : : ; kn) = 0, then the algebra A�=I isrepresentable.In the proof the technique of generalized graphs will be used.6.4.1 Generalized graphsGeneralized graphs will be used for constructing examples of representable (butnot automata!) monomial algebras with required properties.De�nition 6.28 1. By a generalized graph we understand an oriented graphwith edges, marked by letters ai and numbers �i.2. The algebra of a generalized graph (and its representation) is constructedin the following way:(a) to verteces of the graph correspond base vectors of the representation space;(b) to each letter ai corresponds its transcendental constant �ai, which is thesame for all positions of ai in the graph;(c) to the arrow, which connects i-th vertex with j-th vertex and marked bythe letter ak and the number �s, corresponds the operator �ak�sEij (whereEij is the matrix unit, i.e., the operator, which maps the i-th base vectorei into j-th); 120



(d) to each generator ai corresponds the sum of operators, where the summa-tion is taken over all arrows, marked by ai (if there is no outgoing arrow,marked by ai, from some vertex, then the action of the operator on thecorresponding base vector is zero, hence, if � = 0, and we can delete thearrow);(e) if an arrow is not marked by any number �, then we assume that � = 1.Let us consider a Jordan cell A. How can we represent operators A and Akby generalized graphs?Proposition 6.29 Let us consider the following generalized graph~e1 qia -a qia -a qia -a : : : -a qia ~en .| {z }nLet us denote by A the operator, which corresponds to the generator a. Then toAk corresponds the graph, such that its arrows, which connect verteces ~ei and~ej , i < j, are marked by numbers � kj�i�Ak, where Ak = �ak is the correspondingtranscendental constant (we assume that �k0� = �kk� = 1, �kn� = 0, if n > k).Proof. This statement is a translation to the graph language of the well knownfact about a power of a Jordan cell (which is easy to prove by the induction).2We shall be interested in the arrow, which connects the extreme verteces~e1 and ~en. It is marked by � kn�1��ak. If all arrows will be marked additionallyby �, then this arrow will be marked by �k� kn�1��ak. We need transcendentalconstants to ensure the uniformity with respect to each variable.The following proposition is a direct consequence of the previous.Proposition 6.30 Let us consider the algebra, which is de�ned by the general-ized graphq~e� -d0 qi�1a1-�1a1 : : : - qi�1a1| {z }n1 -d1 qi�2a2-�2a2 : : : - qi�2a2| {z }n2 -d2 : : : qi�sas-�sas : : : - qi�sas-| {z }ns ds q ~e� .Let operators Di correspond to generators di and operators Ai { to generatorsai, i = 0; 1; : : :. ThenD0Ak11 D1Ak22 : : : Ds�1Akss Ds = E�� � �d0 sYi=1�kii � kini � 1��akii �di ;where E�� is a matrix unit. 2121



Proposition 6.31 Polynomials of the form � k1n1�1�� k2n2�1� : : : � ksns�1�, for all sys-tems n1; : : : ; ns, constitute a base in the space of all polynomials K[k1; : : : ; ks].Polynomials with exponents �k11 : : : �kss � k1n1�1� : : : � ksns�1� constitute a base in thespace of all polynomials with exponents. 2Remark. Polynomials � k1n1�1� : : : � ksns�1� constitute a Z-base of polynomialsfrom variables k1; : : : ; ks, which have integral values in integral points.Proposition 6.32 a) Let us consider the following generalized graph
~e� r������1d0 qi�11a1-�11a1: : : - qi�11a1| {z }n11 -d1 : : : qi�1sas-�1sas: : : - qi�1sas| {z }n1s��>�2d0-�3d0: : :AAAAU�md0 rAAAAUds-ds: : : ����ds ~e�qi�m1a1-�m1a1: : : - qi�m1a1| {z }nm1 -d1 : : : qi�msas-�msas: : : - qi| {z }nmsLet operators Ai correspond to generators ai and operators Di correspond togenerators di. ThenD0Ak11 D1Ak22 : : : Akss Ds = E�� �0@ �d0 sYj=1 �akjj �dj1A � mXi=1 �i sYj=1�kjij � kjnij � 1� :Therefore, D0Ak11 D1 : : : Akss Ds = 0, if and only if P (k1; : : : ; ks) =Pmi=1 �iQsj=1 �kjij � kjnij�1� = 0.b) To each word, which has a position in the graph (except, maybe a �nitenumber of words, which connect the verteces ~e� and ~e�), corresponds a nonzerooperator. Nonzero operators, which correspond to di�erent words, are linearlyindependent. 2Proposition 6.32 allows to construct any linear combination of products ofbinomial coe�cients, and Proposition 6.31 demonstrates that it is possible toconstruct any exponential Diophantine polynomial in this way. All this provesthe representability lemma, hence the representability criterion is also proved.26.4.2 Applications of the representability criterionWe shall use the representability criterion for proving that each representable al-gebra with Gelfand-Kirillov dimension 1 is automata. Also we shall use this cri-122



terion for constructing representable monomial algebras with patological prop-erties.Theorem 6.33 A representable monomial algebra over a �eld of zero charac-teristic with Gelfand-Kirillov dimension 1 is automata and its Gilbert series isrational.Proof. This theorem is a consequence of the theorem about the coincidenceof the essential height and Gelfand-Kirillov dimension, of the representabilitycriterion and of the following theorem.Theorem 6.34 The set of integral zeroes of an exponential-polynomial Dio-phantine equation over a �eld of zero characteristic is a union of a �nite numberof points and a �nite number of arithmetic series.Proof. We shall prove this theorem by Scolem method. Let us present at �rstsome auxiliary facts from algebra and number theory.1. From a set f�ig of elements of a �eld (i.e., parameters, which are relatedto the equation under study) we can select a maximal system of algebraically in-dependent elements f�1; : : : ; �kg, which is called the transcendental base. Each�i is a root of an algebraic equation of the form Pi0�ni + � � �+Pin = 0, where allPij are values of polynomials with integral coe�cients from �1; dots; �k. Eachmap of a transcendental base into a system of algebraically independent ele-ments of a �eld H can be extended to a homomorphism of the �eld Q (f�ig)into some algebraic extension of H .2. Let us take a su�ciently big prime p, such that for some set of remaindersf��1; : : : ; ��kg all polynomials Pini(��1; : : : ; ��k), Pi0(��1; : : : ; ��k) 6= 0. Let us takealgebraically independent, over Z, p-adic numbers f�01; : : : ; �0kg, which remain-ders modulo p are equal to f��1; : : : ; ��kg respectively. Then the map �i ! �0ican be extended to an embedding of Z[f�ig] into some algebraic extension H ofthe ring of intergal p-adic numbers Zp. Moreover, the images of Pjs(�i) don'tbelong to the principal ideal H p of the ring H . Let m be the degree of H overZp.3. If � isn't contained in the ideal H p, then �pm�1 � 1 2 H p. In this casethe function tx, where t = �pm�1, is analytical by x.4. The set of integral p-adic numbers is compact.5. An analytical function, which has in�nite number of zeroes in H is iden-tical zero.Let us begin the proof. Let r = pm � 1. Using steps 1-2, let us pass to thering H . We can decompose the set of powers N into r arithmetical series with astep r. Each such progression corresponds to the equation with base of powers�ri (because the power changes with the step r), the left hand side of whichis analytical. Therefore, each such series either contains only �nite number ofzeroes, or is identically zero. 123



Now we can give an example of a monomial semigroup, which is repre-sentable over a �eld of characteristic p and non-representable over a �eld of zerocharacteristic. Let us consider the equation for x 2 N : (1 + t)x � tx � 1 = 0,where t is a transcendental element. Bases of powers belong to a �eld of char-acteristic p. Its solutions are x = pk. Therefore, the semigroup with relationsAC = DA = DC = CD = 0, CAnD =, for n = pk, is representable, by the rep-resentability criterion, over a �eld of characteristic p, and is non-representableover a �eld of zero characteristic, by the previous theorem.Let us write matrix elements of its representation:A : (1 + �)aE11 + �aE22 + aE33;C : c(E01 �E02 �E03);D : d(E14 +E24 +E34) :The Gilbert series of the corresponding monomial algebra is transcendental. Itcan be proved that this algebra is non-representable over each �eld of charac-teristic 6= p.Let us give an example of a monomial algebra, which is representable overa �eld of zero characteristic and has Gelfand-Kirillov dimension 2. It is knownthat all solution of the Pelle equation x2 � dy2 = 1, d 6= k2, are of the form(xn; yn) : xn + pdyn = (x0 + pdy0)n, where (x0; y0) is the minimal solution.The set of all solutions has a logarithmic density and the Gilbert series of the,de�ned below algebra, is transcendental:CAxByD = 0; if x2 � dy2 = 0;C2 = D2 = AC = BC = DC = DB = DA = 0;BA = AD = CB = CD = 0 :(This is the algebra of subwords of words of the form CAxByD, where x2�dy2 6=0.) Hence, the problem about the representability of a monomial algebra canbe reduced to the following problem: is the given set a set of zeroes of someexponential Diophantine polynomial from several variables? It is known thatthis problem is algorithmically unsolvable. The problem about the existenceof a positive integral root of this polynomial is algorithmically unsolvable also.Therefore, the following statement holds.Theorem 6.35 The problem about the existence of isomorphism of two mono-mial algebras and the problem about the equality of their Gilbert series are algo-rithmically unsolvable.We can restrict ourselfs to the set of 1000�1000 matrices over C [x1; : : : ; x9].Remarks. The property of zeroes of an analytical nonzero function not to havelimit points is the speci�cs of the one variable case. It is known that, the solving124



of a system of Diophantine equations from two variables, is an algorithmicallysolvable problem. If it is possible to generalize this result to the case of expo-nential Diophantine equations, then we shall get the algorithmical solvability ofproblems about representable monomial algebras with Gelfand-Kirillov dimen-sion 2.7 Varieties of monomial algebrasA variety of monomial algebras is a variety, which is generated by some set ofmonomial algebras.We shall prove that such variety is generated by one �nitely de�ned algebrawith the graph without parallel edges and such that each arrow, which have acommon vertex with a cycle, is marked by the unique letter, i.e., all other edgesare marked by di�erent letters. We shall get also a description of unitary closedvarieties of monomial algebras: this are varieties, which are generated by directsums of semidirect products of matrix algebras of arbitrary dimensions.Varieties of monomial algebras constitute a \bridge" between structuralproperties of identities and word conbinatorial analysis. A general scheme ofreasoning may be described in the following way: an identity f doesn't hold ina variety ) f doesn't hold in a monomial algebra A ) a word in an arbitraryalgebra, which is graphically identical to a word in A, with the help of f can betransformed into a linear combination of other words. The last step allows toperform a reduction.We shall apply this approach to matrix algebras and to algebras of uppertriangular matrices. Also we shall prove lemmas, to which we refered in Section2.2. In what follows, when we shall speak about words in WdhAi, it means thatwe speak about words, graphically identical to words in A.Proposition 7.1 a) Let f be an identity, which doesn't hold in a monomialalgebra A, and let B be an algebra with the same set of generators. Then thereexists a word u in WdhAi in B, which is linearly representable modulo T (f) bywords, nonequal to u.b) Let f be a polylinear identity of the form P�2S ��x�(1) : : : x�(p), �� 2 F .Then there exist words v1; : : : ; vp 2WdhAi and coe�cients ��, such thatV = v1v2 : : : vp 2Wd(A);v1v2 : : : vp �PV� 6=V ��V� (modT (f)); whereV� = v�(1)v�(2) : : : v�(p): (8)Proof. If we take the factor by words, which dont't belong to WdhAi, thenwe shall reduce the proof to the case of A itself. But this case is obvious.2Let us note that this construction often ensures the linear representabilityof u, by words, which don't belong to WdhAi.125



Proposition 7.2 Let M be a unitary closed variety, f be an arbitrary identityof degree p, vi; v0i be words, which don't contain variables xi. Then the validnessof the identity f(x1; : : : ; xp) in M is equivalent to the validness of the identityf(v1x1v01; : : : ; vpxpv0p).Proof. It is enough to substitute the unit instead of variables, which occur invi and v0i. 2Corollary 7.3 Let Var(A) be a unitary closed variety. Then the words vi in(8) can be simultaneously arbitrarily long.We see that, \deletions and addings" (see Lemma 2.6) are a combinatorialanalog of the unitary closedness. Let us apply these results to a matrix algebraand to an algebra of upper triangular matrices. The following proposition wasused in 2.2.Proposition 7.4 Let u be a noncyclic word of length n and let f be a polylinearidentity of comlexity < n and degree p. Then there exists a subword t in thesuperword u1, representable in the form t = t0 : : : tp+1, where lengths of tisatisfy the inequalities 2n � jtij � 3n, and t is also representable as a linearcombination of words t� = t0t�(1) : : : t�(p)tp+1, which are not subwords in u1.Proof. By Theorem 5.18, Var(Au) = M n. If we apply the previous corollaryto Au, then, by Proposition 7.1, if t� 6= t, then t� =2 WdhAui. The satisfactionof the inequalities 2n � jtij � 3n can be achieved with the help of the deletionsand addings lemma. 2Remark. The reasoning in Proposition 7.1 is not constructible. The con-structibility may be achieved with the help of deletions and addings lemma.De�nition 7.5 Let us consider a nonmatrix variety M, which is generated bya f.g. algebra. By the Latyshev complexity Lat(M) of the variety M is calledthe maximal n, such that the algebra of upper triangular matrices Tn belongstoM. The Latyshev complexity Lat(A) of a f.g. algebra A is the complexity ofthe variety Var(A), generated by A (in the case, when Var(A) is nonmatrix).Let an algebra A be of the formA = F hx; c1; : : : ; cni= nXi=1 id(ci)2 + id(c1; : : : ; cn)n! :A is monomial and Var(A) = Var(Tn). Using Corollary 7.3, we haveProposition 7.6 If an identity f holds in an algebra A, and f doesn't hold inTn+1, then the weak algebraicity identity (and, by Proposition 2.95, the strongalgebraicity identity also) of order � n holds in A.126



This proposition allows to pump over n powers of the same word into asmaller number of powers (see 2.2.3). The following proposition is useful in theestimation of Gelfand-Kirillov dimension.Proposition 7.7 a) GKdim(A) � S � Lat(A), where S is the minimal numberof elements in a s-base.b) Let A be a f.g. algebra, which generates a nonmatrix variety. Then thestrong algebraicity identity of order Lat(A) holds in A and the strong algebraicityidentity of order Lat(A)� 1 doesn't hold in A.Proof. The item a) is a consequence of Proposition 7.6 and the pumping overprocedure: each element in A is linearly representable by words of the formd0ve1i1 d1ve2i2 : : : dh�1vehih dh, where all words di have a bounded degree, words vijbelong to the s-base and for each element v from the s-base there can be notmore, than Lat(A) words vij , equal to v. Hence, h � S � Lat(A).The item b) is a consequence of Proposition 7.6 and those fact that thestrong algebraicity identity of order Lat(A) � 1 doesn't hold in Tn. 2So, the Latyshev complexity and the ordinary complexity of varieties can bede�ned in the terms of monomial algebras. It is interesting to note, that moregeneral \complexities" appeared in works, dedicated to the Specht problem.These complexities correspond to semidirect products of matrix algebras, i.e.,to varieties, generated by unitary closed monomial algebras.7.1 The reduction to the �nitely generated caseProposition 7.8 Let a polylinear identity of degree m holds in a monomialalgebra A. Thena) each word, which contains m di�erent generators, is zero;b) Var(A) is generated by (m � 1)-generated algebras and has base rank �m� 1.Corollary 7.9 The variety, which is de�ned by the identity xn = 0, and alsothe variety, generated by Grassmann algebra, cannot be generated by monomialalgebras. 2Passing to a direct sum of (m�1)-generated algebras and using the diagonalembedding (see Proposition 6.6), we have the following theorem.Theorem 7.10 If an identity of degree m holds in a variety M of monomialalgebras, then there exists an (m� 1)-generated monomial algebra A, such thatM = Var(A). 27.2 The reduction to the automata caseOur next aim is to construct an automata algebra with the same set of identities,as an arbitrary f.g. monomial PI-algebra.127



7.2.1 Verbal subalgebrasA subalgebra of a semigroup algebra, which is generated by words, is called averbal subalgebra. A verbal subalgebra itself is a semigroup algebra.Proposition 7.11 A verbal subalgebra with generators v1; : : : ; vk of a relativelyfree algebra is relatively free itself, only when the set of words fvig is a code (i.e.,if vi1 : : : vik = v0i1 : : : v0is , then k = s and vij = v0ij , for all j).A verbal subalgebra of a monomial algebra is monomial itself, only when itsset of generators has the following property: if W = vi1 : : : vik = v0i1 : : : v0is , theneither W = 0, or k = s and vij = v0ij , for all j. 2In other words, a verbal subalgebra is monomial, if each nonzero word in ithas a unique representation, as a product of generators. Let us note that themonomiality depends on the set of generators. The following proposition is adirect consequence of the previous one.Proposition 7.12 a) If the �rst letters in all vi are di�erernt, then the verbalsubalgebra with generators vi is monomial. (An analogous statement for lastletters also holds.)b) If hi = ai �Pj tij and ai 6= aj , if i 6= j, then the subalgebra with generatorshi is monomial. 2Remark. Algebras, generated by monomials in a ring of commutative polyno-mials, studied by I.D.Gubeladze (see [19]). He proved that projective modulesover such algebras are free.7.2.2 Combinatorial properties of a set of words of bounded heightWe studied periodic, quasiperiodic, (weakly) pseudoperiodic words. Now weneed to study piecewise periodic words. This necessity is caused by the fol-lowing reason. At �rst, by Shirshov height theorem, such words constitute anormal base in a PI-algebra. Secondly, the notion of piecewise periodicity is anatural generalization of the periodicity notion. Thirdly, to types of such wordscorrespond connected graphs without parallel edges, and the type language cor-responds to the graph language. The study of the piecewise periodicity leads tonew notions and statements, which allow to give a description of representablemonomial algebras. All this constitute a technique, necessary to study varietiesof monomial algebras.The de�nitions of a type, a subtype, an essential type and an essential heightsee in Section 6.4.De�nition 7.13 A set of words R is called essentially connected with a giventype D, if 128



a) each word from R has the essential type D:8w 2 R w = d0vk11 d1 : : : vkss ds ;b) if s � 1, then 8N9w 2 R: 8i ki > N . If s = 0, then R = fD0g.Let us note that R doesn't necessary coincide with the set of all words inthe given type. The fact that R is essentially connected with D means thatR cannot be represented as a �nite union of sets of words of smaller essentialheight.Proposition 7.14 Let a subset R in the set of words of the type D is not essen-tially connected with D, then R can be represented as a �nite union [Ri, whereeach Ri has an essential type with a smaller essential height. (So, SH(R) < s .)Proof. Let us suppose the contrary. Then some N satis�es the followingcondition: for each w 2 R, there exists i, such that ki < N . Let Dij =Divji+1Di+1, where i = 0; : : : ; s� 1; j = 0; : : : ; N � 1. Let us consider the set oftypes f(D0; : : : ; vi; Dij ; vi+1; : : : ; Ds)g. This set is �nite and each w 2 R belongto one of these types. 2The description by types means the isolation of powers vkii and \spans" Di.However, it is useful to isolate not only powers, but complete quasiperiodicsegments.De�nition 7.15 By a shape will be called a sequenceD = (d0; v1; v01; d1; v2; v02; : : : ; vs; v0s; ds);where vi and v0i are cyclically conjugate. A word W is of the shape D, ifW = d0t1d1 : : : tsds, where ti � v1i and ti is a beginning of v1=2i and an end of(v0i)1=2. (In the �rst case the right superwords are considered, in the secod {the left.)A shape is called convenient, if an end of d0 doesn't coincide with a beginningof v0, a beginning of v0i doesn't coincide with a beginning of di and an end of vidoesn't coincide with an end of di�1. (Let us note that some di can be emptywords.) A shape will be called completely convienient, if in the case, whendi = �, the �rst letter of vi is di�erent from the �rst letter of v0i. The meaningof the conveniency notion is in the maximality of quasiperiodic segments, relatedto vi.The notion of the essential connectivity is de�ned in the same way, as fortypes. The de�nition of the correspondence between types and shapes is obvious.The following proposition can be proved in the same way, as previous.129



Proposition 7.16 a) To each type the completely convenient shape is uniquelycorresponded.b) A set of words of a bounded height over a �nite set of words can berepresented as a �nite union of sets, essentially connected with a completelyconvenient shape. 2Corollary 7.17 Each set R of words of a bounded essential height over a �niteset Y can be represented as a �nite union R = [Ri, where each set Ri isessentially connected with some type. 2We are mainly interested in places, where a quasiperidic segment ends andanother quasiperiodic segment begins.De�nitions and constructions. A shape is called open to the left, if d0 = �,it is called open to the right, if ds = �, and it is called open, if it is open both tothe right and to the left. The openness of a type is de�ned by the openness ofthe corresponding shape. The de�nition of the closedness (the right, the left, thebilateral) is obvious. A left place in a shape D is the position of the �rst letterof di (and this letter itself), a right place { is the position of the last letter in di(and this letter itself), a bilateral place is the place, which is simulteneously theright and the left, or a letter with its position, which can occur in both successivequasiperiodic segments, which correspond to di�erent ti in types. The identityof places is de�ned by the coincidence of the corresponding letters and periodsand with the correspondence of the class of the cyclic conjugacy of the period,which is next to the marked position. A substitution, corresponding to a leftplace is of the form bvk ! b, where v is the quasiperiod, which begins afterb. Substitutions, which correspond to a right place, are de�ned analogously. Asubstitution of a bilateral place is of the form vkbul ! b. We shall lengthenwords by substitutions in possible positions. Only those substitutions will be ofinterest to us, which preserve the shape,Proposition 7.18 A substitution, corresponding to some place, with su�-ciently big powers of pasting in periods, preserves the shape, only when theposition of this substitution is identical to the place of this substitution. 2An analogous statement is valid for a system of simultaneous substitutions.7.2.3 On pastings in and substitutionsWhen we use substitutions, the question arises about the preservance of theshape under the operation of the pasting in a segement.Proposition 7.19 a) Let u be a noncyclic word, v be cyclically conjugate to ukand a be a letter in a word s. Then the substitution av ! a transforms s intoa subword in u1, only when s � u1. In this case s can be positioned in u1130



in a way, such that after the letter a the period v begins. If jsj � juj, then allpossible positions of the substitution av ! a, which preserve the property \to bea subword in u1", are situated in s with the period juj.b) Let buk be not a subword in u1. If s is a beginning of buinfty=2 andthe substitution bu! b is performed in the �rst position, then this substitutiontransforms s into a subword in bu1=2. An analogous statement holds for u1=2b.c) LetW = v1=2cu1=2 andW 6� u1. ThenW 6� v1. Let jvk j > 2juj; jukj >2jvj, then the substitution vcu ! c transforms a word s into a subword in W ,only when s � W and s is of the form s = v0cu0, where v0 is an end of v1=2and u0 is a beginning of u1=2. If jv0j � jvj or ju0j � juj, then the representationof s in the above form is unique. 2De�nition 7.20 Substitutions from a), b) and c) of this proposition will becalled inner substitutions, substitutions of the right (left) end, substitutions ofthe bilateral end, respectively.7.2.4 Formal power seriesWe consider N -graded algebras, which are direct sums of their homogeneouscomponents. As usual, AnAm � Am+n; A = �1k=0Ak. We can de�ne formalpower series in such algebras. A formal power series is an in�nite sum P vi ofhomogeneous elements vi, such that the number of elements of each degree ofuniformity is �nite. The set of all formal power series has a natural structure ofalgebra, which is denoted by bA. The algebra A has a natural embedding intobA.Proposition 7.21 a) A=An = bA= bAn;8n.b) Var( bA) = Var(A).c) The operator :̂ A ! bA is a functor from the category of graded algebrasinto the category of algebras. 2The following proposition is a consequence of Propositions 7.11, 7.21.Proposition 7.22 Let ai be generators of a monomial algebra A, ti 2 bA, �i 2F , where F is the ground �eld. Let a0i = �iai + aiti and A0 be the algebra,generated by a0i. Then A0 is monomial. If all �i 6= 0, then to each nonzero wordin A corresponds a nonzero word in A0 and Var(A0) = Var(A). 2This correspondence between a word v in A and a word v0 in A0 will bedenoted by 0.The idea of the construction of an automata algebra, which de�ne the givenvariety is as follows. Words of A are divided into sets of words, essentiallyconnected with types. For each type D we shall �nd ti, such that in A0 all wordsof this type will be nonzero. The set of all subwords of this words constitute aregular language, i.e., it is automata. 131



The procedure of checking, that a word W 0 2 Wd(A0) is nonzero, is asfollows: if we substitute formal power series and remove the parentheses, thenwe shall have a nonzero word v in A. We also need to check (especially incharacteristic p) that we shall have v with a nonzero coe�cient. For this we shallprove the uniqueness of v construction with respect to a given set of simultaneoussubstitutions.Using properties of subwords of a periodic word (Proposition 2.3) and theinduction on the length of a word, we haveProposition 7.23 Let ci = vkii bi, where ki � 2, vi doesn't begin with the letterbi and the inequality jvkii j � jv2j j holds, for all i; j. Let W 0 = s0c1s1 : : : cksk and,for all sigma 2 Sk, let W 0� = s0c�(1)s1 : : : c�(k)sk. Then, if W 0� =W 0� (where�; � 2 Sk), then c�(i) = c�(i), for all i. 2Remark. The proposition is wrong, if words ci are generic (even, if they are notweakly pseudoperiodic): usually we can choose in two ways \constant segments"si in W 0. But, as usual, substitutions are controlled, hence, we can think abouta generalization.We shall need a stronger result.Proposition 7.24 a) If a given word W 0 is produced from W by simultaneoussubstitutions ci ! bi, then the positions of these substitution can be computedfrom the known W 0.b) Let each letter from the set of letters fb1; : : : ; bkg occurs only once in theset of words f�b1; : : : ; barbrg and, moreover, other letters don't occur in words ofthis set. By Nci will be denoted the number of substitutions, equal to ci ! bi,and let �ci be algebraically independent (over Q or Zp) elements of the ground�eld F , which correspond to words ci. Let b0j = �bj + (Pbi=�bj �bj . Then, aftersimultaneous substitution b0j ! �bj and removing the parentheses, terms with thecoe�cient Qci �Ncici = Qki=1 �ci are all those terms, which are obtained by theabove de�ned substitutions. The right hand product is taken for all i, the lefthad { for di�erent ci (therefore, the multiplicities Nci appeared).Proof. The item b) is a direct consequence of a). Let us prove a) by theinduction on the length of W . If a left end of W 0 doesn't coincide with some ci,then there was no substitution in this position and we can delete the left symbolfrom W and W 0. Let vmi bi and vlibi be the ends of W and W 0 respectively andpowers m and l are as big, as possible. If m > l � 2, then there was nosubstitution in the last position, and we can make the descent. If l � m + 2,then there was no substitution inside vmi (see Proposition 7.23). Therefore, thesubstitution vl�mi bi ! bi was performed in the last position, i.e., ci is de�nedci = vl�mi bi. So, we can delete the last symbol from W and the end ci from W 0and make the descent. 2132



By summing the results of Propositions 7.24 and 7.22, we haveProposition 7.25 Let elements �ij 2 F , i = 1; : : : ; s, j = 0; 1; : : : ;1, bealgebraically independent and let Wd(A) = fwjg1j=0 be the set of all words in A.Let a0i = ai + ai �P1j=0 �ijwj . If Wd(A) contains a subset R of words, which isessentially connected with the essential type D = (d0;v1; d1; : : : ;vl; dl), thenall words of the type CalD in A0 are zero. 2Remark. Let Wd(A00) is the union of Wd(A) and the set of all subwords ofwords of the type D. Then Var(A0) � Var(A00) � Var(A), hence, Var(A00) =Var(A).Now we are ready to prove the following theorem.Theorem 7.26 Each variety M of monomial algebras is generated by an au-tomata algebra.Proof. There exists a �nitely generated monomial algebra A, such that M =Var(A). By Corollary 7.17, Wd(A) is a �nite union of sets Ri and each Ri isessentially connected with a type Di. A can be embedded into the �nite directsum of quotient algebras Ai (the diagonal embedding), which correspond tosets of subwords of words from Ri. But a �nite union of regular languages isregular. Therefore, the proof is reduced to the case when Wd(A) is the set ofall subwords of words from one Ri.By the previous remark, we can assume that Wd(A) consists of all subwordsof words of the type Di. But this set is a regular language, hence A is automata.27.3 The description of varieties of automata algebras ingraph termsDe�nition 7.27 A graph is called remarkable, if it is �nite, connected, if itdoesn't have parallel edges, ingoing and outgoing verteces of its cycles coincideand each arrow, which has a common vertex with a cycle, is marked by aletter, such that no other arrow is marked by this letter. A graph is calledpiecewise remarkable, if it is �nite, each its connected component is remarkableand arrows from di�erent components are marked by di�erent letters. In suchgraph all cycles are irreducible.Proposition 7.28 Each piecewise remarkable graph de�nes a �nitely de�nedalgebra. 2Our next aim is to prove the following theorem.Theorem 7.29 Each variety M of monomial algebras is generated by an alge-bra of some piecewise remarkable graph.133



In other words, M is a �nite union of varieties, de�ned by algebras of re-markable graphs.Corollary 7.30 Each variety of monomial algebras is generated by a �nitelyde�ned algebra. 2For proving the theorem we shall need some auxiliary statements.7.3.1 On graphs without parallel edges, which generate PI-algebrasThe description of varieties, generated by automata algebras, can be reducedto the case of automata algebras, which are de�ned by graphs without paralleledges. (An arbitrary variety is a union of such varieties.) In the PI-case thereare no linking cycles and each graph � without parallel edges is an ordered chainof cycles, with cross connections. There is a correspondence between graphs {\chains of cycles" and shapes of words. In the description of piecewise periodicwords the language of such graphs is parallel to the language of shapes, therefore,it deserves the study. Let us note, that the statement about the decompositionof the set of piecewise periodic words into a �nite number of shapes correspondto the statement about the representation of a language, as a �nite disjoint unionof graphs without parallel edges. The study of such graph can be reduced tothe \local" study of passage of paths inside its fragment. A fragment is a cycle(or a pair of cycles) with �xed initial (ingoing) and �nal (outgoing) verteces.Merged cycles. Two cycles are called merged, if some superword u1 can bepositioned on both of them. In opposite case, these two cycles are called sepa-rated. Two cycles are called adjacent, if there exist a cross connection, connectedthem, i.e., the shortest path, which connect them, doesn't contain any vertecesfrom other cycles. If the length of the cross connection is 1, then this cycles arecalled neighboring.Proposition 7.31 a) Let C1 and C2 be merged cycles and � be their unionwith the cross connection. Then C1 and C2 have common small period u andall words of length juj, which have a position in �, are cyclically conjugate to u.The inverse statement also holds.b) Two words of the same length, which have positions with the same initialarrow, coincide. A determinate graph doesn't have any merged cycles. 2As each language is de�ned by a determinate graph and, the deleting ofarrows and the passage to a disjoint union of graphs without parallel edges,preserve the determination, then each graph can be reduced to a graph withoutparallel edges and merged cycles.For further reduction we shall need to study operations over graphs, whichare de�ned in following propositions. 134



Proposition 7.32 Let a graph �0 is produced from a graph � by the lengtheningof a cycle C, i.e., by pasting in a power of its big period (the small period remainsthe same). Then Wd(�) �Wd(�0). 2Remark. If we paste in the small period, then the proposition is wrong.Proposition 7.33 With the help of the pasting in operation, we can move o�ingoing verteces from outgoing on an arbitrary big distance. If � doesn't have anyadjacent merged cycled, then, by the moving o� ingoing verteces from outgoing,we can liquidate merged cycles. 2Proposition 7.34 a) Let � be of the forms - sS&%'$sQaaP(verteces P and Q don't belong to other cycles, Q is not an outgoing vertex, thearrow PS and QS are marked by the same letter). Let the graph �0 is the resultof pasting of P , Q and arrows, then Wd(�) = Wd(�0).b) The dual statement, which can be obtained from a), by changing the direc-tion of arrows, is also valid. (In the determinate case such pasting is impossible.)c) If in the item a) we delete the condition \Q is not an outgoing vertex"(respectively, in b) { \Q is not an ingoing vertex"), then Wd(�) � Wd(�0).2De�nition 7.35 A graph without parallel edges is called not bad, if it doesn'thave any adjacent merged cycles and, if any two arrows, which go into the sameingoing vertex of some cycle, are marked by di�erent letters (except, may be,the case, when one of these arrow connect two cycles). The same is true foroutgoing arrows. A not bad graph is called good, when it is determinate.Proposition 7.36 a) With the help of the operations, de�ned in items a) andb) of the previous proposition, and also using the pasting in cycles, each graph� can be transformed into a not bad graph �0. If � is determinate, then �0will be good. If � is not determinate, then we shall need operations, inverseto operations from items a) and b), to obtain a good graph. Also we have thatWd(�0) �Wd(�).b) If, instead of pasting in cycles, will be used the operation from the itemc) of the previous proposition, then � can be transformed into a not bad graph�00. If � is determinate, then �00 will be good. And Wd(�00) �Wd(�).c) These graphs �;�0;�00 have the same small periods and graphs �0;�00 haveisomorphic fragments of cross sections, which don't have common verteces withcycles. 2135



We can represent cycles, as \drums", and cross sections, as threads, whichwind around \drums". Those verteces, where ingoing and outgoing arrows aremarked by letters, di�erent from letters of the corresponding cycle, constitute\knots", which don't allow \drums" to move. The previous proposition simplyallows to rotate drums up to knots.Remark 1. We have: Var(A�00 ) � Var(A�) � Var(A�0). We shall prove thatVar(A�00 ) = Var(A�0), hence, Var(A�00 ) = Var(A�) = Var(A�0 ).Remark 2. The inversion of operations from a) and b) of Proposition 7.34 isnot needed, if � is determinate. To reduce a graph to a good form, we usethe determination, but it is possible to describe explicitly the transformationof a graph with merged cycles. Words, which are positioned along a chain ofadjoint merged cycles with small period u and multiplicities ni, are of the formuPkiniv. And this set of words corresponds to the graph with parallel edges andthe cycle of multiplicity gcd(ni). This graph can be transformed into a disjointunion of graphs without parallel edges. The operations from Proposition 7.34transform each component into graphs, such that only ingoing and outgoingarrows are di�erent in them. We shall see that corresponding algebras de�neequal varieties.So, it is enough to study only good graphs. Our aim is to prove thatVar(A�00 ) = Var(A�0). As Var(A�00 ) � Var(A�0 ), we have to check thatVar(A�00 ) � Var(A�0). To prove this, we shall obtain equal varieties, by notdiminishing Var(A�00 ) and not increasing Var(A�0).By the quasiperiodicity of solutions of the word equation Ax = xB (seeProposition 2.7), we haveProposition 7.37 Let fvig be a set of words with undounded quasiperiods andlet t =P�ivi 2 bA. Then the element t and generators of A generate a mono-mial algebra. 2Let b be not a beginning of u. If we take the set unb instead of fvig, thenwe have the following proposition.Proposition 7.38 Let � be a graph without parallel edges and linking cycles,let C be its cycle and v be an outgoing from C arrow, marked by b, and b isdi�erent from those letter, which marks an arrow in C with the same beginningvertex, as the beginning vertex of v. Let �0 be the result of the following stickingletters operation in �: v is marked by a letter, which is not occured anywhereelse, and there are no other changes in �. Then Var(A�0) = Var(A�). Theanalogous statement about an ingoing arrow also holds. 2Using this proposition, we can reduce the variety, generated by an algebraof a good graph, to the very good case.Let us study now positions of words.136



Proposition 7.39 Let � be a good graph, such that ingoing and outgoing verte-ces of cycles are separated from each other by a su�ciently big number of smallperiods. Let u be a noncyclic word, v be a cross section between adjoint cyclesC1 and C2 with small periods u1 and u2, respectively. Let the word u1vu2 hasthe following position: v is in cross section and each ui on its cycle. Then thefollowing statement hold, for k su�ciently big:a) for any position of the word uk11 vuk22 , the word v is in the cross sectionand ui are small periods of the corresponding cycles;b) if b is not an end of u, then buk can be positioned only in the followingway: b is in an ingoing segment of a cycle and u completely in this cycle;c) a word uk can have not more, than two positions with a �xed end. Eachposition of uk is either in a cycle C with the small period u, or it begins inan ingoing cross section or in previous cycle C 0. Moreover, the ingoing vertexof C 0 cannot belong to the position of uk (here we use the condition that thedistance between ingoing and outgoing verteces of a graph is greater, than thesmall period);d) if b is not a beginning of u, then, in a position of ukb, b is in the outgoing,from the cycle, part of the cross section (and the position of uk is the same, asin the item c)). 2Let us translate this proposition to the language of representations. Let usconsider, at �rst, the case of a cyclic graph with n verteces. All its verteces(and, hence, base vectors of the canonical representation) are marked by Zn.The following statement (which is a consequence of Proposition 2.3) is aboutpositions of words in the cycle.Proposition 7.40 a) Let the cycle C be irreducible and u be its period, n =juj, v � u1, jvj � n, v = vk0s, jsj < n, jv0j = n. Then v has the uniqueposition in the cycle and in the canonical representation the operator tk�s�Ei;i+jsjcorresponds to v. Here i is the beginning vertex of v position, i+ jsj = i+ jvj isthe last vertex, t is the product of constant, written on arrows along C, �s is theproduct of constants, written on arrows along the position of s with beginningin i-th vertex.b) Let the cycle C is reducible, u be its small period, ul be its big period. Letv � u1, jvj � juj, v = vxl0 vq0s, jsj < juj, jv0j = juj, q < l. Then all positionsof s di�ers from each other by rotations by juj. To v corresponds the followingoperator in the canonical representationtx �Xk �skE�� ; � = i+ kjuj; � = i+ kjuj+ qjuj+ jsj;where t is the product of constants, written on arrows along C and �sk is theproduct of constants, written on arrows along the position of vq0s with the numberof the beginning vertex � = i+ kjuj. 2137



Proposition 7.41 a) Let C be a cycle and u be its small period. Theneach central extension of the canonical representation of AC contains alloperators of the form Pk Ei+kjuj;i+kjuj and also operators of the formPk �si+kjuj;j+kjujEi+kjuj;j+kjuj, where �sij is the product of constants along theshortest path, which connects i-th and j-th verteces.b) Let � be a disjoint union of cycles. Then some central extension of algebraof operators of canonical representation, contains all operators of the de�nedabove form for each cycle in � (the sum is taken for verteces of only one cycle).c) Let Y be a subset in the set of generators of an algebra A, and let arrowsof the graph �, marked by letters from Y , constitute a disjoint union of cyclesCi and lines. Then the statement of the item b) holds for � and cycles Ci.Proof. The item c) is a direct consequence of the item b). The item a) isa consequence of the previous proposition. The item b) also is a consequenceof the previous proposition and the algebraic independence of constants of thecanonical representation, which correspond to di�erent cycles. 27.3.2 Very good graphsA graph � is called very good, if each arrow, ingoing into a cycle or outgoingfrom it, is marked by a letter, which doesn't occur in any other position. Whenwe work with such graphs, then there are no di�culties with positions of wordsin di�erent cycles, The following proposition is useful in the reduction to thecase of the coincidence of ingoing and outgoing verteces of cycles.Proposition 7.42 a) Let � be a very good graph, C be its cycle with B, as theingoing vertex, E, as the outgoing vertex, and an arbitrary vertex F . Let theingoing into C arrow be marked by t1 and the outgoing arrow { by t2. Let theword s corresponds to the path from B to F , t01 = t1s. Let A0 be a subsalgebrain A�, generated by all generators of A�, di�erent from t1, and the element t01.Then A0 is monomial, automata and is de�ned by a very good graph �0, whichdi�ers from � only in the position of one arrow, marked by t01. The end of thisarrow is in the vertex F .The analogous statement holds for the outgoing vertex and the substitutionrt2 = t02 ! t2.b) All algebras of very good graphs, which di�er from each other only inpositions of ingoing and outgoing verteces of cycles, can be embedded into eachother and, therefore, generate identical varieties. 2The following proposition is a consequence of Proposition 7.38.Proposition 7.43 a) Let �0 can be produced from a graph �, by sticking theletters, such that the equlity of letters inside cycles and in the set of all crosssections is preserved and letters in di�erent cycles or in cycles and cross sec-tions become di�erent. Then the algebras A� and A�0 have isomorphic centralextensions. Therefore, Var(A�) = Var(A�0).138



b) Let �00 can be produced from �0 by sticking the letters inside small periods(i.e., we don't change letters in cross sections, and inside cycles only thoseletters can coincide, which positions di�er by a small period multiple). Thenthe algebras A�0 and A�00 have isomorphic central extensions and Var(A�0) =Var(A�00).Let us now reduce the problem to the case, when all cycles are irreducible.Proposition 7.44 Let � = C be a cycle, n be the length of its small period, nlbe the length of the big period, let letters x1; : : : ; xn be di�erent and x1x2 : : : xnbe the small period of �, let x0n = xn(x1x2 : : : xn)l�1. Then x1; : : : ; xn�1; x0ngenerate a monomial algebra, isomorphic to A�. If we mark positions of gener-ators of this algebra in �, then we shall obtain the graph �0, which consists ofl identical nonintersecting cycles, such that in each cycle arrows, marked by xi,i < n, are the same, as in �, and arrows, marked by x0n, correspond to passagefrom the end of each small period to its beginning. 2Proposition 7.45 Let a graph �00 satis�es the condition of Proposition 7.43and, moreover, ingoing and outgoing verteces in cycles coincide. Let �0 be pro-duced from �00 by replacing cycles by irreducible cycles with the same smallperiods. Thena) Wd(�0) �Wd(�00);b) the algebra A�0 can be embedded into A�00 ;c) Var(A�0) = Var(A�00).Proof. The item c) is a direct consequence of a) and b). The item b) is obvious.Let us prove a). The set Wd(�0) is the set of subwords of words of the formc0uk11 c1 : : : ukll cl; (9)where ci correspond to cross sections and ui to small periods of cycles. (Ifthe �rst cycle doesn't have any ingoing verteces, then c0 = �, if the last cycledoesn't have any outgoing verteces, then cl = �.) The set Wd(�00) is the set ofsubwords of words of the formc0un1k11 c1 : : : unlkll cl; (10)where ni are multiplicities of small periods in cycles of �00. But each word ofthe form (10) is of the form (9) also. Hence Wd(�0) �Wd(�00). 2Let us sum the obtained above results.Proposition 7.46 Let � be a very good graph and let �0 can be produced from� by the following operations.1. The translation of ingoing verteces of cycles to obtain the coincidence ofingoing and outgoing verteces. 139



2. The replacement of all cycles by irreducible cycles with the same smallperiods.3. The sticking of letters: marks in cross sections are not changed; marksinside cycles are changed so, that each arrow inside each cycle is marked by aunique letter.Then Var(A�0) = Var(A�). 27.3.3 The proof of the main theoremLet us come to the proof of Theorem 7.29. It consists of several steps. At�rst, a varietyM of monomial algebras is generated by an automata algebra A.By the closedness of varieties with respect to the direct sum operation and byProposition 6.6 about the diagonal embedding, the graph �A can be assumed tobe a connected graph without parallel edges. In Proposition 7.36 a good graph�0 and not bad graph �00 were constructed, such that1) Wd(�00) �Wd(�A) �Wd(�0);2) big periods in cycles of �00 coincide with small;3) there exists the correspondence between �0 and �00: cycles correspond tocycles in the same order and with the same small periods; subgraphs, whichdon't have common verteces with cycles, are isomorphic (in the category ofmarked graphs). The position of a cross section between cycles is preserved(i.e., the corresponding cross section is positioned between the correspondingcycles) and lengths of cross sectiones are preserved also.In other words, �00 and �0 can di�er only in big periods, in positions ofingoing and outgoing verteces and in marks on ingoing and outgoing arrows.The theorem will be proved, if we shall transform �00 and �0 into one re-markable graph �, by not diminishing the variety Var(�00), in the �rst case, andby not increasing Var(�0), in the second.Let us start with the simplest transformation. By the sticking of letters in�00, let us achieve the situation, when each arrow, which has a common vertexwith a cycle, is marked by a unique letter. It remains to achieve the coincidenceof ingoing and outgoing verteces in cycles. But this can be done with Proposition7.42.Let us turn now to �0. By Proposition 7.38, we can, by sticking of lettersin arrows (and not chaging the variety), transform �0 into a very good form.Proposition 7.46 allows to transform � into a remarkable form (by translatingingoings to outgoings, by replacing cycles by irreducible cycles, by sticking ofletters inside cycles). It is easy to see that thus obtained graphs �00 and �0coincide. Theorem is proved. 2Remark. The coincidence of varieties, generated by algebras, can be proved inmany ways. We can study canonical representations and prove isomorphismsof suitable central extensions of operator algebras. We can use the fact that140



an algebra and its Zariski closure generate the same varieties. Instead of trans-forming graphs, we can study positions of words, which \strongly participate" inminimal possible number of cycles (there only �nite number of such positions),and then use central extensions or Zariski closure.Let us use the proved above theorem for the classi�cation of unitary closedvarieties of monomial algebras.Theorem 7.47 Let M be a variety of algebras, de�ned by a piecewise remark-able graph �. Then the maximal unitary closed variety M0 � M is de�ned bythe graph ��, which is produced from � by contracting each cross section into anedge. The variety M0 is generated by a direct sum of semidirect products of ma-trix algebras. Summands correspond to connected components of the graph andfactors, inside summands, { to cycles. The dimension of a matrix correspondto the length of the corresponding cycle.Proof. It is enough to prove the theorem for a remarkable graph. Let �0 isproduced from � by the contraction of edges, which don't have common verteceswith cycles. We shall use the following lemmas, which are consequences of thosefacts: the ideal of identities of an automata algebra, de�ned by an irreduciblecycle of order n, coincides with the ideal of identities of the matrix algebraof order n (Theorem 5.18); the ideal of identities of a semidirect product ofalgebras coincides with the product of their ideals of identities (Theorem 6.18,see also [83]). 2Lemma 7.48 The T -ideal of identities of the algebra A�0 is generated by ele-ments of the form x0T (Mn1)x1T (Mn2) : : : T (Mnr)xr ; (11)where xi are either empty words, if the corresponding cycles are neighbor, orletters, otherwise, and by T (Mni) is denoted the ideal of identities of the matrixalgebra Mni of order ni. x0 (xr) is empty, if there is no ingoing (outgoing)arrow in the �rst (last) cycle. 2Lemma 7.49 If we substitute variables in (11) by arbitrary words, with lengthsnot greater, than the maximum of cross section lengths of �, then we shall havean identity in A�. 2The theorem is a consequence of these two lemmas. 2Let us give another formulation of the theorem.Theorem 7.50 Each unitary closed variety of monomial algebras can be rep-resented as a �nite union of varieties of the formM n1M n2 : : :M nk :141



Here by M ni is denoted the variety, generated by the matrix algebra of dimen-sion ni. The product of varieties is de�ned by the product of T -ideals (to itcorresponds the semidirect product of algebras). 2Remark. Essentially, in works, dedicated to Specht problem, the generalizedcomplexity was de�ned by varieties of the form M n1M n2 : : :M nk . If all nk = 1,then we have Latyshev complexity, if k = 1, then we have the usual complexity.All remaining di�culties in study of varieties of monomial algebras are con-nected with cross sections. The following problems seem interesting.1. To perform an analogous study of reperesentations of monomial algebraswith arbitrary graphs (including graphs with linking cycles). Which propertieshas Zariski closure of a representation? How can we transform a graph � intoa more suitable form �0, so that algebras of canonical representations of � and�0 have isomorphic central extensions?2. To construct a variety of monomial algebras, which cannot be producedby intersections, unions and products of T -ideals from nilpotent and matrixvarieties.3. To reduce the description of varieties of monomial algebras to the descrip-tion of generalized varieties of monomial algebras (a part of variables, which cor-respond to cycles, are coe�cients of generalized identities) and thus to simplifythe proof of the main theorem.4. To study the variety, generated by nilpotent monomial algebras of abounded index, in particular, the variety, generated by a �nite subword of thesuperword u1.5. To construct an algorithm for checking the coincidence of two varieties,generated by two automata algebras.8 Lie nilpotency: recognition and the wordproblemIn this chapter we study associative algebras with the Lie nilpotency identity.Algorithms, which are studied here, are related to the general theory of Groebnerbases.Let KhXi be, as above, a free associative algebra with free generatorsX = fx1; : : : ; xng over a �eld K. The set X also generates the free Lie al-gebra K0hXi(�) over K with respect to the commutation [y1; y2] = y1y2� y2y1.We assume that the empty word 1 belong to hXi. A \long" commutator (right-normed product) is de�ned by the induction: [y1; : : : ; yr] = [[y1; : : : ; yr�1]; yr]. Along commutator can be considered, as a \nonassociative monomial". Elementsof the Lie algebra K0hXi(�) will be called Lie elements of the free associativealgebra KhXi. Elements, which can be represented as linear combinations oflong commutators, are called eigen elements. All Lie elements, for example, are142



eigen. It is well known that each totally characteristic ideal (T -ideal) is gener-ated by eigen elements. (We assume that the characteristic of the ground �eldis zero.) We also assume that the reader is aquainted with the basics of theGroebner bases theory. All necessary material can be found in standart bookson the computer algebra. An algebra A is called a s.f.p. (standart �nitely pre-sented) algebra, if its ideal of de�ning relations is generated by a Groebner basewith a �nite number of elements. Obviously, the solvability of the word problemin A is a consequence of this property. A property P of an algebra is called rec-ognizable, if there exists an algorithm for checking whether an arbitrary s.f.p.algebra A has this property or not. The property of the Lie nilpotency of analgebra A means that for some r the polynomial identity [y1; : : : ; yr] = 0 holdsin A. The commutator ideal of such algebra is nilpotent of index q � q(r; n),where n is the number of A generators and the function q(r; n) is algorithmicallycomputable.Theorem 8.1 The Lie nilpotency of a �xed index r is an algorithmically rec-ognizable property.Proof. Let us consider the following types of eigen elements, which belong tothe T -ideal T (r)/KhXi, generated by the long commutator [y1; : : : ; yr] (as above,by q is denoted the nilpotency index of the ideal, generated by commutators inthe algebra KhXi=T (r)):(i) [xi1 ; : : : ; xir ];(ii) [xi1 ; : : : ; xis1 ] : : : [xj1 ; : : : ; xjsq ];(iii) ff1; : : : ; ftg { a base of the linear subspace in T (r),generated by eigen elements of degree � D =maxfq(r � 1); rg. (12)It is easy to check, that these elements generate T (r), as an ideal. Hence,the algebra A = Kha1; : : : ; ani with n generators ai satis�es the polynomialproperty [y1; : : : ; yr] = 0, only when eigen polynomials (12) are zero under allsubstitutions aj ! xi. This is exactly the required recognition algorithm.2A variety V (r) of Lie nilpotent algebras of index r is �nitely approximable,therefore the word problem is solvable in it. But we want to prove that thisproblem is solvable by an algorithm, which uses Groebner bases.Of course, this problem is equivalent to the membership (to an ideal) problemin the free algebra of the variety V (r). This free algebra is the quotient algebraA �= KhXi=T (r), i.e., it is �nitely presented and noncommutative polynomials(12) are its de�ning relations. Let ' : KhXi ! KhXi=T (r) be the naturalepimorphism. The image L = '(K0hXi(�) of the free Lie algebra is �nite-dimensional in A, because all homogeneous Lie elements of degree � r belong143



to the T -ideal T (r). If �1 = '(g1); : : : ; �m = '(gm) 2 L is a base in the Liealgebra L, gi 2 K0hXi(�), m = dim L, then elements gi can be chosen ina way such that g1 = x1; : : : ; gn = xn and gn+1; : : : ; gm are homogeneous Lieelements of degree < r. As T (r) is uniform, then gi can be found by \linearprocedures". At the same time we represented all �i as some (Lie) polynomialsfrom �1; : : : ; �n and computed structural constants of L in this base.Let UL be the enveloping algebra of L and e1; : : : ; en be the copies of elements�1; : : : ; �n in UL, then ei generate UL. There are two canonical epimorphisms,associated with UL. At �rst, the epimorphism of algebras  : KhXi ! UL,which extends the map of sets  : X ! UL,  (xi) = ei, i = 1; : : : ; n. Secondly,the epimorphism of algebras � : UL ! A, �(ei) = �i, i = 1; : : : ; n. The diagramof epimorphisms khXi - UL?�A �= khXi=T (r)QQQs'is commutative, hence, the ideal ker� � UL is generated by elementshj(e1; : : : ; en), where hj(e1; : : : ; en) is a polynomial of the form (12). There-fore, we have the following isomorphismsA �= khXi=T (r) �= UL=I:Theorem 8.2 There exists an algorithm, based on the Groebner base notion,which solves the membership to an ideal problem in the variety of Lie nilpotentalgebras of a �xed index.Proof. We shall use the above introduced technique. Let us consider themembership to an ideal B � A problem, where the ideal B is generated by a�nite number of elements bi(�i; : : : ; �n) = '(bi(x1; : : : ; xn)), bi(x1; : : : ; xn) 2KhXi. This problem can be reformulated as the membership to the idealJ � UL problem, where the ideal J is generated by elements bi(e1; : : : ; en) = (bi(x1; : : : ; xn)) and hi(e1; : : : ; en), I � J . To solve the last problem, it isenough to construct a Groebner base of J and then use the reduction processwith respect to this base. 2AppendixA. On rings, asimptotically close to associativeIt is known that results, valid for associative PI-algebras, in many cases werefound to be valid in other cases also, for alternate or Jordan rings, for example.The method of generalization uses the passage to an associative algebra of (left)144



multiplications. We shall formulate criterions of the asimptotic closedness toassociative rings and shall present some base notions and constructions.De�nitions. An algebra A has a bounded L-length, if for some k its algebraL(A) of left multiplications is linearly representable by elements of the formL(p1) : : : L(pq), where q < k and L(x) is the operator of the left multiplicationby x. A varietyM is called not bad, if the algebra of left multiplications of eachf.g. algebra fromM is 1) �nitely generated, 2) has a bounded L-length, 3) each1-generated algebra from M is associative, i.e., M is a variety with associativepowers. A variety M is called good, if it is not bad and 4) the algebra of leftmultiplications of each f.g. algebra fromM is a PI-algebra. An algebra is calledrepresentable, if it can be embedded into a �nite dimensional algebra over anassociative-commutative ring.The following statement is well known.Proposition A.1 a) In the category of n-dimensional representations there ex-ists the univesal repulsing object.b) An algebra C is representable only when there exists a family of idealsfJigi2I and a number n 2 N , such that 1) 8x 2 C 9i 2 I : x =2 Ji; 2)dim C=Ji � n.Proof. . The item b) is a direct consequence of a). Let us present the construc-tion of the universal representation, which is n-dimensional over the center. Letf�eigni=1 be base vectors. The multiplication is de�ned by structural coe�cientsCkij : �ei�ej = Ckij�ek. To each i-th generator of C we correspond the elementPj �ij�ei. Let the coe�cients Ckij and �ij satisfy conditions, which are conse-quences of de�ning relation of C. The coe�cients themselfs belong to the factorof a polynomial ring with respect to relations. 2Notations. By Monr will be denoted the set of nonassociative monomials ofdegree r. M (k) is the ideal, generated by k-th powers of elements from M .If J is an ideal in C, then IJ is the ideal in L[C], generated by operators ofmultiplication on elements from J . Let D � C, then by ID;s will be denotedthe ideal in L[C], generated by operators of left multiplication on elements ofthe formW (t1; : : : ; tk), whereW 2Monk, k � s and 9i : ti 2 D. If I is an idealin L[C], then JI = fx 2 C : 8d 2 id(x) L(d) 2 Ig. By g(r) will be denotedthe number of generators in the algebra of left multiplications of the free r-generated algebra from M, by l(r) will be denoted its length. As an algebra ofleft multiplications is �nitely generated, then there exists a function G(r), suchthat ID;s � Iid(D), where D belongs to an r-generated algebra C from M ands > G(r).Proposition A.2 If I is an ideal in L[C] of codimension k, then the codimen-sion of JI is � k �N , where N is the number of nonassociative monomials ofdegree � G(r + 1) (r is the number of generators in C).145



Proof. As the algebra of left multiplications is �nitely generated, then x 2 JI ,if for each nonassociative monomial d of degree � G(r + 1) and, such that xoccurs in d, we have that L(d) 2 I . Therefore, the codimension of JI is notgreater, than the product of codimension of I on the number of such monomials.2Theorem A.3 a) Let M be a not bad variety and C 2 M be a f.g. algebra.Then the representability of C is equivalent to the representability of L[C].b) If M is good and C 2M is prime, then C is representable.c) If M is good and C 2M is simple, then C is �nite-dimensional.d) IfM is good and C 2M doesn't have any ideals with non-nilpotet factors,then C is simple.e) If M is good and each simple algebra in M doesn't have a base, whichelements are nilpotent, then the Kurosh problem has the positive solution in M.Moreover, if C is uniform and f.g., then there exists M � C, such that for eachk the algebra C=M (k) is nilpotent.Proof. The item a) is a consequence of the previous reasoning. Items c) and d)are consequences of b). The item e) is a consequence of previous propositions.Let us prove b). There exists a sequence fI�g of ideals in L[C], such thattheir intersection belongs to the radical R(L[C]) and each factor L[C]=I� canbe embedded into the algebra of m � m matrices (m is the same for all �).The corresponding sequence of ideals JI� in C has the following property: eachfactor C=JI� can be embedded into an algebra, which dimension over the centeris not greater, than some m0. If x 2 \JI� , then L(x) 2 R(L[C]) and x 2 R(C).But, as C is prime, then R(C) = 0. It remains to use Proposition A.1. 2Let q(n) be the degree of nilpotency of C=M (n) and s be the number of Cgenerators. By I(M;n) will be denoted the ideal in L[A], generated by elementsof the form l(t1) : : : l(tn), such that 9m 2 M : 8i ti = mki . The followingstatement is a direct consequence of the de�nition of a not bad variety.Proposition A.4 a) L[A]=IM(k) is nilpotent of degree � q(k) � g(s+ 1).b) Id(D) � ID;r and, if r is su�ciently big, then Id(D) � ID;r, for all D.c) If k is su�ciently big, then IM(k) ;r � I(M;n) (k > K(jM j; n; r)). 2Let now n will be greater, than the degree the identity, which holds inL[A]. Using the previous proposition and the pumping over lemma, we havethe following statement.Lemma A.5 Let C be a f.g. graded PI-algebra from a good variety and M � Cbe a �nite set of uniform elements, such that the quotient algebra C=M (k) isnilpotent, for each k. Then there exist a number H and a �nite set D(M),such that the algebra L[C] is linearly representable by elements of the formt1t2 : : : tk, where k < H and either ti 2 D, or 9mi 2 M , such that ti =L(xi1)L(xi2) : : : L(xij), where all xi� are powers of mi. 2146



By the boundedness of the L-length, we haveProposition A.6 Let all x� are powers of an element m. Then the prod-uct L(x1)L(x2) : : : L(xj) is linearly representable by elements of the formL(y1)L(y2) : : : L(y�), where � � l(1) and all y� are powers of m. 2De�nition A.7 An algebra C has an essential height H over a set M , whichis called an s-base of C, if there exist a �nite set D(M) and a number N , suchthat C is linearly representable by elements of the form Q(t1; : : : ; tl), whereQ 2 Monl, l � H , and, for all i either ti 2 D, or 9mi 2 M;ki 2 N : ti = mkiiand the number of ti =2 D is not greater, than H . If for some H we can takethe empty set, as D, then M is a Shirshiv base of C. This is equivalent to theadditional condition: M generates C, as an algebra.Remark. The notions of the algebraicity, of the strong algebraicity and of thesparse identity can be de�ned analogously.The following theorem is a consequence of Lemma A.5 and Proposition A.6.Theorem A.8 (A.Ya.Belov) Let C be a f.g. graded PI-algebra from a goodvariety and M � C be a �nite set of uniform elements. Then, if C=M (k) isnilpotent, for all k, then C has a bounded height over M . If M generates C, asan algebra, then M is a Shirshov base in C. 2(We can reject the condition of the associativity of 1-generated algebras.)Corollary A.9 Let C be a f.g. graded PI-algebra from a good variety andM � C be a �nite set of uniform elements. Then M is an s-base, only wheneach simple factor of C contains a non-nilpotent image of an element from M .2As simple algebras from good varieties are �nite-dimensional, then we haveCorollary A.10 Let M be a good variety, such that each simple algebra in Mdoesn't have a base, which consists of nilpotent elements. Let C be a uniformf.g. algebra from M. Then C has a bounded height over some �nite set M .2In several works there was proved the asimptotic closedness of some classes ofalgebras to associative. But, as a matter of the fact, it was proved the propertyof some variety to be good. In [48] the boundedness of l-length of f.g. Jordanalgebras was proved, in [60] the same was proved for alternate algebras. In [60]it was proved that the algebra of left multiplications of an alternate or specialJordan f.g. PI-algebra is PI-algebra also. In the same work it was proved thatthe condition of the theorem holds for a f.g. alternate PI-algebra of degree m,if we take the set of words of degree � m2 forM . In [38] it was proved that thecondition (4) holds for f.g. Jordan PI-algebras. In [21] it was proved the local�niteness of a Jordan PI-algebra of degree m, such that all its words of degree� m2 are algebraic. So, the following statement holds.147



Corollary A.11 a) Let A be a f.g. graded associative (alternate, Jordan) PI-algebra, M � A be a �nite set of uniform elements, which generate A, as analgebra, M (k) be the ideal, generated by k-th powers of elements from M . Then,if the quotient algebra A=M (k) is nilpotent, for each k, then A has a boundedheight over M .b) Let B be an alternate (or Jordan) f.g. PI-algebra of degree m. Then Bhas a bounded height over the set of words of degree � m2. 2The following statement holds.Proposition A.12 Let B be a Cayley-Dikson algebra over an arbitrary �eld.Then there exists a non-nilpotent word of length � 2 (from B generators).2The following proposition is a consequence of Theorems A.8 and A.3.Theorem A.13 Let B be a relatively free alternate algebra and M be a setof (nonassociative) words from its generators. Then M is a Shirshov base (s-base) in B, if and only if M is a Shirshov base (s-base) of the B factor by anassociative ideal. 2Combinatorial-asimptotic notions and results can be translated to the caseof good varieties. The complexity of a variety M can be de�ned as the class ofsimple algebras, which belong to M.Theorem A.14 Let M be a good variety. Thena) the essential height of representable algebra (in the case it exists) is equalto its Gelfand-Kirillov dimension and is also equal to the essential height andGelfand-Kirillov dimension of its algebra of left multiplications;b) for each f.g. algebra in M the property of the strong algebraicity holdsand also holds the natural analog of the Capelli identity. Therefore, its algebraof right multiplications is also PI;c) analogs of Amizur and Braun theorems hold;d) if each simple algebra in M has a center, then complete analog of thetheory of Razmyslov polynomials holds. In particular, the localization of a primealgebra with respect to its center is �nite-dimensional over the center and aprime algebra can be embedded into an algebra, which is �nite-dimensional overthe center. Gelfand-Kirillov dimension is the transcendence degree of the center.2We don't present a proof of this theorem and de�nitions of some notions,used in this theorem formulation, because all this is completely analogous tothe associative case. 148



A.1 Problems and remarksIt will be interesting to obtain a description of Shirshov bases in Lie and Jordancases. It is known that a simple Jordan algebra is either an algebra of a quadraticform, or a nonspecial algebra HC3, or a matrix algebra with the operationA �B = AB +BA. In the �rst case, generators can be nilpotent, but all wordsof length 2 { not. In the last case (see Corollary 2.85) a set of monomialswith following properties is a Shirshov base: for each regular word u of lengthnot greater, than the dimension of matrices n, there exists a monomial fromthis set, such that the leading term of the element, produced after removingof parentheses, is equal to u. Hence, to improve the estimations in Zelmanovresult [21], it is enough to perform computations in the algebra HC3. In eachcase the estimation on degree of words will be of order m=2 + const. Let usnote that the above condition on a set of Jordan (Lie) monomials is su�cient,but not necessary. Therefore, the problem arises about the description of setsof monomials, which are Shirshov bases. Here it is enough to check only thecondition of Theorem A.13.It is known that all simple PI(�; �)-algebras are associative. So, the problemarises: is the variety of PI(�; �)-algebras good?Obviously, a f.g. Engel Lie algebra generates a not bad variety. Is it possibleto give a direct proof that it is good? Then we shall have another proof of itsnilpotency (a well known result by E.I.Zelmanov).Is an algebra, which good from the left, good from the right also? Is it truein the case of zero characteristic?Is the class of not bad (good) varieties in the f.g. case closed with respectto tensor products? And in general case?One of conditions of our proof of Kurosh problem is the absence of a nil-basein a simple algebra, This condition holds in associative, Jordan and alternatecases. On the other hand, a �nite Lie algebra generates a good variety with anil-base. It will be interesting to obtain general criterions of the absence of anil-base. Is it possible to change the condition in Corollary A.10 to a more weakone: the absence of simple nil-algebras?B. On Nagata-Higman theorem for semiringsBy a semiring will be called a set with two operations: the addition and themultiplication. The addition is commutative and is connected with the multipli-cation by the distributive low. The semiring speci�c character is in the absenceof subtraction and in the existence of the kernel of the addition. We can alsoconsider semirings { algebras over an associative-commutative semiring �. Eachsemiring is an algebra over N . We shall study only associative semirings withzero. 149



If an identity of the formx1 : : : xm = X� 6=id��x�(1) : : : x�(m); where �� 2 �; (13)holds in a semiring, then the height theorem also holds in it. However, unlikethe ring case, here the validity of even the polylinear identity doesn't implythe validity of an identity of the form (13). Let us consider, as an example, asemiring, generated by generators of a relatively free algebra. Then we haveProposition B.1 Let A be a relatively free non-nilpotent algebra, M = Var(A),a1; : : : ; as be generators of A and R be the semiring, generated by ai. Then aword v in R is a linear combination of other words, only when v = w, where wis a di�erent word, and then this linear combination consists of one term w.Proof. In a relatively free algebra each relation is an identity and, by thenon-nilpotency of A, the sum of coe�cients of all terms in identity is zero. Onthe other hand, all coe�cients of a linear combination are positive integers.2If we take several generic matrices of dimension 2 � 2 or bigger, then theygenerate an absolutely free semigroup, therefore the above equality is impossible,if M has the complexity > 1 and A is considered over an in�nite �eld (i.e., Mhas the complexity > 1, in the sense of Section 2.2.8). We have the followingproposition.Corollary B.2 If A satis�es the conditions of the previous proposition andPIdeg(M) > 1 (in the sense of the de�nition from Section 2.2.8), then words inR cannot be represented by a linear combinations of other words. In particular,the height theorem doesn't hold in R. 2Let an identity of the form f = 0 holds in a semiring S. The \partiallinearization" of f doesn't hold in R. (For example, in the variety, generatedby the identity x3 = 0, the identity x2y+xyx+xy2 = 0 doesn't hold.) But thecomplete linearization of f with respect to each variable holds.Proposition B.3 Let the identity f(t; x) = 0 holds in a semiring S. (Here byt is denoted a system of variables, which are di�erent from x.) Let f has degreem with respect to x. Then ~f holds in S, where ~f is the complete linearizationof f with respect to x.Proof. In the ring case we can write the equality in the following way~f = f(t; x1 + � � �+ xm)�Xi f(t; x1 + � � �+ bxi + � � �+ xm)++Xi<j f(t; x1 + � � �+ bxi + � � �+ bxj + � � �+ xm)� � � �+ (�1)m�1Xk f(t; xk):150



(The sign bmeans, that the corresponding term is deleted.)But there are no subtraction in semirings, therefore we have to write theequality in the following way~f +Xi f(t; x1 + � � �+ bxi + � � �+ xm)++ Xi<j<k f(t; x1 + � � �+ bxi + � � �+ bxj + � � �+ xm) + : : : == f(t; x1 + � � �+ xm) +Xi<j f(t; x1 + � � �+ bxi + � � �+ bxj + � � �+ xm) + : : : :It remains to notice that, if f is an identity, then all terms in this equality,except, maybe ~f , are zero, hence ~f is zero too. 2Corollary B.4 The identity P� x�(1) : : : x�(m) = 0 in semirings is a conse-quence of the identity xm = 0. 2Remark. a) Let us note that in the proof of the above proposition we didn'tuse the associativity.b) As there are no subtraction, then in the semiring case we work with theleft hand part and the right hand part of an equality separately. The equalityx = y, for example, can be proved in the following way: we prove the equalityx+ z = y + t and then prove that z = t = 0 (the equality to zero is essential!).Now we are ready to prove Nagata-Higman theorem for semirings.Theorem B.5 Let A be an l-generated semiring with the identity xm = 0.Then A is nilpotent of degree � 2lm+1m3.Proof. Let us prove that all words of this length are zero. Let us supposethe contrary and let v be the lexicographically minimal nonzero word of length2lm+1m3. By results of Section 2, each such word is eitherm-divided, or containsanm-th power of a subword. Hence, v ism-divided and v = v0v1v2 : : : vm, wherev1 � v2 � � � � � vm. Then, for each � 2 Sm n id, the word v� = v0v�(1) : : : v�(m)is lexicographically smaller, than v, and, by the v minimality, is equal to zero.So v = v0v1v2 : : : vm = v0(v1v2 : : : vm + X� 6=id v�(1) : : : v�(m)) == v0(X� v�(1) : : : v�(m)) = v0 � 0 = 0:We have a contradiction to the choice of v. Nagata-Higman theorem for semir-ings is proved. 2Remark. It will be interesting to generalize this theorem on a suitable class ofnonassociative semirings (Jordan or alternate, for example).151



The case of semirings with a noncommutative addition If R is a ring,then, by the distributivity, (x + y � x � y)z = (x + y)(z � z) = 0. Hence,(x+y)z = (y+x)z and the noncommutativity of the addition is not interesting.But, we cannot perform such computations in semirings. Moreover, in thecase of a noncommutative addition there is no linearization. The followingproposition allows to bypass this di�culty.Proposition B.6 Let x+y = y+x0 = 0, then, for all a and b, ax+bx = bx+axand xa+ xb = xb+ xa.Proof. 0 = (a+ b)(x+ y) = ax+ bx+ ay + by. On the other hand, bx+ ax+ay + by = bx+ a(x + y) + by = b(x + y) = 0. Therefore, bx + ax + (a+ b)y =ax + bx + (a + b)y. By adding (a + b)x0 to the righthand side, we have therequired equality. The equality xa + xb = xb+ xa can be proved analogously.2In the case of a commutative addition, by this proposition and Nagata-Higman theorem, we haveCorollary B.7 If W is a word of length 2lm+1m3 and x+y = y+x0 = 0, thenWx = xW =Wx0 = x0W = 0. 2Let the identity xm = 0 holds. Let us consider the expressions (x1 + � � � +xm)m and (xm + � � �+ x1)m. If we remove the parentheses (at �rst, in the �rstfactor, then in the second, and so on), then we shall get two sums Pmmi=1 viand Pmmi=1 v0i, each of mm terms { all possible products of xi, and v0i = vmm�i.(If we rewrite all terms in one sum in the reverse order, then we shall get theanother sum.) Let sk = Pk�1i=1 vi, s0k = Pmmi=mm�(k�1) v0i, rk = Pmm i = kvi,r0k =Pmm�(k�1)i=1 v0i. Then sk + rk = r0k + s0k = 0, sk + vk = sk+1, vk�1 + rk =rk�1, vk + s0k = s0k+1, r0k + vk�1 = r0k�1.Lemma B.8 Let the length of a word W is � k � 2lm+1m3. Then Wsk =Wvk = Wrk = Ws0k = Wr0k = 0. the same is true for the right multiplicationof W by sk; rk; s0k; r0k and vk.Proof. By the symmetry, it is enough to check the equalities Wsk = Wrk =Wvk = 0. Let us use the induction on k. Corollary B.7 proves the statementfor k = 1. By sk + rk = 0, it is enough to check the equality Wrk = 0. LetW = uW 0, where juj = 2lm+1m3, jW 0j � (k � 1) � 2lm+1m3. By the inductivesupposition, W 0sk�1 = W 0vk�1 = W 0rk�1 = W 0s0k�1 = W 0r0k�1 = 0. Hence,W 0sk = W 0s0k = W 0vk and W 0vk +W 0rk = W 0sk +W 0rk = W 0(sk + rk) = 0.Analogously, W 0r0k +W 0s0k = W 0r0k +W 0vk = W 0r0k +W 0sk = 0. It remainsto set x = W 0rk; y = W 0sk; x0 = W 0r0k and to use the previous proposition.2152
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